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TRANSLATOR'S PREFACE. 


In presenting to the English student Bou- 
charlatVs Treatise on the Differential and Integral 
Calculus, the Translator feels confident that, if 
only his own part have been satisfactorily executed, 
his labours will meet with a favourable reception : 
the Work itself has already obtained the appro¬ 
bation of the public, for the simplicity and ele¬ 
gance with which a somewhat abstruse subject has 
been treated. 

It is presumed in the original that the reader 
is already acquainted with the elementary prin¬ 
ciples of curve lines \ and as it will be impossible 
for him to proceed without at least a slight know¬ 
ledge of that branch of mathematics, the Trans¬ 
lator has been induced, by the advice of his friends, 
to give a short introductory chapter on that sub¬ 
ject. The materials for this he has selected chiefly 
from 13oucharlat*s “ Theorie des Courbes* * and 
though compelled by circumstances to be brief, he 
trusts that sufficient has been given to enable the 
student to peruse, without difficulty, the subse¬ 
quent pages of the Work. 

Catharine Half, 

Oct. 30, 1827- 
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AB : V* : : ab : 1 . . . . (I), 

ABC : V® :: abc .1- (2). 

If therefore Vor the square described on V, be taken a* 
the unit of surface, it appears, from ratio (l), that the 
rectangle whose sides are A and B, has the same ratio to 
this square that the algebraical product ab has to unity; 
ab therefore represents the rectangle AB; and similarly, 
V 3 being taken for the cubical unit, abc will represent 
the rectangular parallelopiped whose contiguous sides are 
«, b 9 c 9 and whose volume is abc times V s . 

2. Having thus obtained the means of denoting geo¬ 
metrical magnitudes by algebraical symbols, it follows 
that the conditions of a geometrical problem may be ex¬ 
pressed by those of an algebraical equation; and con¬ 
versely, the conditions of an algebraical equation may be 
represented by the relations existing between different 
geometrical magnitudes. 

iJ. We will give examples of each case; and first of a 
geometrical problem reduced to an algebraical equation. 

Ex. 1. Let it be required to find a mean proportional 
between two given lines. 

Suppose a and b represent the two given lines, and x 
the line required ; wc have then, by the question, 

a : x : : x : //, 

whence 

$ 

jr ---- K 'ab\ 


and the problem is thus reduced to determining the square 
root of the pro,hid u(> } and taking the line, to which that 
rtx)l corresponds. 

Ex, 2. To divide a given straight line AB (fig. 2) into 
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two parts, so that the rectangle contained by the parts 
may be equal to a given square. 

Let c be a side of the square, a the given line, a 1 one 
of the parts, and therefore a—x the other: then, by the 
question, vvc have 

x(a — x) — v ’; 

and the problem reduces itself to determining the roots of 
the quadratic equation .r(a — .r) — c fi . 

These roots are -a-f* c®, { a — —c-, and 

arc evidently both positive, since I a l — c~ is less than ~ a 
and therefore */~d l — c* less than \/^a l or -\a. 

The side r of the square must be less than ~a, or other ¬ 
wise j-tf- ~c~ would be negative, when the roots conse¬ 
quently would become imaginary, and the problem im¬ 
possible. 

Ex. 3. On a given line AB (fig. C Z) it is required to Fig. 2. 
describe a triangle APB, so that the angle APB at the 
vertex shall he a right angle. 

Let P be the vertex of the triangle required, PM a per¬ 
pendicular on the base AB; and assume 

AM=«, PM = y, AM=.r, and therefore BMza- x. 

Then the triangles APM, BPM being similar, we have 
AM : PM :: PM : MB, 

or 


x \ y \ y : a—x. 


whence 


x(a-x)izy\ 

which is the equation that expresses the relation between 
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AM and PM, and these lines being known, it is evident 
that the triangle is known also. 

4. The equations that result from these and similar 
processes must necessarily be homogeneous, or each term 
of the same number of dimensions. For these equations 
express the relations existing between geometrical magni¬ 
tudes, and the species of any one of those magnitudes 
depends on the dimension of the term which represents 
it; thus a term a of one dimension represents a straight 
line; a term ci J or ab of two dimensions represents a sur¬ 
face, and so on. If therefore an equation be given, which 
is not homogeneous, it will presume a relation to exist 
between magnitudes of different kinds, as between a line 
and a surface; but such a relation is impossible, and the 
equation therefore cannot be true. 

5. We will proceed now to the converse case, and show 
how the conditions of an algebraical equation may be re¬ 
presented by those of a geometrical problem. 

Ex. 4. Having given the equation x = \/ab ; find x. 
Squaring the equation, we have 

x'~ ab, 

and therefore 

a : v :: x : b. 

2 . Let AM, MB, X, (fig. 2) be the lines represented by 
a , b, a-, respectively, then 

AM : X :: X : MB, 

and what is required, is to find a mean proportional be¬ 
tween the given lines AM, MB; which is thus effected : 

Let the lines AM and BM be placed in one straight 
line AB, so that AM— a, BM = />; on AB as diameter 
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describe a semicircle APB, and at M erect the perpen¬ 
dicular MP; then, by the property of the circle, 

AM : MP : : MP : MB, 

and PM therefore is the mean proportional required, and 
the symbol representing PM is the value of x. 

Ex. 5. Let it be required to find the roots of the 
equation 

a.v -,r 


This may be put under the form 

x(a -.r) —r’; 

so that if we take AB (fig. 2) —a, AM=i*, and there- pjg. 
fore BM -a — ,r t and also take C=r, wc shall have 

AM. MB = 0, 

and the question reduces itself to dividing the line AB 
into two parts, so that the rectangle contained by the parts 
shall be equal to the square of a given line C. For this 
purpose we must describe on AB the semicircle APB, 
whose centre is G, the middle point of AB; erect GD 
perpendicular to AB; in GD take G E equal to the given 
line C, and through E draw PEP ; parallel to AB, and 
PM perpendicular to AB; then AB will be divided in 
M. ; as is required. For by the property of the circle 

AM. MB = PM°=GE«=0. 

The proposed equation, being a quadratic, must have two 
roots, and there must consequently be two points in AB, 
which answer the conditions; FM' being drawn perpen¬ 
dicular to AB, it will be seen that these two points are 
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M, M', and the lines corresponding to the two roof^ 01 
values of .r are AM, AM'. 

This example is the converse of example (2), and our 
construction will show us that c must not be greater than 
for in that case C would be greater than 1-AB. i. e. 
greater than the radius GD, ami when we took (lE = C, 
12 would fall above 1) without the circle, and there would 
lie no point P in the circle corresponding to it. 

The process we have been employing is called con- 
sh'uctinrr the equation. 

6. A problem is said to he determinate or indeter¬ 
minate, accordingly as it admits of a finite or an inde¬ 
finite number of solutions. 

Thus the example (9) gives us an instance oi n de¬ 
terminate problem ; for on referring to fig. 2, we see 
that there are only two points, M and M', winch can 
satisfy the conditions: example (3), on the contrary, 
belongs to the class of indeterminate problems; for since 
the angle in a semicircle is always a right angle, the 
vertex of the triangle may be any point of the semi¬ 
circle APB (fig- 2). 

A problem is easily recognized as being determinate 
or indeterminate, from the nature of the equation to 
which it gives rise: in example (2), for instance, the 
equation that results is x(a~ x)zz.c *; and this being a 
quadratic, with only one variable, it can admit of blit 
two solutions. But in example (3) the equation is ... . 
.r(«— x)~y*, and this being a single equation between 
two variables x and y, which are not connected in any 
other way, it belongs to what, in algebra, are termed in¬ 
determinate equations. 
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On curven and their coordinate a,res. 

7. When a single equation is given between two in¬ 
determinate quantities x and y, by assigning different ar¬ 
bitrary values to one of the quantities, as x for instance, 
an indefinite number of values may be obtained for y. If, 
for example, we have the equation 

y—2:v f-1; 

making a?=0, we shall find #=1» 

*=i». y= ;i > 

x — 2, •••••>••• y—5, 

■<-3, .Jf=7; 

and proceeding in this way, it is obvious that we may 
obtain an unlimited number of corresponding values of 
x and y s connected always by the equation y~2x + 1. 

S. Let now Ax, Ay (fig. 3) be two straight lines of un- Fig. 
limited length, and at right angles to each other, and let 
the values of x be represented by lines such as AM mea¬ 
sured along Ax from the fixed point A, and the cor¬ 
responding values of y be similarly represented by lines 
such as AN, measured from the same point A along Ay ; 
also at the point M draw MP parallel and equal to AN; 
then AM and MP represent corresponding values of x 
and j/, and if x or AP be supposed to commence from 
zero, and to pass through every stage of magnitude, the 
values of y will be represented by an indefinite number 
of contiguous lines such as MP, all parallel to each other, 
and the extremities of these lines will, by their union, 
constitute a continuous line PQ (fig. 3), the form of 
which will depend on the equation which connects the 
corresponding values of x and y. 


h 
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The line thus traced out is called a curve; the equa¬ 
tion from which the values of AM, MP are deduced, is 
called the equation to the curve, and the curve itself is 
said to be the locus of the equation. 

9. It will be seen from thi* that every indeterminate 
equation must have some curve corresponding to it, and 
conversely every curve must be the locus of some equa¬ 
tion : it may cither be required from the equation to de¬ 
termine the figure and properties of the curve; or from 
given properties of the curve to determine its equation; 
before entering on this subject, however, we must make 
some further remarks on the lines At, Ay, and AM, MP 
measured along those lines. 

10. The lines AM, AN, or AM, MP, when 6poken 
of together, are called the coordinates of the point P; to 
distinguish them from each other, AM is also called the 
abscissa, and MP the ordinate of that point; the inde¬ 
finite lines At, Ay we denominate the axes, and A the 
origin of the coordinates. 

The axes may be inclined at any angle to each other, 
but they are generally drawn at right angles, and the co¬ 
ordinates are then termed rectangular. 

11. Hitherto the coordinates have been supposed to 
be measured only towards x and y ; but if the axes be taken 
to extend indefinitely from A in the directions of x 9 x 1 , 
and y, y\ respectively, wo may suppose the coordinates 
to be measured also towards x 1 and y. 

Now if a line measured in one direction be supposed 
positive, a line measured in the opposite direction must 
be supposed negative; and if therefore the values of x 
measured to the right of A be taken as positive, those to 
the left of A, or towards x* 9 must be considered negative, 
and similarly for the values of y. 
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Hence for a point 1* in the plane yAx we have -f-A’, +*/» 

l*'. yAx' .— +y> 

V" . if Ax' .— x 9 —y, 

P ,7/ . y'Ax .+. r, — 

12. The position of a^y point in a plane may be de¬ 
termined if its coordinates, measured from a given point, 

are known; for let A (fig. 3) be the origin of the co- Fig. 3. 
ordinates, and a , b, the abscissa and ordinate of the point: 
if, then, along the axis Ax we take AM=a, and draw 
MP, an indefinite line, parallel to Ay, the point required 
must be in the line MP, for that line comprises all points 
which have a for theii abscissa; similarly if we take 
AN ~b, and draw NP parallel to Ax, the point must be 
in that line, anti it must therefore be in P, the intersec¬ 
tion of the lines MP, NP. When the coordinates of the 
point are known, they are generally represented by «, b; 
whA unknown or variable, by x, y. 

13. Another method of determining the position of a 
point in a plane is also used, in which, instead of both 
axes being fixed its before, one of the axes, as xod (fig. 4) Fig. 4. 
and the origin A are supposed to be fixed, whilst the other 
axis yy is inclined to xx at a variable angle. 

On this supposition, let P be any point, and make the 
axis yy' pass through it; then it is clear that P may be 
determined if we know the angle x f Ay at which the axis 
Ay is inclined to Ax, and also the distance AP measured 
along Ay. 

The origin A is called the pole, AP the radius vector, 
and the equation between the angle x'Ay, and the distance 
AP, is called the polar equation. AP is represented ge¬ 
nerally by u or r, and the angle x'Ay by 0. 

14. An equation between rectangular coordinates is 
readily transformed into one between polar, and the con- 

b c 2 
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MP, of anv point P by x, y , and draw BN perpendicular 
to PM. 

Then 

3 ^=PM = PN + MN = PN + AB 

= BN. tanPBN+AB 
= Aft. tan ACB 4- AB 
= x. tan ACB 4- AB. 

Now the angle ACB, and consequently its tangent, is 
the same for all points in the line CBP, as is also AB, 
and we will therefore represent these constant quantities 
by a, bj respectively, when we shall have 

y = ax t* b . . . . (3); 

which is the equation that exists between the coordinates 
of any point P in the line CBP, and is therefore the 
equation of that line. 

This equation is of the first degree, and it appears 
therefore that the equation to a straight line is of the 
first degree. 

17. It may be shown conversely that every equation 
of the first degree is the equation to some straight line. 
For, by inspecting the equation (3), it will be seen that 
a 9 the constant coefficient of x, expresses the tangent of 
the angle which the line CBP makes with the axis of x, 
whilst b is the ordinate of the point in which that line 
cuts the axis of 3 /. If, therefore, 

y = Ax + B, 

which is a general simple equation, be the equation pro- 
7 . posed, by taking AB=B (fig. 7), and drawing the line 
BC inclined to Ax at an angle whose tangent is A, this 
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line produced will be the one whose equation is the given 
equation 

y — Ajt + 15. 

If B=0, the line passes through the origin A. 

If B be negative, the ljpe cuts the axis of y in a point 
below A, as B'C'P' (fig. 8). Fig. 8 . 

If A be positive, the angle PC# is less than a right- 
angle ; but if A be negative, that angle becomes obtuse, 
and the line assumes the direction BCP (fig. 8). 

If A=0, then y— B is constant, and the line is parallel 
to A#. 

Ex. 1. Given the simple equation ij — 2# + 3, required 
the line of which it is the equation. 

The equation being 

y—'tLx -f 3, 

w|^ #=0, we have if— 3, and therefore taking AB—3 
(fig. 7), B will be a point in the line : Fig. 7 . 

when y = 0, we have similarly x = — |, and therefore 
taking AC in a negative direction and = C will be 
another point; consequently joining BC, this line pro¬ 
duced will be the one required. 

Ex. 2. yzzQx— 6 : required the line of which this is 
the equation. 

Since 

y — 3.r - (i, 

when i zz 0, we have y zz — 6, 
when y =, 0, we have xzz% ; 

and therefore taking AB' (fig. 8) in a negative direction, F lg . q. 
and = 6, and taking AC in a positive direction, and = 2, 
the line IVC' produced will be the one whose equation is 
yzz3x — 6. 
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Ex. 8. — : required the line of which it is the 

equation. 

From this we deduce 



5 x 
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and making .c=0, we have ^=4, 

making y =0, we have x rr. — ; 

iy 

whence taking ABr: 4 (fig. 8), and AC = -^ , the line 

CBP, passing through the points B, C, will he the line 
required. 


Problems relating to straight lines . 

18. Prob. 1. To find the equation to a straight4ftic 
passing through a given point. 

The point being given, its coordinates are known ; let 
them be «, /3, and let the equation to the straight line be 

yzzax-\-b .... (1). 

At the point in question we have x zza, y~: (3, and 
therefore 

fizzau + b .... ( 2 ); 

whence, subtracting equations (1) and (2), one from the 
other, we obtain 

y—fizia(x — a), 

which is the equation to the line. 

The constant a in this equation cannot be determined 
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from the conditions given, so that the equation is indeter¬ 
minate ; and so it ought to be ; for it is easily seen that 
through the same point an infinite number of lines may 
be drawn. 

Prob. 2. Required the equation to a straight line pass¬ 
ing through two given points. 

Let a, /3; a', (S\ be the coordinates corresponding to 
the two points ; and let the equation required be 

.... ( 1 ); 

then for the given points we have 

<3 ~na -f 6 . • . . (2), 
i> S'—aa' + b .... (3); 

subtracting equation (3) from equation (2), we have 

8 — — a'), 

aiilftlurefore 

,3-/3' 

u— -r: 

a — a 

subtracting equation (2) from equation (1), there remains 

?) — £ = a), 

and substituting the value of a , we have 

(3—t S' . 

y—{3~ - ,(x — a) 

a —a 

for the equation required. 

This equation is determinate; and so it manifestly 
should be, since only one straight line can pass through 
the same two points. 

If there be three points taken whose coordinates are 
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a, 0; a, (3'; a", *3", respectively, the equation to the 
straight line passing through the two first points is 

the equation to the line passing through the first anil 
third points is 

„ fl-jS", 

y ——-(*—“); 

a— a 

and therefore, that the two equations may be the same, 
or the same line pass through all the three points, we 
must have 

/ “■ If* 

a — a u — a 

The equation to the straight line passing through two 
given points may readily be obtained by gcometrical’®n- 
Fig. !>. siderations: for let (fig. 9) E, G, be the given points, P 
any other point in the line passing through E, G, and 
draw the ordinates EF, GH, PM; and ELN perpen¬ 
dicular to PN. 

Then from the similar triangles EPN, ELG, hu\c 
PN : LG : : EN : EL , 

whence 

PN=i£.EN, 

EL 


p T-T T7P 

PM-EF=^ I j- Sfi (AM-AF), 


and if the coordinates AF, EF; AH, GH ; AM, MP, 
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he represented by a, [S ; a', 8 ; x, y, respectively, we 
shall have, by substitution, 




0-(3 



the same equation with the one deduced before. 

Prob. 3. Given the equations to two lines, required 
their point of intersection. 

Let the equations to the lines be 


y zzax + b, y — ax + b': 

then at the point of intersection, the coordinates being 
the same for both lines, we must have 

U —y\ xz=.x\ 

and therefore 

ax-\- b = dx-\-d 
x(a — a 1 )—b' — b 
li-b 

X—~ ! i 

a—a' 

whence 


yzzax + b 

_ aV—ab 

a —a' 
aV-db 


f b 


a—d 


J 


and these values of x and y give the coordinates at the 
point of intersection. 

Prob. 4. Required the angle formed by the intersec¬ 
tion of two given lines. 
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Tig. lo. Let CBP, C'B'P' (fig. 10) be the two lines, and their 
equations 

% 

y— ax + 0, y'zz a'x 1 4- O '; 

then 

tan ACB=«, tan AC , B , = « f : 

Ifi now, O be the point of intersection and ON be drawn 
parallel to Aar, we shall have 

angle POP'=PON-P'ON, 

= ACH-AC'B r , 

and therefore 

tan POP=tan (ACB-AC'B) 

_ tan ACB—tan AC'B' 

“ 1 + tan ACB .tanAC'B 7 

a — a' 

™~ I -\-aa r 

Prob. 5. A straight line being given, to find the equa¬ 
tion to the line perpendicular to it at a given point. 

Fig. n. Let CBP (fig. 11) be the given line, C'PB' the line 
perpendicular to it at the point P, whose coordinates arc 
a, $; and let the equations to the lines be 

y~ ax + b t y ] — ti'x' -f O' j 

then 

tan PC x=a, tan PC'xzza’. 

But CPC' being a right angle, we have 

_1 

tan PCC ’ 


tan PCa — — tan PC'C= -cot PCC'= - 
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and therefore 

a 

Substituting this value in the equation to C'PB', we have 

t/=--if+V . . . (I), 

ct 

and since P, whose coordinates are a, 0, is a point in the 
line*, we have for that point, 

1 

/ 3 =—x + b 1 . . . ( 2 ), 

whence, subtracting equation (2) from equation (1), we 
obtain 

for the equation to the line CTIV. 

Proh. (i. Find the length of the perpendicular let fall 
from a given point on a given line. 

Let CUP (fig. 11) be the straight line, M the point Fig. 
from which the perpendicular MP is let fall ; a, (3 the 
coordinates of that point, and the equation to the line 
CUP 

yzzax-\-b. 

Then in the triangle PMO we have 

angle PMO=~POM="-CON=ACB ; 

hut the equation yzzax+ b gives us tan ACBna, 
and consequently 


12 


tan PMOrra, 
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whence 

cos PMO — --- 

-v/L+a* 

Also 

MO=MN-ON, 

and O being a point in the line whicli corresponds to the 

abscissa AN ~ 

a, we have 


ON=aa + &, 

whence 

MO=MN—ON 


— P - («a + b ), 

and therefore 

t 

MP= MO . cos FMO 


fi-r-aoL — b 

1 + tr 

a 

Let tan. Q ~a ; 


, sin 9 0 

then cos 2 S—- 

tan 9 9 


1—cos a 0 
*” a* * 

whence 

« a cos * 0+cos 9 0 = 1, 


„ 1 

cos*0 —■-- 

1 -\-a* 


n 1 

COS 0 — —-. 

^l+« 2 

Also 

sin 0 —- - —. 

Vl+« 4 
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Equations to the conic sections . 

19. To find the equation to the circle. 

Let a and (5 be the coordinates AB, BC (fig. 12) of Fig. 12. 
the centre C of a circle PP'P" described with a radius 
CP = r. Take any point P in the circle, draw the ordi¬ 
nate PN perpendicular to Ax, and CM perpendicular to 
PN, and let the coordinates AN, PN be represented by 
.r, y ; then from the right-angled triangle CMP we have 

CP*=CM 2 +PM 2 

= (AN - AB) 2 + (PN - BC) 2 , 
or 

r~—(x—v.y \-(y— /3) 2 , 

which is the general equation to the circle. 

If jugin A be a point in the circumference of the 
circle, and the a:^ o r x be the diameter, then we have 


a=r, (3~ 0, 


.imi the •«. ni5,;icn becomes 

a 

r 2 = (x — r) L +y* , 

whence 

y*— r^ — ix — 7'Y 
r=2 rx—x* 


y — ± ^9,rx — x*. 

If the centre C of the circle be made the origin, then 

cc—0, /3r:0, 

and the equation, therefore, is reduced to 

r 2 z:x*+y*, 


whence 


y— + \/r* — .i’ 2 . 
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20. The general equation 

t 2 =(x-*y + (y-&Y 

being solved with regard to y, gives us 

yzzS>+ ./ r l — {x — a)"; 
and with regard to x, gives 

.v — a+ v ^r- —(y—(3)*. 

It appears, therefore, from these expressions, first, that 
for every value of x we have two values of?/, and secondly 
that for every value of y wo have two of x . 

Now taking any abscissa AN — x, the ordinate NP 
cuts the circle in two points P, P' 7 , and therefore the two 
values ofy corresponding to the single one AN of a? arc 

PN=r3+ y'r-'—(x—a)-, 

P ?, N = /3 — ./r 2 — (a; — a 1 '). 

Again, drawing PP' parallel to A.r, we have PN rrP'N', 
and [the value of y is the same for the two points P, P', 
which have different abscissa: AN, AN', so that for one 
value PN of y we have two values of x 

AN=«+v^» J! -(y-/5)‘7 

AN'=a — x/r' —(y—/3) 2 . 

21. To find the equation to the parabola. 

Fig. 13. Let DKR (fig. 13) be a fixed straight line of inde¬ 
finite extent, S a given point, SP another straight line of 
indefinite extent revolving about S. If then in all po¬ 
sitions of the line SP, the point P be so taken that, PM 
Wing drawn perpendicular to DR, PM shall be equal to 
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SP, the locus of P will be a curve AP called the •pa¬ 
rabola. 

Through S draw SK perpendicular to DR, and bisect 
SK in A; then from, our definition A will be a point in 
the curve. 

Let the line AS produced be taken for the axis of .r, 
and A the origin; draw the ordinate PN, and let 

AS -a, AN=.r, PN =«/. 

Now by the property of the curve, we have SP = PM; 
and 


SP 2 =SN- 4 - PN = (AN- AS Y 4 PN a 
PM*=KN a = (AK 4 AN)'^(AS+AN)^; 
whence 

(AN —AS)- t PN'- = (AS +AN) 2 , 
or 

(.r — a ) ’ 4 y' z = (a 4 a/) 2 

and therefore 

//e=(«4-.r) ; -(*■-«) 

— \ax 


which is the equation required. 

Let BL be the ordinate through S, then, since AS— a. 


and therefore 


a 2 . 


SL=2AS. 


DR is called the director, A the vertex, S the focus, and 
BL the latus rectum of the parabola. 

c 
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pjfi-H. 22. Let S and II (fig. 14) be two fixed points, and 

suppose that the indefinite straight lines SP, HP revolve 

about S, H, intersecting in P so that SP-f HP shall 

always he equal to a given quantity: then the point P 

traces out a curve called the ellipse. 

*- 

Join S, H, and produce the line SH to the curve in 
A, M; bisect SH in C, and through C draw BCD per¬ 
pendicular to SH, and cutting the curve in the points 
11, D: then C is called the centre of the ellipse; S, II, 
the foci; A, M, ihe vertices; AM the major, and BD 
the minor axes. 

23. The major axis AM is equal to the sum of the 
local distances SP i IIP. 

For, by the property of the curve, we have 

SP f 1IP-SA 4 IIA, 

SP f IIP SM+HM, 

and therefore adding these, there results 

2(SP + IIP) - AM 1 AM=SAM, 

and consequently 

SP[HP-AM 

The triangles SBC, II1>(\ are manifestly equal and si¬ 
milar, and therefore 

SB” IIB; 
but 

SB +- HBzAM, 

whence 

2 SB=r2 AC, 


and 


SB=AC~ ‘ wajnr a;vis. 
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The ratio of SC to AC measures what is called the ec¬ 
centric’/f// of the ellipse, so that the farther S is taken 
from C, AC remaining the same, the greater is the ec¬ 
centricity : a circle may be considered as an ellipse in 
which S, H, meet in the centre C, or in which the eccen¬ 
tricity is 0. 

24. If the lines SP, III*, be so taken that the excess 
of HP over SI*, or (III*—SP), be constantly the same, 
then P traces out a curve AP (fig. 1.5) called the by- 
perbola. 

2,5. To find the equation to the ellipse. Let C the 
centre of the ellipse ABM (fig. 14) be taken for the origin Fig. U. 
of the coordinates, and the major axis for the axis of .r: 

P being any point in the curve, draw the ordinate PN, 
anil suppose 

AQ-a, BC=&, SC = W CN - jr, 1*N =y : 

then SP= v/SNM-PN'= v'7-f~r r i 1 7', 

HP— /I1N + PN 5 = v /7z7'+7/ '• 

But Sl* + IIP--2ii by properly of the ellipse, and there¬ 
fore 

2« — \' e + .t -1 1 ■ y~ + \ / v—,v ‘ 4* //j 

whence 

2a — x/c — x~ +y : = v'c + ar +//* ; 

and squaring, and employing the common processes of 
Algebra, we have 

4a" — 4a (c — +y l - r (e — x >® { y* — [c+ x) 2 + y", 

4a®—4a x /(c—a?)-’ +y-=.(e [ a*)® — (e-x^—^cx, 
a 2 —a </(e-x )® +# 2 =or, 

c-2 
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whence, by transposition and change of sign. 


‘ u —a?)- + — ex ; 

and squaring again, we-have 

rt’(r — x)' 2 -t- a-y- ~ ft 4 — 2a~ex+e’x* 9 
or 

// -y/ 2 ~a 4 — -4 e 2 .r® — a- (c 1 — 2e.r -f .r) 

= a* + c-x 2 —a 2 c J — a'x 1 
=«, 4 + ( a Q — ft ") — a ®(« 2 - ft ) — w ar 
= -ft^r+c-ft' 

= ft*(« — .r‘), 

and therefore 



a j, 


which is the equation to the ellipse. 

If the origin be transferred to the point A, whose co¬ 
ordinates, reckoned from origin C, are —a 9 0, then, by 
the rule given (art. 15) for changing the origin, we have, 
for the coordinates AN, PN, measured from A, the 
equation 


V 


ft- 

a~ 


\a : - a) ) 


= -{2au:-x 9 ). 


26. The equation to the hyperbola, deduced in a si¬ 
milar manner, is 


for or /gin C, y= — rr), 
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for origin A, y- — ~(2a.v -f x*). 

27. Let SL (fig. 14) be the ordinate through S the Fig. 
focus, then the value of x corresponding to this ordinate 
is CS or A,/a~ — 0~ f and substituting this value in the equa¬ 
tion to the ellipse 


we have 


_ // 

whence 

/>* 

•''= a' 

which gives us the value of SL. 

The line LL', drawn through the focus at right angles 
to the major axis, is called the Latus Rectum of the el¬ 
lipse, and the value of the Latus Rectum therefore is 

O Jfl 

—, which show's that it is a mean proportional between 
the major and minor axes. 

28. Let APBM (fig. 16) be an ellipse with AM, BE Fig. 
for its major and minor axes: on AM as diameter de¬ 
scribe the circle ADM, and draw the ordinate QPN: 
then A being considered the origin, 
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the equation to tile circle is 3 /" = l Xax —x 2 =QN'^, 

/>« 

the equation to the ellipse is f/ 3 rr -^ {9,ax — a?) = PN®, 
and we have therefore - 


I'N a : QN“ :: — : J a\ 

a 1 


or 

PN : QN : : b : a, 
which is a constant ratio. 

This property gives us the following easy mode of 
Fig. 10 . describing an ellipse: take a circle ADM (fig. 16) on 
diameter ACM, at the centre C erect CD at right angles 

9 o o 

to AM, and take any fixed point J J in it: then if wc draw 
ordinates such as QN, and take always in QN the point 
P, so that 

PN : QN : : liC : AC, 

the locus of P will be an ellipse with AM and I>E for its 
major and minor axes. 

It will be evident from this that an indefinite number 
of ellipses may be described on the same line ACM as 
the major axis; for an indefinite number of points such 
as B may be taken in the line CB, and for each point we 
shall have an ellipse. The position of the focus S will 
be determined in each case by taking CS = v /« 2 — 
where n , arc the semi-major and minor axes. 

29. The four curves now described, the circle, the 
ellipse, the parabola, and the hyperbola, are called the 
conic sections, from the circumstance that if anv riMit- 
angled cone be cut by a plane, perpendicular to the plane 
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of the generating triangle, the section of the cone will be 
one or other of these carves. 

Let ABD (fig. 17) be the right-angled cone, BCD its Fig. 17 . 
circular base: if then the cutting plane be parallel to the 
base, the section will evidently be a circle. 

If the plane cut both slant sides of the cone, the section 
will be an ellipse. 

If the plane be parallel to one of the slant sides, the 
section will be a parabola. 

If, lastly, the plane have to he produced backwards to Fig. 18 . 
meet one of the slant sides, the section will be an hyper¬ 
bola. 

These properties are thus proved : 

80. Let ABO (fig. 17) be a right cone generated by Fig. 17 . 
the revolution of the plane isosceles triangle ABC about 
the axis AT), and suppose this cone to be cut by a plane 
NO perpcudicular to the plane of the triangle ABC : let 
NO be the common section of the planes, N POQ the sec¬ 
tion of the cone, PMQ any ordinate at right angles to NO; 

EF a section of the cone made by a plane passing through 
PQ perpendicular to the triangle ABC, and parallel to 
the base BC, when of course EF will be a circle, and also 
the,line FQ, being in the plane NO, which is perpendi¬ 
cular to ABC, will itself be perpendicular to ABC, and 
therefore at right angles to the line EF in that plane. 

Now let 

/_ BAC = a, Z AON = 0, and therefore z ANO 
rsir—(« + G), AO = c, NMrj, PM=?/: 

then, by property of the circle, wc have 

l'M ? — EM x MF, 


or 
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a/=EMxMF .... (1); 

and, l>y the property of triangles, 

sinENM sinANO 

EM=MN.- .- —-:=MN.-r- 


sin N EM' 


sinAEE 


sin 




(-ff— a-\-G ) sin (a 1-0) 

— -- ■ —__ —— tv* . ■ — — ■ * 


. / * M 

s,n hr- 2 ) 


x.- 


a 

COS 2 


sinMOF sin AON 

Ml 7 ~ MO. -7— irri? r = (N O - NM). -—v-ittt 
sm MEO v sinAIE 


=(NO—NM). 


Sill b 


a 

cos 2 


sinNAO sin a 

NO = AO . ——r-jr,7Y = c • / ' , fl v » 

sin A N O sin (cc 4- 0) 

Substituting these values in the equation (1) we obtain 


x. -- —1 

* ~ \sin 


sin 0. sin (a -M) / r. sin a 


a 

cos— c> 


r. sin a \ 
in (a + 0) X ) 


sin 0 


= . 1 '. 


COS*‘ 


^c.sina — £.sili(a + 0)^ • • (2), 


2 


which is the equation to the section of the cone. 

This equation will admit of four cases, according to 
the position of NO. 

1°. Let NO meet both slant sides of the ellipse; then 
(a-M) will be less than 7 r, sin (a-M) will be positive, and 
the equation (2) may be put under the form 
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sin (a-M) sin 0/ c. sin « 


xli 


sin (a+0)sin 0/ c.since \ 

//=-'---(-T--. (3); * 

cos 8 — \ an C« + 0 / 

2 

but the equation to an ellipse whose semi-major and 

¥ 

minor axes are a and b , is 3/ 2 =—(2 ax—x-) 9 and com¬ 
paring equation (3) with this, we sec that equation (3) 
belongs to an ellipse, in which 


2a — 


c. sin a 


sm a 


a = 


sin (a + 0)’ 2 sin (a + 0 ) ’ 

b '~ sin (a + 0) sin 0 
a 8 ~ 


cos^ 


a 

2 


and therefore 


¥ ^ 


c - sin 8 a si 11 (a 0) si n 0 


a 


whence 


c' 

sin-as sin 0 

T ‘ ~ 

a sin(a + 3) 

™* 2 r y 

c 

sin a / sin 0 

' ~ 2 ' 

as/ sin(a-ffi) 
cos ¥ 

= c. 

. a / sin 0 

Sin 2 s/ sin(a+0) 


b = 


The section, therefore, is an ellipse with axes thus deter¬ 
mined. 
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2 °. Let NO be parallel to one of the slant sides as AB, 
then sin (a+0)=-O, the values of the axes be¬ 

come infinite, and the equation (2) becomes 


y* 


c. sin 0. sin a 


-.v 


a 

cos 2 - 

A 


c. sin (tf— a) sin a 


x 


COS-J 


c. sin- a 


-x 


cos 




0 


a. 


4 c. sin 2 — . cos ’ c) 

A I /V 


-X 


COS- Q - 

/y 


Oi 

= 4c. sin 2 “. x, 

A 

which is the equation to a parabola, in which, if a be the 
Latus llectum, 

a = 4c. sin 2 —-. 

At 

The section therefore is a parabola of that description. 

3°. If NO have to be produced backwards to meet BA 
la. also produced as in (fig. 18), then a + 0 becomes greater 
than 7r, and sin (a + 0) becomes negative, so that the equa¬ 
tion (2) will agree with the equation to the hyperbola 

,r = ~(->ax + a), 

the axes being determined as in the ellipse. 
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4°. If the section be parallel to the base of the cone, 
then 


and 


it a, a Tt 

H IF’ * +(l= 2' H "2’ 


( a it \ a 

2+Y) = cos I"’ 

• , - a \ a 
sm 6 = sin V "2 ““ Y ) = C ° S ”2 ; 


so that equation (2) becomes 




CL 

cos—- 

2 c. sin a 

- x — a*\ 

CL ) 

cos ¥ y 


CL 


~ 2c. sin— x — X '; 


a 


which is the equation to a circle whose radius is c. sin —. 
This is, in fact, a particular instance of case 1, in which 0 

Tt OL 

is taken equal to o — o - ; on this supposition, the values 
of a and b become 


c sm a 


a — 


o 


= c. sin 


a 

COSg 


o > 


/. a 

.a / COS 2 oc 

b — c sin— ! -— c. sin—. 


2 / a 

J cos o" 
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which shows that the axes are equal, and the ellipse con¬ 
sequently becomes a circle. 

31. The equations which we have deduced to the conic 
sections are all of the quadratic form, and it may be shown 
generally that every quadratic equation belongs to some 
one of those sections. 

The form of a general quadratic equation between two 
variables x and y is 

Ay*4 -Bry-j- -f- Dj/ + E# -|- F = 0 . . . (1); 

and this being an indeterminate equation, it must (art. 9) 
have some curve corresponding to it whose coordinates 
arc x and y. 

Let the origin of these coordinates be transferred (art. 
15) to some other point, the coordinates of which are a 
and b 9 by assuming 

- ^+«» y—y'+i >; 

then the equation (1) will become 

A (y 2 +5% r + If) + B (x'y , +x , b+y f <t 4 ab) l 

4-+ -f-a")+D(y+/-») +E^ + aJ+F J ~ * 

in which the coefficients ofo4 and y’ are BA-J-SaC 4-E, 
and Bo + QAb + D respectively ; and a and b being two 
indeterminate quantities, they may be so assumed that 
these coefficients shall be each 0, for which purpose we 
must have the equations 

B6 -f- 2aC 4" E—0 
B</+2fcA+D^0, 

whence we shall deduce, for the required values of a 
and b , 
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BD-2AE 
a “ 4AC — B- ’ 

BE-2CD 
4AC — B* * 

If, therefore, in the curve corresponding to equation 
(1), the origin be changed to a point, whose coordinates 
are a and b thus determined, we shall obtain an equation 
which does not involve the simple powers of x and y , and 
which, consequently, may be assumed to be of the form 

Ay~ 4 Bxy + Cx-{-D= 0 . . . (2). 

Let now the equation (2) be transferred to a system of 
coordinate axes inclined at an angle 9 to the former, by 
assuming (art. 15) 

x"=.x'. cos & —y. sin 9, 
y—y ] . cos 5 4 a sin 9 ; 

when we shall have 

A(y*eos J 9-f£>.rJi/ sin 9. cos 9+#'-sin 2 9) 

4- B[a?y (cos 2 9 — sin" 9) — (sin 9 cos 9] 

4 CC/ 2 . cos 3 9 4 %x'y' sin 9 cos 9 4 x'- sin* 0) 4 D~ 0, 

in which the coefficient of x'ij is 

A sin 29 4 B cos 29 4 C sin 29, 

s 

and if we suppose this to be 0, we shall have, dividing 
bv cos 29, 

•t * 


A tan 29 4 C tan 29 4 Bz:0, 
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tan 20= 


B 

A + C ; 


and if, therefore, 9 be assumed so as to answer this con¬ 
dition, the resulting equation to the curve will involve 
only the second powers of x and y, and constants, anti 
will consequently be of the forms 


iy + Q.r’= R, 


or 


and making- 


we shall have 


K e , 

y — p ]> <4 ' 


n Q 


y-= m > 



which is the equation to the ellipse or hyperbola as n is 
positive or negative. This is the equation to the ellipse 
or hyperbola, when the centre C is considered as the 
origin of the coordinates, and it will therefore be seen 
that a and b are the coordinates of that centre, measured 
from the origin which corresponds to our equation (1), 
If now the coefficients A, B, C, in that equation be such 
that 4AC —B 2 =0, the values of a, b, as there deduced, 
will become infinite, and the axes consequently will be in¬ 
finite, in which case the curve cannot be either an ellipse 
or hyperbola. Under these circumstances we must get 
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quit of the terms involving x 2 , xy ,«/, and the constants, 
when our equation will be reduced to the form 

y Z = lUXy 

which is the equation to the parabola. 

It appears from all this, that the general equation (1) 
may, by changing the position and direction of the axes, 
be in all cases reduced to the form of the equation be¬ 
longing to one or other of the conic sections; and since 
this change of the axes cannot affect the nature of the 
curve, the curve corresponding to equation (1) must 
always be one or other of those sections. 

When B-—4AC”0, the axes of the conic section 
are found to be infinite, and the ellipse corresponding to 
the equation in that case might be considered as one with 
an infinite axis : it may be shown that such an ellipse is 
in fact a parabola. For taking A (fig. 14) for the origin, 
the eqnation to the ellipse is 

b‘ 

y' z ~ — (2a.r—i ), 

and if a be supposed to be infinite, x- vanishes in com¬ 
parison with %ar 9 and the equation becomes 

. 2ax ; 

(V 


also, if SC =: c, 

h* ~ a* — f * ~{a + c) (a — c) ; 

and when C is taken infinitely distant from S, AC and 
SC, differing from each other only by the finite quantity 
AS, may be supposed equal, and wc shall have therefore 
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a-\-c=%a 9 a —e=AS, 

which values being substituted in the Expression for j/ 2 , 
we have 

y'^—.Zax. AS 
a* 

=4AS. x t 

and this we know to be the equation to a parabola whose 
focus is S and vertex A. 

33. Let the equation proposed be 


y 

47*. cos ~a 


y 


tana t-.r=0. 


This may be put under the form 

y* — 47*. sin a.cos a .y + 47*. cos a a. *r=0, 


and comparing it with equation (1) we find 


so that 


A = 1, B = 0. C = (), 


B a - 4AC = 0, 


and the curve is therefore a parabola, and we must get 
quit of y and the constants. For this purpose assume 

x = x' 4- a, y — if -f 7^, 

when we shall have 

y® -f 27>y-f — 47* sin a. cos a {if + b) 

+ 47*. cos* a (t' + a) = 0, 

in which the coefficient of if is 2b — 47*. sin a. cos a, and the 
constant is b- — 47*. sin a. cos a. & 4 47*. a cos* a : 

Making these separately = 0, we liave first 
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b —2ft. sin a. cos a=0, 

whence 

b=z2h. sin a. cos uzr.h sin 2 a ; 

substituting this value of b in the constant, and equating 
it to zero, we have 

4ft 2 . sin® a. cos 2 a — 8ft 1 sin 2 a. cos® a + 4fta. cos 2 a= 0, 
whence 


a — ft. sin 2 a ; 

and therefore transferring the origin of the curve to a 
point, whose coordinates are ft. sin 2 a and ft sin 2a, the 
term involving y ] and the constant part will vanish, and 
we shall have the equation 

//" 1 4ft cos 2 a. x rz 0, 
or 

y' z — - 4ft cos- a. x, 

which is that of a parabola, in which the Latus Rectum 
is 4ftcos®a: the negative sign intimates that the values 
of x 1 are to be measured in a direction opposite to that in 
which the values of x were measured in the original equa¬ 
tion ; i. e. downwards instead of upwards. This result 
has been obtained without being under the necessity of 
changing the inclination of the axes; and it follows, there¬ 
fore, that the new axes remain parallel to the former. 

Cor. The equation discussed in this article is the one 
deduced to the path of a projectile ( WltcwelV s Mechanics, 
art. 240), with this difference only, that x is put for y, 
and y for x ; the reason of which is, that in the Mechanics 
x is measured along the horizontal line AR (fig. 19), 

d 
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whereas we measure x along the vertical axis A'B. If, 
Fig. if). therefore, A (fig. 19) be the point of projection and 
AAR the path, it appears, from what has preceded, that 
this path is a parabola, the l.atus Rectum of which is 
4 h cos 2 0 L f and vertex the point A', determined by taking 
All h sin 2 a, and BA'— h sin 8a. Also AB will be half 
the horizontal range, and BA ; the greatest altitude of the 
projectile above the horizontal line AR. 


Fig. 13L 


Polar equation* to the conic .section*, 

31. To find the polar equation to the parabola ASP 
(fig. 13), let 

ASi=< 7 , SP = //, zASPrrfl: 

then, by the properly of the parabola, we have 

SP — PM 
= KN 
= KS + SN 
= 8 AS ^ SP. cos PSN 
— 2 AS--SP. cos ASP, 


whence 

and 


SP(1 + cos ASP) —2AS, 


sl> _ 2 AS 

~ 1 + cos ASP ’ 


or 


2a 


uzz-- 


l-pcosfi 

which is the polar equation required. 
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35. To obtain the polar equation to the ellipse APM 
(fig. 14), we have from the triangle SPH (Euclid, Fig. 14. 
Book ii, Prop. 13) 

PH*= SP* + SlI 2 - 2SII. SN; 

and putting for PH its value (2AC — SP), and 2SC 
for SH, 


or 


whence 


and 


(SAC -SPj» = SP 2 + (2SC) 2 -4SC. SN, 

4AC*~4SP. AC + SP* 

= SP* + 4SC 2 -4SC . SP. cos PSN, 

AC - SP. AC= SC J + SC. SP cos ASP, 


AC- — SC a =SP(AC +SC . cos ASP), 

and dividing each term by AC 2 , this gives us 

SC 1 SP /SC 4 ^ \ 

1 “ AC- - AC V + AC cosASI / 


Let now A Czza, SP —m, anglc'ASPr: 0, and the cc- 

sc 

cenlricity then wc have 


1 -r 


u 

a 


(1+/;.cos <3); 


whence 

«(1 - e *) 

U — -r. 

1 -| -e . cos ('' 

the polar equation to the ellipse. 



iii 


INTRODUCTION. 


36. The polar equation to the hyperbola, deduced in 
a similar manner, is 

U-— -;-—. 

1 -H e cos 6 


37. The equation 

a{ l-e 1 ) 

M ZZ - - - 

1 ■+■ e . cos 0 


may be considered as the general polar equation to the 
conic sections. It is the equation to the ellipse or the 
hyperbola, as e is less or greater than unity; it is the 
equation to the parabola when e is equal to unity, and 
the equation to the circle, when c is 0. 

In the case of the parabola, when c~ 1, 1 — c” becomes 
0, but at the same time a becomes infinite, and therefore 


— (?) — CC . 0 = -y . 0 = 


0 

(p 


the value of which may be any thing whatever; in the 
present case it may be shown, as in art. 32, that the true 
value is 2 AS. 


Oblique coordinate®. 

38. The axes of our coordinates have hitherto been 
supposed generally to be at right-angles to each other; 

Fig. 20. but if we take for our axes the lines A.i J , hy ] (fig. 20,) 
inclined at the oblique angle x Ay, it is evident that the 
position of the point P may be equally determined by 
means of the coordinates AM, MP ; MP being supposed 
to be always drawn parallel to the axis A yK 
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39. Let Ax, Ay (fig. 20) be rectangular axes; Ax\ 

Ay, oblique axes, inclined to Ax at angles 6 and <p re¬ 
spectively ; if then the equation to a curve be given be¬ 
tween rectangular coordinates x, y, measured along Ax, 

Ay, it may be transferred to oblique coordinates x', y>, 
measured along the axes Ax', Ay\ For let P be any 
point; AN, NP the rectangular coordinates, x, y ; AM, 

MP the oblique coordinates x\ ij ; then, drawing MQ 
parallel to Ax. MO parallel to Ay or PN, we shall have 

AN=AO + ON —■ AO + MQ=AM cos^'Aj? 

+ PM. cos PMQ, 

PN=PQ + QN=PQ + MO = PM sinQMQ 

+ AM sin x , Ax, 

or 

x~x } . cos 6 -f i/. cos <p, 
yzzy '. sin p-f x '. sin $; t 

and substituting these values of x, y , we shall have an 
equation between ri,y\ which will be the one required. 

Hyperbola between the asymptotes. 

40. Let PAP' (fig. 21) be an hyperbola, whose semi- Fig. *21. 
major and minor axes are a and b ; its asymptotes are 
indefinite straight lines Cx 1 , C?/, passing through the 
centre C and inclined to the axis Cx at equal angles 

x?Cx } y'Cx, the tangents of which arc each equal to 

If, now, the equation to the hyperbola be required, on 
the supposition of these asymptotes being the axes, making 
Z x'Cx = 0, we shall have y'Cx — — 0, and substituting 
these for 0 and <p in the formula? of art. 39, the values of 
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r and y will be 

x=x'. cos0 +y. cos— 0=#'. cos 0 + tj . cos 9 

= (x , + y r )cos 0, 

y—za ?. sin0 + ij . sin— 9—x '. sin 0 — y. sin 0 

= {a? — y)sin 0; 

whence the rectangular equation to the hyperbola 


Ifi, 


will become 


(,v' : —2x ,r t/ + y c )sin "9= — cos*0 (.i ■'* -f 2 x’i/ + y f2 ) — b\ 


But, by hypothesis, tan 0=—, and therefore 

G/ 


„ . A 
cos . - fl , sm -0 = — 


r> i In? * _.o , /‘2 9 

which values being substituted, we obtain 

^q r j-.(* E - 2 *y+y') ^q^(^+ 2 ^'+y-) 

fr> 


=+ 2 i V+y; 


and this being reduced, gives 

4<a*y=«“ -f b- y 

whence 



4 


~ constant, 


which is the equation to the hyperbola between the 
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asymptotes. When the hyperbola is rectangular, we have 
b—a, and in this case therefore 


Also since — = 1, we have tanfi = l,so that the lines C.r', 
a 5 

ey, are each inclined to Ax at an angle of 45°, and are 
consequently at right angles to each other. 

Method of determining the position of a point in space . 

41. The points and lines of which wc have hitherto 
spoken have been supposed to lie all of them in one 
plane, that of the coordinate axes Ax, Ay\ and if there¬ 
fore a point be given which docs not lie in that plane, its 
position can no longer be determined by the previous 
methods. 

In this case the point J* (lig. 22) must first be referred j« 
to the plane of xy by a perpendicular PM let fall from 
P upon that plane, and the position of M be then fixed 
by two coordinates AN, NM, as before j and this me¬ 
thod will evidently serve lor any point whatever in space; 
for wherever the point be taken, its altitude above the 
plane of ry may always be expressed by a line such as 
PM, and the position of the point M, whence the per¬ 
pendicular PM is to be drawn, be determined by two 
coordinates AN, NM. 

If, now, at the point A we erect the indefinite straight 
line A« at right angles to the plane of xy, the values of 
PM may be expressed by lines such as AQ measured 
along As ; and the values of NM being similarly repre¬ 
sented by lines such as AO taken along At/, AN, AO, 
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AQ will be the three coordinates of the point P, and are 
denoted by so, y, z, respectively. 

42. The three axes Ax, Ay, Az, being each of them 
produced indefinitely, if through the origin A we draw 
three planes passing, the first through x, y ; the second 
through x , z ; and the third through y, z ; these planes 
will divide space into eight compartments, four lying 
above, and four below the plane of xy ; and every point 
in space must, lie in one or other of these compartments. 

43. What was said respecting the signs of the two 
coordinates x, ;y, will apply also to the signs of the three 
x y y, s ; thus if ~ be positive, it shows that the point in 
question is in one of the compartments lying* above the 
plane of xy ; but if z be negative, the point must be 
below that plane. 


On the projections of a straight line in space, and its 

equations. 

Fig. 23. 44. Let PP 7 (fig. 23) be any straight line in space, and 

from each of its points F, P', P 7 , See. let fall on the plane 
of xy the perpendiculars PM, P'M', P 7 M 7 , &c.; these 
will evidently all lie in one plane PM", which is called 
the projecting plane; and the section of this plane with 
that oi ay will be the straight line MM 7 , formed by tbe 
feet of the perpendiculars. This line is the projection of 
PP" on the plane of ay, and by drawing perpendiculars 
in a similar manner to the planes of xz, yz , we shall ob¬ 
tain the projections of ?P" on those planes. 

45. The projecting planes must, from the construc¬ 
tion, contain both the line proposed and its projection; 
and two of these projections will consequently serve to 
determine the line; for if two of the projections be given. 
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we shall be able to draw two projecting planes, each of 
which will contain the line required, and that line, there¬ 
fore, will be the intersection of the two planes. 

46. If now in the line PP" we take any point P whose 
coordinates are cc, y 9 z, and let fall the perpendicular 
PM, the coordinates x, y, will obviously be the same 
both for the point P and for its projection M; and since 
the same may be said of all corresponding points in the 
line and its projection, the coordinates y , of the line 
pp// w ill i, c connected together by the same equation that 
belongs to the projection MM"; and these observations 
will apply equally to the other projections. But these 
projections being straight lines lying wholly in the planes 
of xy f xz, and yz, respectively, their equations will be of 
the forms 


y=zax + a. 9 
z— bx + /3, 
y—cz + y, 

and these therefore will be the ecpiations which connect 
the coordinates x, y, z, of the line PP ', and are con¬ 
sequently said to be the equations of that line. 

Any two of the above equations will be sufficient; for 
two being given we can from them derive two of the pro¬ 
jections ; and, as was shown (art. 44), two of the pro¬ 
jections will serve to determine the line. 


Equation to a plane. 

47. Let DBC (fig. 24) be a plane cutting the axis of Fig. 24 . 
z in the point B, and the coordinate planes xz, yz, in the 

lines BC, BD; take in it any point P, whose coordinates 

e 
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arc x 9 y 9 z ; draw, in the plane DBC, PQ parallel to BC 
and cutting DB in Q, and in the plane ysz draw QO 
parallel to An, BF parallel to Ay ; also let QE be per¬ 
pendicular to PM, and therefore parallel to Aar: then 
we have 

PM = PE + EM = PE + QO 

=PE+QF+FO 

= QE.tanPQE + BF.tanQBF + AB 
= AN. tan PQE + AO. tan QBF + AB, 


whence 

jsrrar.tan PQE + ?/.tanQBF +AB; 

blit PQE and QBF being the angles which the sections 
BC, BD make with the axes of x, y t respectively, they 
will remain the same for any point P in the plane, and 
their tangents may therefore be represented by the con¬ 
stant coefficients a, b ; AB is also constant, and may be 
represented by c ; when our equation will become 

z=zax-{-by-he, 

which is the equation to the plane DBC. 

This is a general simple equation between three va¬ 
riables, and by assuming the coefficients properly, may be 
put under the form 

Ax + B# + Cz + D = 0. 

When y is made =0, this becomes 

which is the equation to the section BC; and similarly 
by making x— 0, we shall have 
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By + Cz+DrrO, 

for the equation to the section BD. 

If the plane pass through the origin A, the constant 
1) will disappear, and the equation be of the form 

Ax + Bj/ + CzrO. 


Equation to the sphere. 

48. Let a, /3, y, be the coordinates Aa , ab , bC , of the 
centre C of the sphere (fig. 25) ; r, y, the coordinates Fig 
of any other point P on the surface of the sphere; r the 
radius CP : draw C n perpendicular PM, and bm perpen¬ 
dicular MN ; then we have 

CP-= Cn= 4- J>n*=bM- 4- IV 

= bm- 4- Mw 1 - 4- P« : ; 
or 

r- = {x —a) 2 4- ( y - p )- 4- (* — y ) 2 ; 
which is the equation to the sphere. 


Equation to the cone. 

49- Let ABD (fig. 26) be a cone, in which the axis Fig 
AC=a, the radius CD of the base=5; take C the centre 
of the base for the origin of the coordinates, and let P be 
any point in the surface whose coordinates are CN, NM, 
MP: draw PQ perpendicular to AC, and consequently 
equal to CM : then 

PQ=CM — ,/CN 9 +NM‘= s/aPTy *; 
but from the similar triangles APQ, ADC, we have 
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PQ : AQ :: CD : AC, 


or 


whence 


s' ar -\-y^ : a — ^ : : b : a. 


and therefore 


a s — ah — bzy 


hz-=.ab — n s / ac* 
z — ^(b — Sa? 

the equation to the cone required. 





ERRATA. 


Page xiii. line 8 from the bottom, for AM—a, read AB—a. 
xxi. last line, for ordinates , read co-ordinates, 
xxxHi. line 2 from the bottom, for director , read directrix, 
xxxvii. line 6 from the bottom, for mean proportional between, 
read third proportional to. 
xl. line 3 from the bottom, for ellipse , read cone, 
xlv. line 6 from the bottom, for -V 2 x'y', read — 2 x'y ; and for 
y' B , read a/ 4 : and y" 2 for .t' 2 . 

line 4 from the bottom, for +C Sin. 20, read — C Sin. 20. 
last line, for + C tan. 20, read — C tan. 20. 
xlvi. line 2, for A -f C, read A — C. 
liii. line 12, for QMQ, read PMQ. 


Page 8, line 5 from the bottom, after tdu+udt , insert (8). 
11, line 17, after x -\-h, insert in y—x m . 

line 3 from the bottom, after — ■ insert =. 

h 

14, line 8, for elimination, read differentiation. 

„ „ Sin. h . Sin. k 

26, line 8, after , insert — ; —. 

Cos. h -f-1 h 

39, line 15, for ~c/y, read ^ dx. 

dx dx 

43, line 14, for y % , read y\ 

44 , line 12 from the bottom, for 2 y, read 2 y'. 

46, line 3,4 from the bottom, insert (35). 

53, line 18, transpose JB 4 and B. 

63, line 5 from the bottom, for 2 tt—, read 2ir—• 

a * a 

68, line 1, for minimum, read maximum. 

75, line 12, for SN, read M"N. 
line 13, for M"N, read SN. 

line 16, for read 

di r* dx 3 

84, line 9, for a-\-h, read a — h. 

dy* 1 iPv 

89, line S from the bottom, for —read 


94, line 8 from the bottom, for =0, read =-. 

95, line 8 from the bottom, for <px'—, read $>x'+. 
102, line 5, insert (73). 

104, line 4 from bottom, for dx*+dy, read dx 2 dy\ 



Page i 10, line 2 from the bottom, for y f ,?=0, read y + s=.conslant. 
321, lines 10, 13, 15, and 17, for—, read-. 

y x 

X tt 

122, line 7, for read —, in two places. 

If x 

123, line 8 from the bottom, for At, read Pf 

125, line 16, for ~, read ~r. 

dit dQ 

328, line 4, for 107, read 108. 

line 8, for m Cos. 9, read m Sin. 9. 
line 10, for m Cos. 9, read m Sin. 6. 

129, line 5, for —, read Jj-. 

* sir 2*11 

131, line 8, in the denominator, for u'diP, read u?dQ % . 

139, line 2, for cord, read chord. 

141, line 10 from the bottom, for M'E, read ISI'E'. 

J 44, line 4, in the denominator, for 4 a 9 x 9 , read 1 -}- 4 a 9 . 

154, line 14, for M, read N. 

163, line 6, for Mh, read Mh n . 

r rf # + :A« + /0 , j d n+ ]f{a-\rh) 

164, line 12, for -j—^-+ , read--=. 

385, line 1, for take the series, read integrate by series. 

194, line 1, in the denominator, for P, read P'; and for S, 

read S’. 

195, line 11, dele f . 

504, last line, for Bn*, read c 2Ba 9 . 

213, line 5 from the bottom, dele J'. 

216, line 5 from the bottom, for (x—d) m , read (x — f) K . 

220, line 11, for B, read b. 

221, line 10, for Vm 9 +z 9 , read Vm 9 -\-x 9 ; and 4 sP, for 4 z. 

nr%A Ha'z^dz 3a 9 s 9 dz 

224, line 3, for , „ . read 




(z a +i y 


227, line 5, for read -n. 

X x 

228, line 8, insert (52). 

229, line 11 from the bottom, for (o+6x*V), read («+6x n )* > . 
234, line 7, after =, insert —. 

239, line 2 from the bottom, for i — z 9 , read 1 —z*. 

241, line 6 from the bottom, insert ). 

245, line 4, for replacing the process, read repeating the process. 
249, line 7, .u*d (73). 

I? f) 

252, line 5, for area , read -X area, 

a a 

256, line 5 from the bottom, for dx 9 dy 9 , read dx 9 + dy\ 



Page 263, 
266, 


268, 

272, 

276, 


278 , 

290, 

299, 


906, 

324-, 

328, 

353, 

355, 


361, 

377, 

378, 
397, 


line 3, dele (Note seventh) 

line 4 from the bottom, for plane tangent , read tangent - 
plane ; and for y, read xy. _ 

line 2 from the bottom, for x/ 1 + (is) +(£) ’ read 

y-+(g)'+(£)' 

line 2 from the bottom, for axis, read axes. 
last line, dele since. 
line 9, for xp, read xi>. 

line 5 from the bottom, for Mx r y s -f- Nx r -y'', read Mx r ip-\- 
Nx 7 'ip'. 

line 7 from the bottom, for (/, ii)x, read (/, u)dx. 
line 5 from the bottom, after xdu, put ). 
line 11 from the bottom, for Mdx-\- Ndy, read zMdx-\- 
zNdy. 

line 15 from the bottom, dele =0. 
line 13 from the bottom, insert =0. 

line 8 from the bottom, for —;—-, read —- - . • 

dx n dx n ~ 1 

line 4 from the bottom, for A T ~, read *Vr. 

line 12, for—, read ; and for r read C. 
dx* dx 

line 7 from the bottom, for z=nnx, read z=znix*. 
line 7, for the Junction , read a function. 

fp z 

line 13 from the bottom, for read -J-. 

dx* dx~ 

line 10, for —, read —- 
J 4x x- 1 

line 10, for zy, read xy. 
line 6, for read 
line 2, for (24), read (4). 


In pages 29, 34, 134, 175, 181, 184, 185, 188, 189, 190, 192, 195, 
196, 197, 200, 203, 204, 205, 207, 211, 212, 235, 241, 
242, 243, 276, 277, 291,—for log. read L. 





ELEMENTS 

OP THE 

DIFFERENTIAL AND INTEGRAL 
CALCULUS. 


DIFFERENTIAL CALCULUS. 

On the differentiation of algebraic quantities. 

1. One variable is said to be a function of another variable, 
when the first is equal to a certain analytical expression com¬ 
posed of the second; for example, y is a function of a; in the 
following equations: 

_ tX 2 

y — ^/a s — x % , y = <r 3 — 36x 2 , y—'-—, y = b+cx 3 . 

2. Let us consider a function when in its state of increase, 
by reason of the increase of the variable which it contains ; 
and since every function of a variable x may be represented 

by the ordinate of a curve BMM', fig. 1, let AP —x and Fig. 1. 
PM —y be the coordinates of a point M in that curve, and 
suppose that the abscissa AP receives an increment PP' = h ; 
then the ordinate PM will become P'M' —y'. In order, there¬ 
fore, to -obtain the value of this new ordinate, we see that we 
must change x into x+h in the equation of the curve, and the 
value which the equation shall then determine for y will be 
that of y. 


B 
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For example, if we had the equation y^mx*, we dhould 
obtain y' by changing x into x+h, and y into y\ and we should 
have 

y = m(*+A) a , 

or, by developing, 

y = *»£ a -{- 2mxh -{- mJfi. 

3. Let us take also the equation 

y = * 3 ».U)> 

and suppose that when x becomes x-\-h,y becomes y, we shall 
have then 

y=(*+*)*; 

or, by expanding, 

y '=a 3 3x a A + 3 xh* -f A 9 : 

if from this equation wc subtract equation (1) there will re¬ 
main 

y —y — 3 x*h +3 xh* +A 9 , 
and by dividing by A, 

=3i 2 + 3xh +/i 2 ... (2). 

A . 

Let us see now what is to be learnt from this result: y — y, 
being the difference between the new value of y and its pri¬ 
mitive one, represents the increment of the function y in con¬ 
sequence of the increment A given to x ; and the increment of 

r, on the other hand, being A, it follows that the expression 

» 

'LIZA j s the ratio of the increment of the function y to that of 

the variable x. By attending to the second side of equation 
(2), we see that this ratio is diminished the more A is dimi¬ 
nished, and that when A becomes 0 this ratio is reduced to 3x*. 

* 

This term 3x* is therefore the limit of the ratio being 

the term to which it tends as we diminish A. 
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4, Since, on the hypothesis of /* =0, the increment of y be- 

w - - « Q 

comes also 0, —, ■ ■ is reduced to and consequently the 

h u 

equation (2) becomes 

0 

This equation involves in it nothing absurd, for from Algebra 
we know that jj may represent every sort of quantity; be¬ 
sides which it will be easily seen, that since by dividing the 
two terms of a fraction by the same number the fraction is not 
altered in value, it follows that the smallness of the terms of 
a fraction does not at all affect its value, and that, consequently, 
it may remain the same when its terms are diminished to the 
last degree, that is to say, when they become each of them 0. 

The fraction ^ which appears in the equation (3), is a sym¬ 
bol which has expressed the ratio of the increment of the func¬ 
tion to that of the variable: since this symbol retains no trace 

of that variable, we will represent it by l ~ ; and then will 

remind us that the function was y and the variable or ; but dy 
and dx will be no less evanescent quantities, and we shall 
have 


dy _ 


d.r 


=3.» a .... (4). 


”, or rather its value 3 a* is the differential coefficient of the 
dx 

function y. 

dy 

We may observe that " being the symbol which represents 

the limit 3a®, [as is shown by equation (4)], dx ought properly 
to be always placed under dy. In order, however, to facilitate 
operations in algebra, we may for a time clear equation (4) of 

-B 2 
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its denominator, and we shall have dy = Si^dx. The expres¬ 
sion 3.i -dx is what we call the differential of the function y. 

5. Let us seek also the differential of the function a +3«r ®; 
for which purpose we must, in the equation y = a 4 - 3 a*, make 
x — x+k; and changing y into y\ the equation will become 


y' = a -f 3 a* + 6<rh 4 - 3A 2 ; 

therefore 

y -XZ=6x+3h, 

A 


and making h = 0 , there results = 6 r; the differential sought 

CtdC 


therefore is dy = 6xdx. 

6 . For a third example, let us seek the differential of 
y-aaP—b 3 ; making x — x+k, and substituting, we have 


therefore 


y' zzaaP+Saa&k -f 3flxA* -f- <zA 3 — b 3 ; 


- - = 3ax* 4 - 3oa A+a/r, 
A 


and taking the limit, we have 


%=3a*. 

ax 


This is the differential coefficient of the proposed function; 
the differential will be dy~3ax^dx. 

7- Let it be proposed to find also the differential of 

y — - j-•* performing the division we find^ = 1 -J-a+a®; put¬ 
ting x+h in place of x and y' in that of y, we obtain 
y=l + x+h+x*+2xh+h*; 
and arranging according to the powers of A, 
y = 1 + a+a®+ (2a+ 1)A -f- A*; 


therefore, 


•?-__£ = 2x+1+A; 
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taking the limit, we have ~=2«r+1; and therefore the dif- 

dx 

ferential of is (2x+l) dx. 

X 3C 

8. As another example let us take 

y = (x*—2a*) (**— 3ft*) ; 
developing, we have 

y — x* —5a® jc® + 6ft 4 ; 

putting x+h for x and y for y, and arranging them according 
to the powers of A, there results. 


y — x* —5ft®.r 2 +6rt 4 + (4r 3 —10fl*«r)A 
+ (6x®—5a®) A®■+■ 4xJi 9 + h*; 

therefore 

— ^ — 4x 3 —10a®4?+ (Gx 2 —5ft*) h 4.rZi*+A- 1 ; 

passing to the limit, we have 

~ =4j 5 — 10a*x j 
ax 

and multiplying by dx, we find that the differential is 

dy — (4r 9 — 1 0«*.r) dx. 


9. The expression dx is itself the differential of x; for let 
?/=x; we have then y'=x-\-h ; therefore y —y — h, and con- 

sequently = 1> and since the quantity A does not enter 

into the second side of this equation, we see that to pass to the 

limit it is sufficient to change ^ - into which gives 

~ = 1, and therefore dy = dx. 


10. We should find, similarly, that the differential of ax is 
adx ; but if we had y=-ax-{-b, we should still obtain adx for 
the differential: whence it follows, that a constant b, which 
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is not affected by x, gives no term to tbe differentiation, or, 
in other words, has no differential. 

We might, besides, consider, that if we have y — b s it is the 
case in which a is 0 in the equation y—ax+b, and in which, 

= 0, so that there is 

neither limit noT differential. 

11. It may be observed, that sometimes the increment of 
the variable is negative ; in which case we must put «r —h for 
X, and proceed as before. 

Thus, to find the differential of ax 3 when the increment is 
negative, we must replace x by x — h, and we shall have 

y — aa 3 — 3 a.r 9 h + 3«a’A® — ah 3 ; 

therefore, 

3 axh — ah *: 
h 

taking the limit, we shall have ~=—3aa®, and, consequently, 
dy — — iKax^dx. 

We sec that this comes to the same thing as supposing dx 
negative in the differential of y calculated on the hypothesis 
of a positive increment. 

12. Before proceeding farther, we must make one essential 

remark ; viz., that in an equation, of which the second side is 
a function of x, and which, for that reason, we will represent 
generally by if on changing .r into x+h, and arranging 

the terms according to the powers of h , we find the following 
development: 

y'= A + BA+CA*+DA s +&c., 

we ought always to have y = A. 

For if we make h — 0, the second side is reduced to A : in 
regard* to the first side, since we have accented y only, to indi¬ 
cate that y has undergone a certain change on x becoming 
x + h, it follows necessarily, that when h is (), we must sup- 


consequently, ~ = a is reduced to ~ 
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press the accent of y, and the equation will be reduced then to 
y—A. 

13. This will give us the means of generalising the process 
of differentiation. For, if in the equation y — fx , in which we 
are supposed to know the expression represented by fx, we 
have put x + h in place of x ; and after having arranged the 
terms according to the powers of A, are able to obtain the fol¬ 
lowing development: 

y =• A 4- BA+C A 2 ■+• D h 3 +&c., 
or rather, according to the preceding article, 
y = y + BA 4 - CA a +BA 3 + See., 

we shall have, 

y' —-y = BA+CA 2 + BA 3 + &c. ; 

therefore, 

^^ = B+CA+0i , + &c.: 
n 

and taking the limit, 

ax 

which shows us that the differential coefficient is equal to the 
coefficient of the term which contains the first power of A, in 
the development of f(x~\- A), arranged according to the ascend¬ 
ing powers of A. 

14. If instead of one function y, which changes its value in 
consequence of the increment given to the variable x, which 
it contains, we have two functions, y and s, of that same va¬ 
riable x, and we know how to find separately the differentials 
of each of these functions, it will be easy, by the following 
demonstration, to determine the differential of the product zy 
of those functions. For if we substitute x-\-h in place of x , 
in the functions y and z, we shall obtain two developments, 
which, being arranged according to the powers of A, may be 
represented thus, 

y r =y-f Ah + BA 7 4- CA 5 4-&c.(5), 

V=z + A'h + B'A 2 +C’ A 3 4- &c . (6) ; 
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Passing to the limit, we shall find 
dy _ „ dz 


eU~ A ’ dx~ A ' 


(7); 


multiplying equations (5) and (6) the one by the other, we 
shall obtain 

zy = zy + AzA + BzA* + &c. 

+ A 'yh + A A 'A*-f &c. 

+ B'yh a + &c .; 

therefore, 

« / 

Z - P h ~ Az+A'y-f- (Bg +AA' -f By) A + &c.; 

and taking the limit, and indicating, by a point placed before 
it, the expression to be differentiated, we shall get 


d. zy __ 


dx 


= Az + A'y; 


putting, in place of A and A', their values, given by equations 
(7), there will result, 

d. zy _ dy dz 

dx ~~ S dx dx* 


and suppressing the common factor dx, 

d.zy = zdy+ydz. 

Thus , tke differential of the product of two variables , 

we nztttl multiply each by the differential of the other , awrf acW 
the products. 

15. By means of this rule, we shall easily find the differen¬ 
tial of a product of three variables. 

Let it, for example, be yzu ; make yz~t, when we shall 
have d. yzu = d. tu. 

But by what has preceded, 

d. tu — tdu + udt, 

and since t —yz, we have dt=ydz+zdy. 

Substituting, therefore, these values of t and dt, in equation 
(8), it is changed into 

d. yzu = yzdtt + uydz -f uzdy- 




DIFFERENTIATION OF ALGEBRAIC QUANTITIES. 


9 


We see, then, that the same rule still holds for a product of 
three variables; viz., that we must write down the product yzu, 
replace successively each variable by its differential, and add 
the products . 

The same rule holds good for any greater number of 
variables. 

16. The differential of a fraction - is ; for sup- 

yy* F 

«v 

pose - = t, we have z=ty, and dz — tdy+ydt (art. 14), from 

y 

which we find ydt—dz—tdy : 

putting on the second side the value of t, there results. 


’ ydt — dz — —dy, 

y 

reducing to the same denominator, 

ydl=?- dt -* dy , 

y 


and lastly. 


dt= ydz -^ md z ^ydz-zd# 

y* y y* 


17. If in the equation d.yzu —yzdu +yudz+uzdy (art. 15), 
we divide each term by yzu, we shall get 

d.yzu du dz dy 
yzu ~~ u + z~*~ y ’ 

and generally, by dividing the differential of the product of 
any number of variables by the product itself, we shall find, 

duryzlu . dr dy dz dt du fQ 

M — “ “f" ' T *r T* T • • • l vj* 

xyztu . xy^ztu 

If now x, y, z, t, u, &c., be each equal to <r, and the number 
of them be m, we shall have on the second side of this equa- 

fjtzK? 

tion jn terms, each equal to — ; the second side will therefore 

•V 
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. mdx 

be changed into-, and the equation (9) will become 

d.x m __ mdx 
x m ~~ x * 

and multiplying by x m , we shall have 

d-jf *= 

18. We may hence deduce this rule: when a variable is 
raised to a power m, to obtain its differential , we must 1°. 
make the index the coefficient; 2°. diminish the index of the 
variable by unity ; 3°. multiply this product by dx. 

19. The same rule will hold, if the index be fractional or 
negative. 

p 

To prove the first case, let y =#«; raise both sides to the 
power q, when we shall have y 7 = x p 3 and therefore, art. 18, 
qyv-'dy z=.p&— x dx; whence we find. 


and since xp ~ 1 , v 9 ” 1 , may be put under the forms —>—> sub- 

x q 

stituting these values, we have 

dy= P -.-£dx; 

* q y* x 

and since x p — y q , the preceding equation is reduced to 

d y=gx dx; 

Lastly, putting for y its value, we obtain 

£ 

, p 

d y = “• ~z dx > 

q x 

and bringing the denominator x into the numerator, we have 


dy = -• x dx, 
9 
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a result the same as would have been obtained for the dif¬ 


ferential of y = x* by applying the rule given Art. 18. 

To demonstrate the case in which the index is negative, let 

1 

y = ar~P: this is the same with y = —, which being dif- 

x p 

ferentiated by the rule for fractions, art. 16, we shall have 
T x p d. 1—1 .dx p 

x p 

Observing that unity being a constant, its differential is 0, 

d.x p 

art. 10, this expression is reduced to dy — --; whence 

X * 


by differentiating, art. 18, we shall have dy 


have dy = 




subtracting the index 2y? from the index p— 1, there results 
lastly dy = — p<r~^ , ~ l dx, as we should have found by applying 
the rule of art. 18. We conclude, therefore, that this rule 
holds true, whatever be the index of x, that is to say, whether 
the index be integral, fractional, positive or negative. 

20. We may arrive immediately at the differential of 
by means of the binomial, in the maimer following ; 
making x = x + A,^we obtain 
y = (x + h ) m , 

and developing by the binomial theorem, we find 

tn— 1 

y = x m +rnx m -'h + m .—— ar m - 2 A 2 

m —1 m —2 

4- m, —-—. ——- x s h* -f, &c. 

2 a 

subtracting from this the preceding equation, and dividing by 
//, there remains 


„ , m —1 _ „ , m —1 m —2 _ 

. -mx 1 + m. —s— 2 2 h ■+■ m. ——. — h ~~x n - a h i 4 - &c. 
h I Z o 


Passing to the limit, by making A=0, we obtain 

= mx ut ~ x ; therefore, di/ = mx m ~ l dx; 
tix 
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and replacing th<j value of y, we have 

d.x m = mx m ~ 1 dx. 

21. If we replace the radical signs by fractional indices, the 
rule of Art. 18 will then serve to differentiate quantities of 

that sort. For example, to find the differential of ^/z, we must 

i — 4 . dz 

write z~, the differential of which will be \z *dz = -—= i 

J 2 0/z 

which shows us, that to obtain the differential of the square root 
of a variable quantity , voe must divide the differential of that 
quantity by the double of its square root. 


On the differentiation of a sum of functions. 


22. The process for differentiating a quantity which con¬ 
tains several terms would be exceedingly long, were it neces¬ 
sary always to pursue the course we have hitherto followed ; 
finding first the value of y» in order to deduce from it that of 


y—y 


, and then passing to the limit by making h = 0. For¬ 


tunately, if we can differentiate each term separately, we may 
adopt a more simple course by means of a theorem, which may 
thus be expressed: the differential of a sum of functions is 
equal to the sum of the differentials of those functions. 

To demonstrate this, let f, F, <p, &c., be the symbols of the 
different functions of which y is composed, and suppose wc 
have 


y + F * + <px +&c.. 


of which it is required to find the differential. 

If we put x+h for x in each of these functions, since by 
hypothesis we know how to develop each of them separately, 
according to the powers of A, we shall be able to express the 
result by 

y — fc -f* A h -I- A A® &c. 

+ Fx -b BA -b B'A* + &c. 

-b 0x -b C h -b C A® -b &c. 
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And collecting the terms multiplied by the same powers of h, 
and subtracting y, we shall find 

y -y = (A+B+C) h + (A'+ B' 4- C')/** + &c.; 

and taking the limit, 

= A4-B4-C, dy=z Adx+Hdx+Cdx. 


But A, B, C, arc the terms multiplied by the first power of h, 
in the development of f(x+ h), F(x -f /*) ©(x + /t), whence it 
follows, that Adx -j- Hdx 4 - Cdx represents the sum of the dif¬ 
ferentials of the proposed function. 

23. To give an application of this theorem, suppose that 
we have to find the differential of 


y — ax s -f- ffix* 4* (*s/ x ; 

we know, by article 10 , that the differential of ax' 3 is ad.x 3 , 
and by differentiating according to article 18, and putting the 
numerical coefficient first, we obtain 3 a.v 2 du\ Following the 
same plan in respect of the constant lA, we shall find that the 
differential of is 2 IP-xdx ; and the article 21 shows us, that 


c**/x has for its differential 


(Adx 

2^x 


Adding, then, these re¬ 


sults, we shall find 

c^dcc 

dy = 3ax z dx-f 26 i xdx 4- 

x 

I 

24. In general, when in an expression which we wish to 
differentiate, a constant appears as a factor of a function of x, 
we must differentiate as though there were no constant, and 
then multiply by the constant. 

25. If, on the contrary, the constant be not connected with 
a function of x, it, as we have seen, article 10 , will give no 
additional term to the differential. 


On the manner of facilitating the differentiation of compli- 
rated functions , and of avoiding the process of elimination , 
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•when thefunction y is not given immediately in terms of the 
variable sc. 


26. Sometimes the function y and the variable x are not 
given by a single equation. For example, if we had two equa¬ 
tions of the forms y = fu, and u — <px, the first mode that would 

d“U 

present itself for obtaining the differential coefficient ~~ would 

be to eliminate it betwixt the two equations, so that we might 
apply the process of elimination; but without having recourse 
to this preliminary operation, we may obtain immediately the 

j 

differential coefficient which will be the object in view in 

u*v 


the following demonstration: 

Suppose that when in the equation u = <px, we put .r+h for 
x, u becomes u \ and that when wc put u-^-k for u in 

the equation y = fu, the function y becomes y ; if then by de¬ 
veloping the functions of u and x according to the powers of 
their respective increments, the substitution of x-\-h for x in 
the function u gives us 


u'= u + qh->r qffi + q'h 3 4 &c .; 
and the substitution of u+k for u in the function y gives us 
y —V +pk +p'k* 4 pic 3 4., &C. 
we shal! obtain from these equations 

f 

- - ? ■ ' = q 4- qh -f- tfh 2 4- &c. J 

r r • ■ ( 10 >* 

^ —p + p*k 4 &c. ^ 


and multiplying the equations together, we shall have 

U ~ir' y ~~r = (P+P' k +P" k * + &c.) (y4#4g"A*4 &c.) 

The first side of this equation may be reduced; for the in¬ 
crement of u being represented by h, is therefore equal to 
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xl — «, and, consequently, instead of ^ ~ - we may write 

-- - --; when, putting -x in place of A, the preceding equa¬ 

tion becomes 

(y+ 9 'A+y''A s + &c.) (p+p'*+jT* 4 +&c.) . .. (11). 

When A is 0, £ also vanishes (since u received its increment 
only because x became x + 4), and, therefore, in the case of 
4=0, which is that of the limit, the equation (11) becomes 

!=».< 12 >- 

For the determining of p and q, we must make h and k each 
= 0, in the equations (10), when those equations give us 

du du 

~r~ — — i 

du d.r 

and substituting these values of p and q in equation (12), we 
obtain 

dy _dy du 

d^-Tudi . ( 

This result shows us that if we have two equations, y =fu 
and u=$x, and we find the values of the differential coeffi¬ 
cients ^ and ~, the multiplying these two together will give 


us the value of 


dx 


27. If, for example, we have the equations y=3u* and 
u=x* -|- oj? 2 , we shall find 

du 


~£ = 6«, ~=3**+2 ax; 
du dx 

and therefore, multiplying these equations together, we shall 
have 


dy_ 

d.r 


6m (3a* + 2 car) =6 (>i s -f ax*) (3.T*4-2erx). 
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28. The formula (13) is one of great use in differentiating 
complicated functions ; we will give a few applications of it. 
1°. Let it be required to find the differential ofy = —a?*. 

This will be done by finding the differential co-efficient 

~~; for which purpose let a ®—£* = «, and therefore. 

y = = u^; then the equations y—fu and u — <px (art. 26) 

will be here represented by 

jl n 

y = m 2 , « = rr®. 

Differentiating these equations (art. 18) we find 


?=*.“*=* 


—» du 

" 3) >dZ = - 2x; 


multiplying these differential co-efficients together, we obtain 


djc 


and therefore 




dy- — 


xdx 


y/ a- — x' 2 

Again let y= (a+bje m ) n ; to find the differential, making 
a + bx m =«, we shall have the equations y = u n , u=a+bx m ; 
therefore 

—nu**-" 1 = n (a+bx m ) n — 1 , = bmx m ~~ l > 

du dx 

and multiplying these differential co-efficients together, we 

have 

~ = bmn#”*— 1 (a-}- bx m ) n ~ 
dx 

29. As a third example, let 


*'=(° + y 4 — 3rV> 


— v . . . .j(14) j 


suppose 
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and therefore 

y-- (a+s/u) A .... (15). 

Differentiating equation (14), we have 

2e.rd.i 
au = ——- 




and therefore 


du 2c 
da' ~ j ' } y 


the equation (15) gives 

dy — 4 (a + *Su) 9 J. (a+y/u) = 4 (a-{-*/it) 1 . 
and putting for u its value, there results 

2(a+JZ^y 


du 

2>J « 


du 




multiplying these differential coefficients together, we have 
lastly 


dy __ 
dx 


tc-y ••••:, > 
J'-i 


We might take also as an example 

// = (« + v / .?■)*, 

and we should iind 

dy a)' 1 

2^/~ 


On .successive differentiation. 

iff). Let y be a function of a?; if this be differentiated, we 
shall find a result of the form pdx, p being a quantity which 
may involve .?•; if p do involve .r, we shall lie able to differen¬ 
tiate p also, and so obtain a result represented by qdx; pro- 
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cecding in the same manner with respect to q, the result will 
be of the form rdx, and so on: pdx, qdx, rdx, &c. are the suc¬ 
cessive differentials of y . 

For example, if y = as? , we shall find dy — '&ax^dx, and 
therefore p — 'Sax^ ; differentiating anew, we have dp — 6axdx, 
and therefore q = 6a x. Again differentiating, dq = tiadx , 
whence r — 6a; and liere the differentiation must stop, 6a 
being a constant. 

The equations 


dy—pdx give, dividing by dx, -~=p t 

tvj# 


dp = qdx 

dq = rd,r 
& c. 




&c. 


q being obtained by two successive differentiations, and by 
dividing each time by dx, we will represent the operation by 

and wc shall have =<7 ; in like manner l>v differen- 
dx" d.i ' J 


tinting anew, and dividing by dx, we have ^~r~ = r ; aiids 

dx* 


so on. 


dy is the first differential of y; 
dry is the second differential; 
u'y is the third differential; 

and so 011 . 


Alaclauriids theorem , 

31. Let y be a function of x, arrange it according to the 
powers of x t and suppose 

^=A + B.r+Cjf° + D.r 3 + Ej 4 + & c.(16); 

then differentiating and dividing by dx we shall find 
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^=B+2Cx+ 3D*“+ 4E,t J + &c. 


2C + 3.2JXr+4.3.E.*« + &c. 
3.2.1) +4.3.2.E,r+ &c. 


5y = 

da~ 

<Py _ 
d.h 
&c. 

Represent by ($■) tlie value assumed by y when ,r —0, 

d.v * 

<v 


*( £) ■ ■ 
by ( 0 ) ■ ■ 


d.v* 


and so on - s 

the preceding equations will give us 

<*>= a > (2)= c - (2)= 2c > (So= 3 - 2 - u ' &c - 

whence we find 


{-A 

,€ = --( 



V dr ) 

2' 

< dj" 2 j 

** 

✓ 

01 

« * 

; 


and substituting these values in the equation (16), it will 
become 

3 ,=cjf)+ ('£) ,,+ s^) - ' + s 5 &y + &c - (i?) ’ 

which is Maclaurin’s theorem. 

1 


a + ,v 
d.v 


32. As a first application let us take y — 

differentiating, we find 

dy = (a+ .*>)</. 1 — l.rf (« + ,*’) __ 

(rt-j-.T *) 2 ~ («-+ -vY 

whence we deduce -- = — -—-—- ; 

d.v (a + ,?’) 2 

and differentiating anew, we shall get successively 

d*y _ 2 (rt+ ./')_ 2 

d-r~ («+.»-) 4 (u + ./) 3 ' 
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<P y _ 2.3(«-f «'/') a 

da 3 (« 4- ^’) 6 

&c. 


_2^3_ 

(« +^') 4 


. dy dPy d. 9 u 

Making then ^=0 in the values of y, we 


find 


, 1 i d l\ - _ _L ( d ll\ __ 2 _ _ _ 23 . 

\daJ a 2 ’ - u 3^ dii 9 a 4 ’ 

and substituting these values and that of ^ in formula (17)* 
we sliall obtain 


,r 


,'P a 9 


l l I. I. I. . A 

- -1— --+ &c. 

a+.r a a~ a 3 or 


33. For a second application, take y — % / a 4 4- bx; we have 
then 


&= (a*+&'*’) 


± 


dy , , , 1 b 

- 7 — = i (a 2 + &»*) — -p==—, 

d.r 2 A / a a _j_ f,.r 

d^u .1 i 

{n * + *. r) =--^4==-, 

” * V(a 2 4-^’) 3 

'i> =4 I. A (fl , . , u0 -^3 _ . 

making .r = 0, these values will become 

^ \f/>y ~’ 2 a 3 * W.^ 3 ) a H y 

and substituting these values of &c. in formula (17), 


wc shall find 


bx IP up . b 3 x 3 
</<** 4- bx = a 4- — ,rv 4- 


2a 8u 3 lOa 3 


&c. 


34. As a third example, take y — (« 4-*/■)”*; differentiating 
we shall find 
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~-/n - 1 , 

tz.r 

(fin 

(in—l) («+.*») 


i« — a 


rf3 .y _ 


da 9 


= w ( w —1) (;«—2) ( fl - fa *)"**— 1 } 


making .r = 0, the value of y is reduced to a m , whence (y) = a m ; 

chi cl 1 u 

aud the differential coefficients - r „ •, &c. give us 

dy da- 


(t )=*«—», (pt) = »(. - 1 ) pL =. 

Vf/.r/ ’Vr/.r*/ V ' dy 

m{m —1) ( m —2) a M ~ 3 , which values of (y), 

8c c. being substituted in formula (17b ' vo find 


[a + <?’) ** = + »m w ~ J .<’ + w 


(w —1) 


a"*-* a* 


(m —1) (m —2) „ 

+ m ——jr- ^ — a n, ~ s y -+- &c. 

J tj 


On </iC differentiation of transcendental quantities. 

35. Transcendental quantities arc such as are affected by 
variable indices, logarithms, sines, cosines, &c. 

3(>. Let a r be the quantity first proposed to be differentiated ; 
put ^ = «', change x into x-\-h, and y into y, when the equa¬ 
tion will become 

y — a r+u , or y' = a r a h , 

and this expression we must develope according to powers of h. 
In order, therefore, that a h may be developable by the bi¬ 
nomial theorem, we will put a = 1 4- b, and consequently a h will 
become 

(l+i)» = l + A.j+JK*-l)-^+*.(*-l)(*-2) 
<£+&<=.(18); 

which we might arrange in respect of h; but without per- 
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forming this operation, since we want only those terms mul¬ 
tiplied by the first power of h, wc will observe that if in a 
product such as ft (ft —1) (ft —2) (A —3) &c., the part (ft —1) 
(h —2) &c. is composed of n factors, its development, accord¬ 
ing to the theory of equations, will be of the form A^ + AA"” 1 
-f BA" -2 ... . + MA + N, and the term N will be formed of the 
continued product of the second parts —1, —2, —3, &c. of 
*the binomials A—1, A—2, A—3, &c. But since A (A—1) 
(A—2) ( h —3) &c. = A (A B 4- AA""" 1 . ... MA + N), it is evident 
that the term containing the first power of A in that product 
will be N ft, or from what has preceded, A (—lx —2 x —3) &c. 
whence we may conclude that to find in the development (18) 
the terms involving the first power of A, we must, in the more 
complicated terms of that series, beginning, for instance, with 
the third, form the several co-efficients of A in the manner 
following; the continued product of the numbers subtracted 
from A in the several terms must be multiplied in the third 

A 3 

term by r-jr, in the fourth term by > and so on ; whence it 

2,3 

follows that 

A* A 9 

a h = J + (A—— &c.) A-j- terms involving A 2 , A 9 , &c. 

A® 6 s 

Representing (A—^ —, &c.) by A, we have 

a h = 1 •+■ A h -p terms involving A®, A 3 , &c.; 
and substituting this value in the equation y’ = a x a h , that equa¬ 
tion will become 

y Atfh. + terms involving A®, A 3 , &c. 

If we subtract the primitive equation y = a x , there will remain 

y — y — Aa T fi-\- terms involving A®, A 3 , &c. 

and taking the limit, ^=A a*, 

or, replacing the value of y, 

d.a‘ 


dx 


= A .a 1 


(19). 
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The constant A depends on a, for if in the equation 

A = (b—2+Ji — &c -h 

we put for b its value (a —1), we shall find 




( 20 ). 


. -=Abj'. &v. 


37- To determine the value of A, let us investigate, by 
JVfaclaurin’s theorem, the development of a r ; we have then 

.'/ = «’ 

t = A «■. 

dx 

rfiy Ad.a' A *a'dj 

~dtf ~ ~7x~~~,h = A " ’ 

.-=AV. &v. 

«/f 3 

arid making ,r —o, we shall find 

<•*) ="°= *’ Cl) = A 'H = A *’ (0 ) = A’. 4c. 

Substituting these values in equation (17) we, have 

, A.r A 5 .r* A’.r 3 

" - 1 + T + "iX + lA3 + ’ 

making ,?■ — this equation will become 
/V 

“- 1+1+ n + iB +te: 

and representing by e the second side of this equation, it will 

1 

be changed into a s =zc, whence we find n=e x ; and taking 
the logarithms, we have 

log a = log e A = A log e ; 


therefore 


A _l°g « 

logr 


( 21 ). 
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The number r, whose value is given by the equation 

c = 1 -f-1 + i'ttts + &c., is the base which Napier selected 

for calculating his tables of logarithms. 

The series 1 +1 + + ro — + &c. being sufficiently con- 

vergent, we may take the first ten terms as an approximation, 
when we shall find the value of c to be about 2,7182818. If 
we represent by Lu the logarithm of a in the Napierian system, 
we shall have then a — (2,7182818) *•“ , or more simply a — c x,a ; 
and therefore log a — log c' " — La log a ; whence we shall find 

— = L a, which reduces equation (21) to A = La, and con- 
log v 

sequently equation (19) gives 

d.a r z=a J dxJja .... (22). 


Logarilhmic dijferentials. 

88. Let t r be the logarithm of y in the system whose base 
is a ; then we have y = and therefore (art. 3G) dy = A a'tf.r ; 
whence we find 


Aa* log a 
log e 


a 


- d JL. l o s r 

a 1 log a 

j ’ ™ 


and since fi' —y and jr = log y 3 the preceding equation becomes 

, . dif log e 

d .log y —. 

J y log« 

When we take the logarithms in the Napierian system, 

log-t log _ e _ j ant j therefore in that case rf.log 7/ = ^. 
logo log c y 


The differentials of sines t cosines , and other trigonometrical 
lines , or the differentials of circular Junctions. 

39. The arc is greater than the sine , and less than the tan¬ 
gent. 

To prove this, let AB, fig. 2, be an arc, which has BE for 
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its sine, and DA for its tangent, and take the arc AB' equal 
to the arc AB. Then the chord BB’ being a straight line, 
BB' is less than the arc AB ; and therefore the straight line 
BE, which is the half of the chord BB', is less than the arc 
BA, the half of arc BAB'; whence it follows that the sine is 
less than the arc. 

To prove that the tangent is greater than the arc, we have 
Area of triangle DD'C ~7 area ttf sector B ABC ■, 
or, putting for these areas their geometrical values, 

DD' x £AC -7 BAB x iAC ; 
suppressing the common factor \ AC, there remains 

DD' 7 BAB', 

and taking the halves, we have 

DA “7 arc BA. 

40. It follows from this, that the limit of the ratio of the 
sine to the arc is unity ; for since, when the arc //, represented 
by AB, becomes nothing, the sine coincides with the tangent; 
much more does the sine coincide with the arc, which lies be¬ 
tween the tangent and sine ; and, consequently, avc have, in 

the case of the limit, ^ or rather, ^ = 1. 

arc h A 

41. To find the differential of the sine whose arc is x> sup¬ 
pose that the arc receives an increment A; then we know, by 
trigonometry, that 

sin h) =sin x . cos h -+- cos x . sin A.(23). 

Subtracting from this function its primitive, and dividing by 
the increment A of the variable, we shall have 

sin (a’-t-A)—sin x _ sin .r.cos A -f- sin //.cos x — sin x 
- - 4 ; 

and collecting together the terms multiplied by sin x on the 
second side, we shall find 


sin (x + A )—sin x _ sin x (cos h — 1) t sin h . cos x 

It “ h + k 


.. . (21). 
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, COS ll — 1 

When h becomes 0, cos h — J becomes also 0, and- - - 

is reduced to the form jj; it is necessary, therefore, to put 

that term under some other form, and, for this purpose, the 
equation cos* h + sin- 4 = 1, gives us cos* h — 1 = — sin 2 h, or 
(cos 4—1) (cos 4 + J) = —sin® h ; from which we get 

sin® h 

cos h — 1 -- 7 - 7 - 7 ; 

cos 4+1 

and substituting this value in equation (24), it becomes 


sin («r+//)—sin x 


. sin ft sin h 

= -Sill X. -;- - + COS X. -— , . . (25). 

cos 4+1 h v ' 


, sin it , sin h () 

When It = 0 , = 1, — .—77 = 7 = 0 ; 

ft cos // +1 2 

d* sin 

and therefore equation (25) is reduced to —--=cos .r : 


whence wc deduce d. sin x — cos x.d.v. 

42. In this demonstration, the radius of the tables has been 

supposed unity. If wc wish to have the differential of a sine 

whose radius is a, instead of employing the equation (23), we 

must make use of this, 

, . , „ sin x . cos A + sin h . cos x 

sin (,r+ //) =-; 

a 

and therefore, in the preceding result, it will be necessary to 

(hv* COS JP 

introduce the constant a, which will give d. sin x = —--, 

for the differential of the sine of an arc whose radius is a. 

43. Wc might arrive at the differential of sin x by geomc- 
Fig. 3. trical considerations; for, let AB, fig. 3, be the arc x, BM the 

arc h ; then the perpendicular BP will be the sin x , and the 
perpendicular MQ the sin («*•+//). This being supposed, the 
more the arc BM = h is diminished, the more does the angle 
MBC approximate to a right angle ; and consequently, in the 
case of the limit, we may consider MBC as a right angle, and 
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the triangle MBD will then become similar to the triangle 
BCP; since in that case the triangles have their sides per¬ 
pendiculars. From this it follows, that we have the pro¬ 
portion 

BC : CP : : BM : MD, 


or, 

r 

and therefore 


cos : : BM : sin (j’-f- ft )—sin x ; 

sin — sin x cos x 

BM ~ ~ ; 


taking the limit, and observing that, in this case, the chord 
BM may be replaced by the arc BM=//, the above equation 
becomes 


d.sin ,r cos x 
(Lr r 

and taking -the radius equal to unity, 

r/.sin x — dx cos .v. 


44. To find the differential of cos ,r, the equation 
sin 2 + cos 9 x — 1, or rather, (sin .r)' 1 + (cos .r) a = 1, being dif¬ 
ferentiated, gives 2 sin xd. sin .r- f-2 cos xd. cos r = 0 ; whence 
we find 


d. cos .r = 


sin xd. sin x 
cos .r J 


and putting for d. sin x its value, d.r. cos a*, art. 41, and re¬ 
ducing, we have d. cos x— — dx. sin x. 

45. We obtain the differential of tangent x, by considering 
sin *c 

that tan x = -; wliich equation being differentiated by art. 

cos x 


(16), we find 

d. tan x 


cos xd. sin x — sin xd. cos x 
cos 2 x 


and putting the values of d. sin x and d . cos x f we shall have 

/'Cos® x ■+■ sin® x \ 
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and therefore, since cos“ x -f sin* x = 1, 

dx 


d. tan x — 


cos 


4G. We know, by trigonometry, that the radius is a mean 
proportional between the tangent and the cotangent, and be¬ 
tween the cosine and the secant, which gives 


cot x = 


1 


sec x = 


tang x cos x 

By differentiating the first of these equations (art. 16), we 
find 

r/.tang x _ dx _ dx 

tang 2 .r cos*,r. tang' 2 a: sin 4 x ’ 

» 

sin 

for, from the equation — tang, we deduce cos. tang = sin. 


d. cot x — — 


47- The equation sec .r = —-being differentiated, gives 
d. cos x sin xdx sin x dx 

d. sec x= -=-= -.-=tang x .see xdx. 

cos‘ 2 x cos* x cos x cos x 

48. We may determine in the same manner the differential 

of the cosecant: for coscc x — —-: which, being differen- 

sin x 

tiated, we have 

. cos xdx cos x dx 1 . 

a . cosec x =-r—.— = — - —. —— -. coscc xdx 

sin* x sin x sin x tan x 

=—cot x coscc xdx. 

40. In respect of the versin, by differentiating the equation 
versin .e+cos ,r = l, we find d. versin x = d( 3—cos x), and by 
performing the differentiation, 

d. versin j?=sin xdx. 


On the differentiation of certain complicated transcendental 

functions. 

50. The preceding principles will serve for the differentiating 
every expression affected with transcendental quantities. 
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Lot y =a l,t be the function ; making b r — n, we shall have 
?/ = «", and differentiating by art. 37? we shall find 

^ = a«La = a"La, ~=i'L6 ; 
du dx 

therefore (art. 26), 


dy du dy 
du dx dx 


a h4 b T hahb. 


53. Let also y = z v ; taking the logarithms, we have 
log y — v log z ; and therefore, d . log y — xkI . log ~ + log zdv : 
putting for the logarithmic differentials their values (art. 38), 
we shall find 


and consequently. 


y 



+ log zdv. 


vdz 


dy = y[ + log zdv) , or, dy = 




By means of this differential, we shall easily find that of 

y — z* n : for, let /" = *>, then the equation is reduced to y — z", 
and the equations y=z r , v=t u , being of the same form with 
the equation whose differential we have just found, will give 


dz 


dy=.z v — + log zdv) 


di 


dv — t” [u — -f- log tdu ). 


Substituting the values of v and dv in that of dy given by the 
last equation but one, wc shall have 




4-log t. du) 




-{-log z .l«g t .du). 
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Taylor's theorem. 

52. Before proceeding farther, we will observe that in the 

tty 

differential calculus an expression such as —■ signifies that a 

function y of one or more variables has been differentiated in 
respect of the variable x and divided by dx; if, for instance, 

we had 1 / = a.v-tdz*, the expression^- would be found by con* 

1 fix 

sidcring u and ~ as constant, differentiating in respect of x, 
and dividing by dx, so that we shall have ~ =2 axu s &. Wc 

should find in the same manner—*- =:4ax*z^u :i and^ = 3 ax*z*u*. 

<tz du 

If we had y — x~ 4 - z-. -- would be 2.r. 

J dx 


53. If in a junction y of a, the variable x is changed into 
x + h, tee have the same differential coefficient, tv hen x is va¬ 
riable and li constant, as when li is variable and x constant. 

To demonstrate this, if in the equation y—fr , wc put 
x-\-h— x in place of x, we shall have y’ = fx ] ; the differential 
of Jx will be equal to some other function of x represented 
by <px’ and multiplied by dx, and consequently dy'—<px'dxi , or 
putting for ,r its value x-\-h, we shall have 

dy = <p(.v-\- h) d ; 

in which differential the only change arising from the hypo¬ 
thesis of x being variable and h constant is in the factor 
d{x-\- h), which is then reduced to dx, so that we have in 
that case 

dy = cp (x + h) dx, 

whence we find 

^— = <|» (.r 4- //) . . . . (26). 

ff»l 
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If, on the contrary, we make h variable and x constant, the 
factor d (x -J- h) is reduced to dh, and we have 

dy~<p (x + /i)dh } 

and consequently 

~ P (‘^ "h • • • • (27) : 

equating these two values of 0 (x -f h ), there results 

dt/ _ dt/ 

dx ~ dh ‘ 

For example, if we had y = ax 5 , by putting ,v + 4 for ,**, we 
should find 


dt/ dt/ 

17-3 „(,+/,)* =_A, 


and consequently 


/Ay dy' 

d~./ d/i 


• >4. The equations (2(1) and (27) being differentiated in 
icspcct of ,e-J- //, give still the equal results 

-- ^ (•*’ + //) ^ (■*' + A) 

4 ' ^ ^ ^ + ; 

and making h constant in the first equation, andconstant in 
the second, we shall have 

—“=<5'(.#* + //) d.r,^-~- =©' (,r+//.) <7//, 

«./■ an 

whence we shall deduce 

d*y _ d 

~HF' 

We may conclude by similar reasoning that -- ^ 3 = 
d 4 y d 4 */ 

-— ——; and so on. 


d.r* dh 4 
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55. This being premised, let y be a function of x + and 
suppose that, when this function is developed according to the 
powers of we have 

y=^H-A/i+BA a + C/i 3 4-&c.(28); 

A, B, C, See., being unknown functions of x, now to be de¬ 
termined. For this purpose, differentiating in respect of h, 
and dividing by dh, we shall have 

% =A+2BA+3C/»*+&c. 


Differentiating again in respect of x, and dividing by dx, we 
shall have 



du flA. dB , „ 
dx ax ax 


and the first sides of these equations being equal, by article 
f»3, the second sides must be identical; whence, equating the 
coefficients of the same powers of h, we shall find 



B = 


d\ 
2 dx 


C = 


d B 
3 dx 


K- dC Rr . 

Al — a j y CvC. 

4(IjC 


Substituting the value of A, given by the first of these equa- 

• . 1 d a /y 

lions, in the second, we shall have B = r-r= ~r~ ; substituting 

1.2 dur 


• • 1 d* u 

this value in that of C, we shall have C = -- —— - and 

1.2.J dx* 


so on. 

By means of these values of A, B, C, Sec., the equation 
(28) will become 


, du. d“u h” (Py h* 

y dx h+ dP> \.2 + dx* 1.2.3 + &C ' ; 
or, putting for y its value, 

i dy, dPu h* d*u h 3 

J - V +^+^S 172+^J r23 +&c 


which is Taylor’s, theorem. 
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Application of Taylor's theorem to 1 lie development of different 
functions in the form if a series. 

56. Let y = */.r + h be the function : 
we have then 

y = f,r — .eh , 

and tlierefore 

<lu i 1 

■' — i — 

d.r~ ~ 2s/7'' 

L 

d.i 2 4 ./*- 

f/ 3 // i 1 

« = ,1 &c. 

f/.l * f ' a* 

substituting in the formula we have 

- - h , h z ft' , 

V r + h — v^* #, + A —-— j\ —— +-jV> ~ 5 ^e. 

‘V/ v^ J 

57* Let // = sin (./■+/<), whence it follows that y — sin , 
and we may therefore form the successive differential co¬ 
efficients thus ; 

dy d' l u . d?y 

v = cos at’: — —sin .e; -—=—cos .r ; 

d.r a.i s d.t a 

d*y . d’y 

= Sill .e ; -~r = COS ,r ; &c. ; 
da A d,v' 

and substituting in Taylor’s formula, we find 

. , , .. . , h IP IP 

sin(.r + ft) = sin<r+cos,?’. y— sin ,r y-^ — cos .r . - - — 

+ sin ''T& +cos '’'2^5’ &C - 

Making .r = 0, sin a; will then be = 0, cos a- = 1, and the series 
will become 

“* = *”I3s + i3S«-* c - 


1) 
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If we took ?/ = cos //), we should find, proceeding as in 

the last example, that. 

cosA=1 — 2 +m~ &c ' 

58. Let us developc also log (u +h) ; then wc have 
ij — log (.r-j-A), and therefore ^ =log a 1 ; 

r/y = ci. log a* = —, and therefore^;— = - ; 

1 ,j‘ ««e .r 

and we shall obtain then, by successive differentiations, 

f/./ a ~~ .#«* r/,z 1 ~' 

substituting these values in the formula of Taylor, we have 

i / j\ i h h* h' 

log (,»- + h) = log ,r + ^77 + 3 ^ 7 * &c - 


,r 


59. Had this formula been deduced from the principles of 
Algebra alone, and not by differentiation, we might easily, by 
means of it, find the differential of a logarithm \jto1c first. 
For the formula gives 

log (.>■ + /*)-log.r 1 h , 

h ~,r2r" ’ 


and taking the limit, we have 

rf.log.*'_ i 

d,r .r 


r/.log,/== 


(h 


.i' 


Knowing the differential of a logarithm, it would be easy to 
find that of a* ; for by making y = a', and taking the loga¬ 
rithms in the Napierian system, wc have 

L y — La .' = t #'L a , 
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and differentiating. 


whence we find 


y 


d.i'ha, 


dy —ydjrha = a'djJja- 


HO. Maclaurin’s theorem may he deduced from that of 
Taylor in the manner following ; wo have, by Taylor’s 
1 h core in, 


.... . - d.J\v d*fr h* tPfr h % 

J(-i+ ')-/' + 7iH + d^l2ji 


+- &C. 


d /V 

Representing by (fa), ) ’ & c * values of /,V, 

when we make .r — 0 ; the formula of Taylor will 
when .?' = 0, 



&c. 


become. 




dfr \ h 1 


c. 


in which equation, h enters into Jh as .»• entered into f»\ so 
that if we change h into ,r, Jh will become /.Vand since 
there no longer remain any traces of «»■, this change is allow¬ 
able, it being of little consequence whether we substitute 
one letter or another for h : making therefore this change, 
we find 



which is Maclaurin’s theorem. 


On the differentiation of equations of Ixvo variables. 

01. Let 

F (r,y) =0.(29) 

be an equation betwixt two variables. 

Resolving this equation in respect of y, we shall find y=£«*’. 

n 2 
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and supposing that we have substituted this value in the 
equation (23), it will become F(«e,p.e) = 0, or for greater sim¬ 
plicity 

>=o, 

an equation identical with the former, and in which all the 
terms must vanish, whatever value we give to <?\ If, for in¬ 
stance, the equation rise only to the third degree, we may re¬ 
present it by 

A .* 1 + lb ,a + C.r + D = 0, 

and putting any value whatever for .r, this must be always 
satisfied ; wherefore putting ./ 4 A for .v, we shall have still 

A(^+A) , +H (-' , +^) 2 + C(./' 4 -//)+» = 0 f 
that is to say, if we have /./ 1 — 0 , whatever he the value of./', 
shall have also j\.t 4 //) = 0 . 

Subtracting from this equation the former one ft — 0 , there 
will remain 

/(./+//)—fr = 0, 

and therefore 

/I '-M)—/:«• _ 0 


lhlt 

/(./■ f //) = /.'/ 4 A A -f 13//" + &e. 

whence we. deduce 

/Li' + Jt}—ft . 

"-:- 1 — — A 4 -13// -f* &c* 

h 

the first side of which equation being 0 , we have 

A + \Mi 4 &c. = 0, and taking the limit, 4 ^ = A =r 0, 

(Jet 


and consequently dft — A.d.r — 0, or by restoring //, 

d . F (,r,y) — A ,d.t — 0. 

This shows us that considering y as a function of w, if we 
differentiate the equation F(./‘,y) = 0 , we may put the resultequal 
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to 0; which will serve to determine the value of the dif¬ 
ferential coefficient —, as we shall see in the following ex- 

</r 

ample. Let 

F(j, y) = u-'+'lcty— ?/' 2 = 0.(30) ; 

differentiating by the ordinary processes, and observing that, 
from the preceding demonstration. \vc may put the result — 0, 
Ave have 

%.rd.r-\-\iady — '2t/dy —(>.(31) ; 

from which equation we tin cl 

r = .w- 

02. If we compare the process which has given us this 
value with that which we have hitherto employed, we shall 
see, that, working according to the previous method, it. would 
have been necessary, first, to put the equation (3(1) under tin* 
form j —JW. and consequently to resolve the equation in re¬ 
spect to //, in order to deduce then In differentiation the 

value of Following that, course, we should find, first, 

tic 


3« /<) , 

- v= 3 ± yr +j " : 


and then, hv differentiation, 

d !f 


tl. 




= ± 


Sr** 


d/f 

_ir. ,.i 


This value of ~~ appears under a form different from that pre- 
iLc 

seated to us by equation (32) ; hut putting in equation (32) 
the value of//, that equation will become 


rl J/ 

d.r 


= rt 


2.r 


2 //4J 1 

V 4 


= ± 


,/• 


vs- 
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as we liave just found. The equation (31) is the first differen¬ 
tial of equation (30). 

To obtain the equation which gives the second differential 

dr'll 

coefficient, i. e. dividing the equation (31) by dr, and 


du 


making -~~z=p, that equation will become 

Gut* 

2.i +3 ap — 2ifp — 0 : 

considering y and p as functions of .r, we shall have, by dif¬ 
ferentiation, 

2 d.r 4- 3 adp —2 yd ],—2 pdy — 0 ; 
and dividing by dr, and putting p in place of , there 

Chi/ 

results 

2+3 4'- 2 4-^=°' 

from which we find 

dp 2p* — 2 


(33). 


d.r 3 a — 2 y 

„ . dii . „ , dp d“ii . , . , 

LSut since = p, we shall have - ; - = ——, putting which 

d.r d.t (hi " 

values in equation (33), and getting quit of the denominsttors. 
we shall obtain 


a' 2 y(3i/ —2y)=2a(y'—2 d.r* .... 
w'liicli will be the second differential of the 

To obtain the third differential, we must 


• ■ (.‘W;. 

equation (30). 
dp 

put f = y, when, 

CL l\* 


having got quit of the denominator, equation (33) will be¬ 
come 


3 aq — 2yq — 2p —2 ; 

and this being differentiated, considering y, p, q, us functions 
of .V) we shall find the third differential; and so on for the 
rest. 

03. Instead of using the letters />, y, i, the performing 
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these operations, we might arrive at the same result by differen¬ 
tiating the equation (31), and putting dy for the differential 
of y, d l y for that of dy, d?u for that of d^y, and considering 

d.r as constant; l>v which means we should find 

* 

2 dr- + 3ad z y — 2 dy *— 2 yd~y — 0 ; 
the same with equation (34). 

64. We will now give the general expression for the dif¬ 
ferential of the equation x f(r,y') =0 ; for which purpose, re¬ 
presenting^./’,«/) by u, we shall have, by differentiating the 

dii 

function in respect of ./■, the term ; and by differen¬ 


tiating in respect of y, the second term, ; so that 

du du 

d. / //), or du = — d.r + -j-dy. 

d.r dy 

Hut if y is considered as a function of-/, wo shall have, b\ 
differentiation. 


which value being substituted, we shall find 

, du . du dif 
«// = -.- d.r -+■ —~ d.r. 
d.r dyd.r 

65. liecalling to mind the theorem demonstrated, article 
(26), wc shall see that u being considered as a function of y, 

and if as a function of .r, the product -- is no other than 

dyd.r 

the differential of u, taken in respect of./', contained in y. 

66. The total differential of a function of ,r and y being 
given by the equation 

du du 

du = -- d.r + -r-dy, 
d.r a if 


the expressions 



-- du have been called the partial diJ- 
dy J 
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ferentials of u. In like manner, if u be a function of three 

independent variables .v, y. z, vve shall have 

, du . du , du . 

du — + -- du q— —dz, 

d.r dy ' 7 dz 

and the terms, 

du , du du 

— d.r, — dy, - dz, 

d.r dy dz 

will be the partial differentials of n. 

dy 

f»7- We have seen (art. 52), that an expression such as -- 

Uct' 

indicates that the function //lias been differentiated in respect 
of .r, and then divided by d.r ; whence it follows, that if we 

have an equation =. A, and therefore, 

11 i/ J 

d.r 

we cannot, without demonstration, conclude from it that 

d.r 


1 = A 


rf// ’ 


for in this new equation the differentiation is no longer made 
in respect of .r, hut in respect of y ; and we do not yet know 
whether on this new hypothesis of differentiation the result 
will be the same. 

For the removing this difficulty, we have demonstrated 
(art. 2(5) that 

dv dv dy 
d.r dy did 

If in this equation we make v — .r, it becomes 

__ dx dy 
l ~dy'd? 

whence we find 

d.r 1 
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which shows us that the change in the hypothesis of differen¬ 
tiation agrees with the principles of Algebra. 

fit*. We will show how it may be demonstrated directly, that on the new 

hypothesis which gives the sign of division to the fraction the following 

rfr 


equation holds good: 


Let 


then 


ll.V 
{1}/ 


1 

</// 

«tx 


■ ; ■ " — A —J3 // -f- Ar. 

J 


x'—.r 


if’-y A+IJ/i-)-(;A«-f-\c.’ 

and effecting the division, or developing by mean*- of Maclaurin’s tlicoiem. 
we obtain 


x'-.r 1 15 

— - --- —h + A.c. 

It —y A A 


Taking the limit, we liavr 


n.i 
tf it 


I 

A ; 


■<y 


and since - - = A, n follows that 
n i 


a i 
iht 


\ 

-iV 

ih 


On t/i>- nuthod of t(indents. 

fill. We give this name to the method which affords us the 
differential expressions for the tangents, snbtangents, normals, 
and subnormals of curves. 

Let .v and ?/ be the coordinates of a point M (tig. 4) taken 
in a curve ; increase the abscissa AP —x by a quantity PP — h , 
draw the ordinate P'M', and through the points M, M', pass 
tlie secant M'S. Then it it. evident that the more PP' is dimi¬ 
nished, the more PS tends to coincide with the sulitungent FT. 
until at last PP —- h hecoucs O . PT then 1 fore will be the Jimil 
to which PS tends 
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We must now investigate the analytical expression for PS, 
in order to take the limit; and for this purpose the similar 
triangles M'MQ and MSP give the proportion, 

M'Q : MQ :: MP : PS, 
or M'Q : h :: y : PS ; 

and therefore, 

ps — 

To determine M'Q, we have 

MQ=MT’-MP; 

but 

M'P'=y —f(.v + /i) , 

and therefore, 

M'P= J+ ^+^.i + 

d.v a.t A 1.2 

On the other hand 

MP = /y ; 

if therefore we subtract these equations one from the other, 
there results 

M 1 1’—MP, or M'Q=^/, +pL + &c. 

d.v da* 1.2 

Substituting this value in that of PS, we shall find 

1m 


PS = 

and dividing by h, 
PS = 


dy , d'iy l % 

iT2 + &c - 


_ y _ 

dy «*y J 

+ d.v*' 1.2 + & 


At the limit, // =0 and PS becomes PT, which gives us 



METHOD OF TANGENTS- 




or rather, 


(1V 

PT =y'the suhtangent, 


representing by ,r', y, the cordinates of the point M. 

70. If at the point M (fig. 5) we draw MN perpendicular 
to BIT, PN will be the subnormal. For determining it we 
have 

PT : PM : : PM : PN, 
tu¬ 


mid therefore 


/jr y : : y : PN, 

PN = the subnormal. 


th¬ 


in respect to the tangent and the normal, we have 
MT=VPT J +PM“, 


or tan^t 


/ , A/.e 2 , 


MN = 


or «W =Jy • % +.y" = !ij jgpi +1 - 

71. To find the <;quation to the tangent, let ,v and y be the 
coordinates <»f the point of contact M ; the equation to the 
straight line MT, passing through the point M, may then be 
represented by 

y—y = A 

where A is the trigonometrical tangent of the angle MTI\ 

PM 

and will therefore he expressed by -p>j T ; for we have 
PT : PM :: 1 : tang. MTP= ™ 


therefore 


PM 


tan. MTP- ~ 

P I SU 


?! 


ubtangrnt 


PT 

v „ fly 

//.e' f/.r 

v 7w 


Fig. 5. 
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Substituting this value of A in the equation to the tangent- 

that equation becomes 
» / 

y — y — («»'—«r ), the equation to the tangent. 

(Iti* 

The equation to the normal will therefore lie 

dx , , x 


Application of the preceding formulae to some examples. 


72. 1°. 'Tojlnd the sublangent of the parabola. 

The equation of the parabola being y l =p.e, we shall find 
by differentiation, 

'2//d//—pd.t, 

and consequently 

d V_ P_ 

da> ~ 2y ’ 

But a- and y .ire the coordinates of the point of contact, and 
in order therefore to have the differential coefficient corre¬ 
sponding to that point we must accent «r and y ; when we shall 
have 


d JL~I_ 

d.c 2y ’ 

substituting this value in that of PT, we obtain 

PT =?? ’ 


and putting pa-' in place of f J , that equation becomes 


PT or the subtanncnl = 2,#''. 

<5 

2°. To Jind the subnormal of the ellipse. The equation of 
the ellipse, referred to the centre, is 

which being differentiated, gives 

2 .".rd.r ■+- 2a"//dy — 0 j 

whence we liml 



A* 


,r 
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ami putting this value in that of the subnormal PN, we 
obtain 

& 

PN or the subnormal =- ,r. 


3°. To find the expression for the tangent tv the circle. The 
equation to the circle is = r 2 , which being differentiated, 

we find for the point of contact .r,' ?/, 

fly ,r 

dy y r ' 

By means of this value we shall reduce the expression for 
AIT, the tangent, to 



Asymptotes tv curves. 

7,‘t. The expression for AT (tig. G), the distance of the vertex of the Fig. G. 
curve from the point T in the tangent, is readily deduced from the equation 
to die tangent; for if the vertex A of the curve be taken for the origin of 
the coordinates, the straight line AT will be the distance of that vertex from 
the point at which the ordinate PM becomes 0. 

JJ j * 

Now the equation to the tangent is n—ij =-",, (.»■—.i’), and it will therc- 

ax 

tore be sufficient to make //=(>, in that equation, in order that the value of 
r, then deduced, may be that of AT ; we obtain, in this manner, 


dx‘ 


AT-x'-y — ; 

' fy 

which will be die distance of the origin from the point in which the tangent 
cuts the axis of a. 

To determine die distance of the origin from the point in which die tan¬ 
gent cuts the axis of?/, we must calculate the value of All; and AB being 
the ordinate ?/, corresponding to r=0 in the equation to the tangent, we shall 
have on that hypothesis 


AB=?/- 



Supposc now that x becoming infinite, the values of AT and AH con¬ 
tinue finite; we may conclude then that the straight line TIj meets the 
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curve only at an infinite distance; and consequently TL will be an asymp¬ 
tote to the curve. 

74. Let us take, for example, the equation y*zzmx+nx* ; we shall find 
from this equation 

dy' _ wi+2m.v' 

2 y' '* 

and therefore 

r 2i/° _w.r'-j-2wj?'»—2y' a _ mx' 

T m-\-2nx‘~ m- |-2wx' ~ m-\-2nx 1 ' 


, „ , mx'-\-2nx’* 2»'*— mx'— 2w,r'* 

AB=y— ±_= J —^ -; 


2.’/ 

putting for y its value, and reducing, we find 

mx . „ tax’ 


AT=- 


Wl-j-2/M.’' 


AB = 


and dividing each term in these fractions by a, we obtain 


AT = 


m 


m 

s+ 2n 


, All = ■ 


m 


V”‘ 


a? 


>+» 


When x' is made infinite, these values become 


AT = 



AB = 


M 


2 y/n 


and therefore the curve will be susceptible of asymptotes, provided only that 
n be not either negative or 0; for if » be negative, in which case tile equa¬ 
tion belongs to an ellipse, the value of AB, given by the second of equations 
(35), becomes imaginary. The same equation is that of a parabola when 
n is 0; but on this hypothesis the equations show us that AT and AB be¬ 
come infinite, which proves that the parabola cannot have asymptotes. 


On the equation of the tangent plane to a curve surface , and 
the equation of the normal to that surface . 

y. 7b. Let/(a 1 , w, xr) —0 be the equation to a curve surface, and. 

Aa.’+By-|-Cs+D=0 that to a plane. If the point M where the contact 
takes place have for its coordinates r', y', x\ these coordinates must satisfy 
the equation of the plane, and we shall have consequently 

A.r'+By’+C*'+D=0. 
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Eliminating D betwixt this equation and the preceding one, we shall find 
for the equation of the plane made to pass through the point x\ y\ z\ 

A(-r-r ) +Bfo— y') + C(z-;r')=0 . - . (3G). 

Draw through the point of contact x , y\ a plane parallel to the plane 
of .r, z ; then this plane will cut the surface in a curve MC, and the tangent 
plane in a straight line ME (fig. 0), which must be a tangent to the curve 
MC, or otherwise the tangent plane would cut the curve surface. 

The equation to the straight line ME may be deduced from equation (36); 
for the line ML being the section of the tangent plane made by a plane pa¬ 
rallel to the plane of <r, 2 , has at every point equal values for y ; and since the 
point M is in that line, we have y—y or y—y'—O, which reduces the equa¬ 
tion (36) to 

A(.r~.r') +C(s -0. 

This equation will therefore express the relation that exists between the co¬ 
ordinates x and a of any point whatever, taken in the straight line ML, and 
consequently will lie the equation to that line : it may be written thus: 


_ — 


- - x') .(37). 


The equation of die curve MC will be obtained in like manner, by consider¬ 
ing y as constant, in the equation /(a - , y, 2 ) — 0, to the curve surface. 

In order to express the further condition of the straight line ML, being a 
tangent to the cuTve MC, we must (art. 70 have the coefficient of a —.v' t in 

d-J 

the equation (37), equal to the value of -y„ derived from the equation of 
the curve MC. 

JJut, the equation to that curve is the equation to the surface, considering 
if as constant; and it will therefore be sufficient to differentiate the equation 

to the surface, and derive from it ; for, according to art. 52, the notation 

dx 


da 


supposes that we have considered y as a constant in the differentiation. 


It follows, thence, that accenting x and x after the operation, we have for 
the condition of ML, being a tangent to MC, 

-T s V mA = - c % . C38) ' 


If, again, we draw through the point M a plane, parallel to the plane of 
s, »/, that plane will cut the surface in u. curve MD, and the tangent plane 
in a straight line MN ; and it may be demonstrated, as before, that the line 
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MN must be a tangent to the curve of intersection JVID, and that for every 
point in the line MN, the abscissa? being equal, we must have a 1 — .T'mO ; 
which reduces the equation (36) to 


whence wc shall get 


B (y — p') -f C (c — z) = 0 ; 


B 




This being the equation of the straight line MN, we shall express the 
condition of that line being a tangent to the curve MD, by equating the co- 

(I”** 

efficient of y —//' to the differential coefficient, deduced from the equa- 

ay 

tion to the surface, when wc bhall have 


and consequently 


B 

C 




(39). 


Substituting, in equation (36), the values of A and B, given by the equa¬ 
tions (38) and (39), we shall find 


- C— (a? — x’) - C (; y — ?/) + C(z — ^ )=0; 


whence we deduce for the equation of the tangent plane at the point .r\ y' 

=.< 40 >- 


7C. Let us find, for example, the equation of the tangent plane to a 
sphere. The coordinates of the centre being a, 6, c, the sphere will have for 
its equation 

(ar — a) 3 + (y ~ &) 3 + (- — c) 3 = r 3 ; 
and wc find, by differentiating, 

(# — a)dx -f- (y — l)dy -f- (js — c)dz — 0 ; 
whence wc deduce, according to the notation agreed on (art. 52), 

dz a —x dz _b—y 

dx z — c’ dy z — c ’ 

and the equation of the tangent plane to a sphere will therefore be at the 
point whose coordinates are x\ ?/, ss*. 




O — X'. „ . b—y' 


z —r 


(■.-r') + 




(y—!/')• 
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77* If the plane parsed through the extremity of the vertical diameter, 
wc should have 

.c'=n, y'=b, z’=zc + r; 

and these values would reduce the equation of the tangent plane to z—C-{-r, 
the equation of a plane parallel to the plane of .r, y- 

78. The equations of the normal ut the point y\ z’, may be readily 
deduced from the equation of the tangent plane : for, from the principles of 
analytical geometry (sec my Theory of Curves of the second order , page 
276), we know, that if we have the equations 


A.e -f* D —0 

.r = ax -j- « ) 
y ~ hr. -|- h f 


(41) , 

(42) , 


the first being that of a plane, and the other two those of a straight line ; 
the conditions necessary, in order that the line may be perpendicular to the 
plane, arc that 

A-«C, 15 = hC. 

If, now, bringing over all the terms of equation (40) to the first side, we 
compare it with equation (41), we shall find, hy equating the coefficients of 
r, y, s, in the two 

A - - f-„ B = -£l, C=1 s 
dr dy 


and therefore 


„ _ _ ^ 6 = 

dx r 


which values being substituted in the equation (42), wc shall obtain 

*=-£■*+*’ ,J =-^ z+e - 

These equations, belonging to any point in the line, must hold for the point 
x\ y\ z\ so that we shall have again 

dz dz’ 

and eliminating a and B betwixt these four last equations, wc shall find, for 
the equations of the normal at the point x\ y\ z\ 


K 
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On functions which, for 


a particular value of the variable, 
become 

0 


F.r O 

79. When a fraction such as — becomes —, 

f x 0 


by substituting in it a par¬ 


ticular value of x, which we will represent by a, it is a mark that the two 
terms of that fraction have x —a, or generally (.r — a)'» for a common factor ; 
and if we can get quit of this, we shall have the true value of the fraction. 

Suppose, therefore, that .r— a is m times a factor in F.r, and n times a 
factor in fx (admitting that, if the case require it, m and n may be assumed 
equal to unity or to zero), we may write then 


and therefore 


F.r = P\x — //)»», fx — Q(.r —ei)». 


Fx 

tx 



(43). 


By differentiating, we find 


rf.Fx 

dx 


— »iP(x —«)”*— 1 + 


rfP 

dx 




where, it will be observed, that the value of 


d. F.r 
d.v 


consists of two terms. 


one of which contains a power of (x — a), less by unity than that which 
enters into the function. In the same manner, taking the differential co¬ 
rf.F t 
dx 


efficient of 


, wc shall find one term involving (*— «) w , another 


(x—o) m —t, and a third (x— a) m —2; the last term will be m (»*— 1) 
P(x— a)m— 2. Continuing the process, we shall see that each new differentiation 
produces again terms involving the same powers of (a — a ) that were contained 
in the function differentiated, with an additional term in which the power of 
x —a is diminished by unity; thus, taking the successive differential co¬ 
efficients, the term containing the lowest power of x —a will be 

for the first differentiation mP(x— a ) m — 


for the second. m(m — 1) P(x— 

for the third.m(m—l)(m—2)P(x—a)m—3, 

for the nth.. m(rn —1).P(x— a ) m —" ; 


so that the differential coefficient of the rth order of Fx will be of this form. 


dr. Fx 
d** 


=X(x—o)» +X'(a'-fl)* , ->+X"(r-o)m-2+X'"(*-fl)»-4 


—O (»i—2) . . . . 


P(x—«>*»■ 
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"What we have said of F*r may be applied to l r, and wc shall find, for the 
differential of the order t of the proj)OM*d function, a result of this form, 

dr. Fx 

dx r X(.r— a) m -f-X (x — a)m—i . . . -j-w(m— 1) . . . P(ar—r 

d*.<px Z(a:— a) * -}-Z'(,r —</)'*— 1 . . . . -n(n — 1). . . Q(a:—a)»—^ 

dx r 

80. This being pi cmised, we will consider three cases : 

1°. in =« ; 2°. m>n; 2 ®.m < n. 

If m —n, and the number of differentiations performed be also ~m, the 
binomials (x — d) m — r and {x—• will be each reduced to (.r—a)®, i. e. 
to unity; whilst the other binomials (r—«) m , (,r—o )«*—!, &c.; (.r—«)n, 
(t —«)"—•, &c. will become 0 on the supposition of x~a ; thus all the 
terms, except the last of the numerator and the last cf the denominator, will 
vanish, and the equation (44) will become 

d m . Fr 

dx>» ^m(n? — I) (nt — 2) . . . P _P_ Ft 

d m . <$x m(fn — 1 )(/>/— 2). . . Q Q fx 
dx™ 

In the second case, when we have wi>», if the number r of the differen¬ 
tiations performed be equal to »/, the binomial (r— u) n — r is reduced to 
unity, its exponent n — r being 0. The exponents n — 1, n —2, &c.; m — l, 
m—2, ficc. of the other binomials, being greater than rt— r, arc positive; 
and consequently the binomials are reduced each of them to 0, when x is made 
—a : on that hypothesis, therefore, all the terms vanish except that con¬ 
taining (.r— a) n ~ r y and the equation (44) is reduced to 
dn. Fx 

~ dx* __0___0 

d n . 0a: n(n — 1) . . . Q(x—a)**—** n(n — 1) . . . Q 
dx» 

This value, therefore, indicates that we have vt > n, in which case the equa¬ 
tion (43) Is reduced to 0. 

If, lastly, we have m<n, the number r of the differentiations performed 
being taken equal to m, all the terms will disappear except the one .... 
tn(m — 1) . . . P(a*—«)°, and there will remain 
d m . Fx 

dx m _ m(m — 1) . . . P 

d m ?T 0 — • 

T. 2 


At®* 
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and this value, therefore, indicates that m is greater than m, in which case 
the second side of the equation (48) is infinite. 

ft 1. From what has preceded there results this rule : When it is required 

Fx 

to determine the true value of a fraction —, which, on a particular valitc 


tpx 


0 


being given ter the. variable, becomes —, wc must dijfei rntiate separately the 

d. Fx 

two terms of the fraction, and examine then whether the results —and 


arc also reduced to 0, for the proposed value of the variable; if this 


d . if x 
“tbT 

be the case , we must take the differential coefficients of the expressions d . Fx 
and d. <px, and see, whether on the same hypothesis these arc also reduced 
to 0 ; and continuing this process, if tec find after a certain number of dif¬ 
ferentiations that the two terms of the fraction do not either of them vanish 
for the particular value of the va liable, that last fraction will be the true 
Fx 

value of ; but if the numerator only become 0 for the value of x, the es- 
Fx 

pression — is O; and lastly, if it be only the denominator that vanishes foi 

p \ 

the value of x, the expression -— will he infinite. 

82. Let us take, for example, the fraction 

F.r .r3—7/3 


<p.r 4 (.r—b) ’ 


0 


this fraction becoming — when x — b , if we wish to have the true value, wc 

lii’ 

must differentiate each of the two terms, when we shall obtain —; and 

4 

since the terms of this fraction do not either of them vanish on the supposition 

of x—b, the true value of die proposed fraction, when x—h, is *—. 

4 

83. We will take, for a second example, the fraction 


.*3—3.r+2 

which is reduced to — when » = 1; and in order to obtain its true value, we 

must differentiate each of its terms, when we shall find 

3.r*—3 

4 ^ 3 ^ 12 . 1+8 ; 
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in wliicli fraction the two terms being again 0, on the hypothesis of •*’ = I, 
we must differentiate again., and we shall obtain 

Ctx 

12a 9 —12 : 

in this the denomiuutor alone vanishes wlien we make r~l ; and therefoie 
the fraction proposal, on the hypothesis of a — 1, is infinite. 

<14. If we apply tiie same rule to the fraction 

a r — b' 


which becomes — on the hypothesis of we shall find, by differentiating 

the two urms of this fraction, 

hj log n - - i> log b 


an expression, of which neither numerator nor denominator vanishes when 
X — 0; and which consequently gives log a —log A for the value of the pro¬ 
posed fraction, when .r—0. 

It is e\ idem that the factor common to the two terms of the proposed 
fraction is r—(I, or ,»■: but how are we to recognise the factor x in a 1 —h* ? 
To arrive at it we must observe that, according to art. (37), 

-1- A» 

*' = H ll 9 -[+11 ~+Alc.; 
and, therefore, taking the diffcnncc. 

«*■ _—(A -B>+( A« - B 9 )--’-+&c. t 

1 • J 

whence we see that .r is a factor of a 1 —b <. 

(fo. It must not be supposed that the rule which we have just given will 
suffice for every case; the preceding demonstration is founded on the sup¬ 
position of in and n being whole numbers; should they be fractional, we 
could never obtain, by successive differentiation, a term in which x—a ap¬ 
peal's raised to the power 0, and consequently we could never, by the process 
hitherto employed, clear the fraction of the common factor. 

For greater generality, then, let the expression be 

Fr _ P(.i--o) a +Q(f~ a f <t) f -f & c. 

^ 1"(a— ff) x/ + Q'0* -"f -HU- 1, 

in which », (Sy j'. &.c. are positive and inircasing. a* also ■/, Ar,. Tlii* 
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0 


expression becoming — when x — «, we may, instead of changing x into a, 


change x into and make h— 0, after having reduced ; then the hypo- 

tliesis will be the same as if we had immediately made x —a, and we shall 
have 


r^+Q/, a +R/J+&c. . (45) . 

** P7t a -J-Q7/-j-R 'li* +A.c. 

and », being the least of the exponents in each of these series, we shall 
have three cases, 

1®. i 2°. 3°. a<a'. 

t 

In the first case, dividing the two terms of the fraction by h , wc have 


Fx 


P/i“ “ a '-fQ//~~ -f&c. 

P '+Q'h b '— +&c. 


. . . . (46) : 


and, by hypothesis, a is greater than a'; consequently the number a —at’ will 
be positive, and mycli more will &c., be so also, since a, /S, y, 

&c., go on increasing. /S' —-/—a', &c., will likewise be positive; for 
a', /S', /, &.c., going on increasing ; «' is less than /S', /&' than y', &c. This 
being premised, if we make h— 0, all the terms, on the second side of the 
equation (4G) will vanish, except F', and the equation will then be reduced to 


F.r 0 



In the second case, in which » —a', the term Vh' * is reduced toPA° — P; 

Fx 

and therefore, by inspecting the equation (46), we sec that when x — 

fx 


is reduced to 


P 

P'* 


In tlie third and lost case, in which a is less than a', dividing liy A*, wc 
may write equation (43) thus : 

Rr _ P+Q^~"+Pft Y ~"-f &c._ . 

** F7 / - > —a -f & c . 

and we sec that the hypothesis of h—0 reduces this equation to 

F.i P 
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88. L < us take, for example, the fraction 

(j* — 3 «t 4 2a*)* 


.X ’ 

(.rJ — «3)“ 

which, when ,r-o, is reduced to —. 

0 

If in this fraction we put a-\-h for .r, it becomes 


(A' J —aA)^ 


(h-a)$!$ 


(3o»A 43«A<* 4 A 3)5 (3a* 4-3aA 4A 9 )^A^ 

_ (A-a)M"“£ _ (A-n)»A* 

-£• — i 1 

(3«’43aA 4-A*) 9 (3a* 43a A 4 A*) 9 


and making A— 0, wc obtain 


0 


= 0 . 


Ft 


Ft 

" f,T (3«V 

87- If ;» particular value of .i render the two terms of the fraction — in- 

<pT 

finite, we may divide each of the terms by Ft x ?t, and we shall have 

1 1 

1’ r f.r _co _ 0 

r r ~ r “ 7 ~ o 

Ft =0 

88. If, lastly, wc have a product mu, in which the hypothesis of x =0 
renders one of the factors 0, and the other infir ite; and m be the factor 
which becomes 0, n that which becomes infinite for the value of .r; wc may 
write the product thus 

tu 


tnn — 


1 ' 


and since -- will then be 0, the expression ™ will be reduced to 


On inna’hna and minima of functions of one variable . 

89. We may, in the series of Taylor, give such a value to 
the increment A, that any one of the terms of the series shall 

V 
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be greater than the sum of all those that follow, 
series being represented by 




h 3 


dij. d*u h* , ~ !f -- , , 

• y+ ^ /i+ rfi»r2 + S 5 i.25 + c " 


For, the 


if we wish that for instance, should become greater than 
dx 


the sum of all the other terms following, we may write the 
part of the series commencing from that term, thus: 


.dij d\i) h 
\dx dx 2 1.2 


+ 


d*tf A 2 

f/.r 1 1.2.3 


+ &c.)/<.(47); 


and since, when we make h = 0, the part 

d'u h d 3 1/ !r 

dx* 2^ dx 3 2.3^ 


vanishes, it will be easily seen that by taking A exceedingly 
small, that part may be made as small as we please, and there¬ 
fore be made less than which is independent of A. Let z 

cPu Ji 

be what . - + &c. becomes in this case: then the series will 

djr 2 


be reduced to and since we have ^~~7 s, or, rnulti- 

\dx / dx 

plying by A, -~-h ~7 zh, it follows that the term is greater 

Uirl U tC 


than the sum of all the succeeding terms. The same may be 
proved for every term in respect of those that follow. 

90. Let i/ = <px be an equation betwixt two variables. This 
may always be considered as the equation of a curve, in which 
the different values of the function y are the ordinates ; and 
the function y is said to be at its minimum, when, after having 
been continually decreasing, it is on the point of commencing 
to increase. 


Let, for example, MJ»N (fig. 9) be a curve whose equation 




MAXIMA AND MINIMA. 


57 

is y — b -f cd* ; we see, tlien, that the ordinates ?np, m'p , &e., 
go on continually diminishing up to the point B ; but that 
after that point, the ordinates (pi, qri &t\, go on continually 
increasing; so that the ordinate AB is the minimum of the 
function y. 

91. Similarly the function y is said to be at its maximum 
when, after having been continually increasing, it is arrived 
at a point past which it begins to decrease. 

The curve CDE, fig. 10. whose equation is y — b —t'.r 2 , gives 
us an example of this case at the point D ; for the ordinates 
immediately preceding and succeeding to AD are less than 
AD ; and therefore the ordinate AD is a maximum. 

92. There are some curves which have only a maximum, 
others which have only a minimum ; there are some also which 
have both a maximum and a minimum, and others which do 
not allow of either. 

Wc see, for example, that the curve, whose equation is 
y — h-\- t\i ®, cannot have a maximum ; for, from the nature of 
its equation, the ordinates go on continually increasing. The 
circle CBD, iig. 11, whose equation is 

= (if — /3) a + (x — a) 2 , 

has both a maximum and a minimum, which correspond to the 
same abscissa AP; the maximum is PD, and the minimum 
PB. 

93. When a function y of a variable x has a maximum or 
minimum, this maximum or minimum may be determined, if 
we know the abscissa corresponding to it. Suppose, for in¬ 
stance, that in a curve whose equation is y~ $.r, we know the 
value a of the abscissa corresponding to the maximum or 
minimum ; then we have only to make x — a in the equation 
y = in order to determine the value of y, which is the 
maximum or minimum required. 

94. Let, now, // be an ordinate PM, fig. 12, which is 
arrived at its maximum ; if then the abscissa AP receive an 
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increment h , represented by PP, and we draw also PP" = h, 
we shall have, for the conditions of PM being a maximum, 

P'M' z. PM, P"M 77 z. PM, 

or, 

/(«**-f //) Z/x, /(*— /*) Lf*. 

If, on the contrary, PM, fig. 1.1, be a minimum, represent¬ 
ing the value of x, which corresponds to the minimum by AP, 
and taking PP = PP 77 = A, we shall have for the conditions of 
the minimum, 

P'M 7 7 PM, P M' 7 PM, 

or, 

/(.»• + /*) 7. A, /(■*— h ) 7f*. 

Hence, when and /' (x — h) are at the same time both 

less than f.v, there will be a maximum ; and if these functions 
be at the same time both greater than^A, there will be a mini¬ 
mum : if, lastly, one of these functions be greater, and the 
other less, than j'x , there will be neither a maximum nor a 
minimum. 

95. We must therefore investigate the cases in which these 
conditions ean be fulfilled ; and for this purpose we have, by 
Taylor's theorem, 


,. du ddu h 2 rt* u Id 

J( x +h)-!,+-~h+^ . — + -J . 



in which series, if we change h into — h , we find also 


n*- h )= 


d*y Id 

dl* 1.2 


d 3 y h 3 
da 3 


f&c 


(49). 


In order, therefore, that y —fx may be a maximum or a 
minimum, these two developments must be both less or both 

greater than y ; but this cannot be, unless be =0. For by 

giving to h an exceedingly small value, we may always render 
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greater than the sum of all the terms that follow; in 


which case the sign of --h will be likewise the sign of 

cix dx 


together with the following terms ; so that, on this hypothesis, 

dif 

if ~h be positive in one of the developments (48) and (49), 


that development will be greater than y s and will be less than 
y, if h be negative. But the signs of ^~h are different in 

Um> c IJC 


these developments, and therefore, if ~h be positive in one, it 

I 


must be negative in the other : whence it follows, that one of 
the quantities, /*(,*' +/t) and/(a—//), will be greater, and the 
other less than /*/*. 


If, therefore, be not =0, there cannot be cither a maxi¬ 
ma? 


mum or a minimum; but if ™=0, then the developments 
(48) and (49) will be reduced to 


d-u h* iPtf h*> 

./(■ r +'>-^+^ a i_ 2 +^3 2^3+ c - 


/•/ /x d7 v ft* d'u 

J (*-/<)= 


ip 


dx- 1.2 r/a 3 1.2.3 


-f &c. ; 


in which case, the sign of the terms that follow y w ill dfcpend 

d*u 

on —if only ft be taken so small that that term may be 
r/a* ‘ J 


greater than the sum of all those that follow; and since 
has the same sign in the two developments, it follows, that if 
be positive, the two functions of .r -f h and a *—h will he 
both greater than fx ; and in this case, therefore,/# will be a 
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minimum. In the same manner it will be seen, that if 




dx* 


be negative, f.v will be a maximum. 

96. To complete this theory, we must observe, that besides 


= 0, we may have also = 0 : in which case we cannot 
dx J dx* 

have a maximum or minimum, unless also = 0. Then, 

a x s 

taking li exceedingly small, the sign of the quantities follow - 
ing y will depend on g, and we may prove, as before, that 

if be positive, Jlv is a minimum ; and if ~~ be negative, 

fx is a maximum ; and so on. Generally, if the first coefficient, 
that does not vanish, be of an even order, there will be 
minimum when it is positive, and a maximum when it is 
negative, 

97* For a first example, let us take the function a—bx + x* ; 
we shall have then 

ij — a — Ikv + x 1 ; 

and differentiating and dividing by dx, we shall obtain 

A. O,. ^_0. 

dx~ fj + Zx ' dx*- 2 ' 


d *y _ 


where the positive value of shows us that the function has 


a minimum. To determine the abscissa corresponding to this 
minimum, we must equate to zero the value of ~, which will 

w JU 


give us x ; and substituting this value of x in that of y, 

h a 

we shall find y = a —~ for the minimum sought. 

98. Again, let the function be a A + b'x~—C i .v* ; when dif- 
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ferentiatiug the equation //= a 4 ft 3 jr—and dividing by 
dx, we shall find, 



d.r 


ft 3 — 2r 9 .r, 


<u 

dx* 


-2 r®. 


From the negative value of -r~ , we see that there is a 

dx* 

maximum in the function ; the equation ft 3 —2e 2 .r=0, gives us 

x—-~ for the abscissa corresponding to that maximum ; and 

substituting this value of .r in that of ?/, we shall find for the 
maximum, 

4 /« 

1 j — o 4 -f- —. 

J At' 1 

91). Let the (equation he 

//= 3?c~.j M — b*.r-\-c' ; 
proceeding as before, we shall find 

= 9/Al« — ft 4 , y{ = 1 Rfl'-’r ; 

d.r d<i ~ 


equating to zero the value of wc have 


9ft tt .r a —ft 4 =0, whence x= ± 


ft* 

Hri 1 


and substituting these two values of .r successively in the 
d® u 

value of -r—, we learn that the function has both a maximum 
ax* 

and a minimum. The minimum corresponds to the abscissa 

ft® . . ft* 

jp = -(- the maximum to the abscissa x = — — ; and substi- 


3 a 


3a 


2ft® 


tuting these values in that of y, we shall find y — c b — — , for 

2 ft® 

the minimum, and y~i h + - 0 — for the maximum, 

9(7 
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Application of the theory of maxima and minima to the solu¬ 
tion of various problems. 



PROBLEM I. 

To divide a number into two parts, such that the product 
of the parts shall be the greatest possible. 


Let a be the number, and x one of the parts ; then a — x will 
be the other, and r(u — x) the quantity of which we have to 
determine the maximum. 

Differentiating the equation y — .r(«—. 1 ) — ax — x 9 , and di¬ 
viding by dj', we shall find 


dy 

dx 


a — 2x, 


f *=-2 

dx 9 


when the value of - shows us, that the function really con- 

dx 9 

tains a maximum : had that coefficient appeared with a con¬ 
trary sign, the problem would have been impossible. Equat¬ 
ing therefore the value of to zero, we shall have x~\i, 

(IJK 

which informs us that the number a must be divided into two 
equal parts, in order that the product may be a maximum. 


PROBLEM II. 

101. Of all the cylinders inscribed in a right cone , to deter¬ 
mine that which has the greatest volume. 

Fig. 14 . Let a, fig. 14, be the height SC of the cone, b the radius 
AC of the base, and x the distance SD from the vertex of the 
cone to the centre of the highest circle of the cylinder. Then 
the similar triangles SAC, SED will give us 

SC : AC : : SD : DE, 

or. 


a : b :: x : F.D, 
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therefore 


ED 


bx 


a 


Let 1 : ic be the ratio of the diameter to the circumference; 
then we know that the circle, whose radius is r, has for its 

bx 

surface 7r/ 2 ; and therefore the circle EGF, which has 


a 


for its radius, has for its surface 


it 


“d * . 


Multiplying this sur¬ 


face by the height DC of the cylinder, i. e . by a — x, we shill 

it'**" 

have --«?*(«— x) for the volume of the cylinder, and therefore 

/> A m 


ft* 


the equation to be differentiated is 


7 :b z it - 

(«—.r) = - T (aJ*— .f 9 ) ; 


a 


<r 


whence we deduct* 


iht Kb* itlfi ^ . 

7ir~ ^ = -,5 (2«-«.r) ; 

and equating to zero tlie value of ™ we have 


irb* 


a* 


(2 ax —3.r*) = 0, or 2n,r —3a a = 0 ; 


an equation which is the product of the factors x and 2a—3.r, 

2a 

and gives, consequently, .r=0, or r = --. The value x = 0 

cannot correspond to a maximum, since, on that hypothesis, 

is reduced to a positive number ; and which there- 

fore indicates a minimum; in fact, when =0, the cylinder 
is reduced to the axis of the cone ; for the higher the cylinder 
is, the more it is diminished in thickness. 

2(2 

The value x—~ is consequently the only one that will an- 
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</2 ft 

swer the question ; and on this hypothesis is reduced to 




a 


, a negative number. If, therefore, we subtract .... 


SD = a: = -S(/ from the height of the cylinder, there will re- 

u 

main CD = ^SC ; whence it appears that the cylinder of the. 

greatest volume inscribed in the cone has for its height the third 
of that of the cone. 


PROBLEM in. 


102. To dh'ide a straight line AB (fig. 15) into two parts , 
AC and CB, syy that the product AC’xCB may be a 
maximum. 

Let us represent the straight line AB by a, and the part 
CB of that line by x ; then the equation of the problem 
will be 

y = '» 3 ("— -r) ; 

whence we deduce 

-i = 'pL - 6«x- ; 

dx fh 2 


and equating the value of — to zero, we find a*= 0, or = 

dx 4 

This second value is the only one which can resolve the pro¬ 
blem, since it reduces the value of to — a negative 


result. 

103. We may observe that when in the value of the dif- 
ferential coefficient -j- we have a constant positive factor, this 

flOC 

factor may be suppressed. 
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For if we have 


we deduce from it 




d*y d.<px 
dl* =A ~dx~ ; 


and this second equation serves only to make known to us the 
sign of the value of ; which sign, since A is a constant 

positive factor, will depend on that of ; and therefore A 

mV 

may be suppressed in this equation. It may also be sup¬ 
pressed in the equation ~=Apx ; for since we have to equate 

to zero the second side of this equation in order to determine 
x, the equation Atpx = 0 will give us <px = 0; whence it fol¬ 
lows that the constant A may be omitted altogether. 


PROBLEM IV. 

104. A quantity of water of known bulk is to be put into a 
cylindrical vessel; required the dimensions of the vessel, so 
that its internal surface may be. the least possible. 

Let V be the bulk of the water given, and x the radius of 
the base of the cylinder; then irx 9 will be the area of that 
base j and since the height of the cylinder, multiplied by its 
base, is equal to its bulk, we shall have 

height of the cylinder x = V, 

whence we find 


height of the cylinder = — 9< 


Multiplying this height by the circumference of the base, 

T 
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which is 2ttx, we shall have 

V 


X 2r«r= 


2V 


WX* X 

for the convex surface of the cylinder ; and adding to this sur¬ 
face wx®, which is that of the base of the cylinder, the equation 
to be differentiated will be 

2V * 

r/ =-hirx* ; 

X 

from which we shall deduce 

dy 2V „ d 4V j . 


,r y 


da 8 .r’ 




and the value of being equated to zero, gives 

■■yi 

This value, we see, answers to a mininum, since it renders 
the value of ~r positive; the radius of the base of the cylin- 

y *V 

— ; and if we put this value 

tt 

in the expression for the height, we shall find for the height 
of the cylinder, 

V V* 3 tV 

irV% tt$ ^ nr 


PROBLEM V. 

105. Of all the cones inscribed in a sphere, to determine that 
'which has the greatest convex surface . 

16. Suppose that the semi-circle AMB, fig. 16, makes a revolu¬ 
tion around the axis AB ; then the chord AM will generate a 
cone, of which AP will be the height, and PM the radius of 
the base, and the expression for the convex surface of this 
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cone will be 

circumference PM x £AM=2irPM. |AM = it . PM. AM. 

We bare only, therefore, to determine PM and AM ; for 
which purpose let AB=2«, AP =x ; then MP being a mean 
proportional between AP and PB, we have 

.r : PM :: PM : 2a— a* ; 

and therefore 

PM= ^/2ax — jf* ; 

AM also being a mean proportional between AP and AB, we 
have 

<r : AM : : AM : 2a 


and therefore 


AM = %/2a,v ; 


which values being substituted in the expression for the sur¬ 
face of the cone, we shall obtain 

convex surface of cone = it\Z2a.v — x* . ^/2 ax 

=a*^/4a a t r®—2a,r’. 

The equation to be differentiated is therefore (art. 103) 

y=s* s /4a*j & — 2 nx* ; 

whence we deduce 


dy 4 qPjt —3 ax* 

dx ^ 4o*«r a — 2a,x % 
or, suppressing the common factor x, 


dy 4a ft —3 oj? 

dx >/4a®—2 ax ' 
d » 


(50) 


and equating this value of — to zero, we shall have 


4a*—3a«r=0, 

an equation satisfied by supposing 

4a 
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This value belongs to a minimum, as will be proved to us by 
the sign of 

106. Before determining the value of this differential co¬ 
efficient, we will explain a process, which in certain cases will 
abridge the calculations ; and we will first observe, that when 
a function becomes 0 for some value given to x, it does not 
follow generally that the differential coefficient will be also 0 ; 
if, for example, we have the function a? —5#+ 6, which be¬ 
comes 0 when x—2, or «*•= 3, the differential coefficient of this 
function, which is 2x —5, does not become 0, on either of these 
hypotheses. 

107* We may sometimes considerably shorten the operations 
which we have employed for discovering whether the function 
is susceptible of a maximum or a minimum. For suppose 
that we wished to determine the differential coefficient of the 

equation = XX', in which X and X' are functions of x, and 
dx 

of which the first only becomes 0 for a particular value given 
to x; differentiating this equation, and dividing by d,r, we 
shall get 


d 2y - 


XdX' XdX 


+ 


da* dx dx 

and X, by hypothesis, being 0 for the $fc%..given to x, this 
equation is reduced to 

dh f _ X'dX 
dx 9 dx * 
d?u 

which shows us that to obtain we have only to multiply 

the differential coefficient of tjbe factor that vanishes by the 
other factor *. 


* 4X 

* This rule is not without exceptions, for — may be also 0. If, for in 

dx 
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308. For example, if we wished to obtain the differential 
coefficient of the second order of -%*^ = ** ° 


of .r — ti ; writing the equation thus. 


on the hypothesis 


dy 1 

— — (•**— a ) • 


d& 


we shall hud that 


y/ .r 


d*y _1^ rf(,r— a) _ 1 


d.r* 


s/x dv s/x 

109. We will return now to equation (50), from which we 
wished to determine the value of ■, on the hypothesis of . . 


r/.r* 


4u 

: and resolving the numerator into its factors, we shall 

have 

dy n,r(4a —3,r) 

d v s/ 4.'/®.r*—2 ax ’ 

the second side of which may be written thus ; 

a.v . A n 

x (4«—3*r ), 


and since, on the proposed hypothesis, the factor 4a—3*r be¬ 
comes 0, we shall have, art. 107 , 


dif 

stance, we had ^=.r a (.r- n)% an equation which contains equal roots, the 
1 d?y 

two terms of the value of will be each 0 ; and instead of suppressing the 
„ , , v dX' 

factor represented by X. — -, we must, art. 96, have recourse to the dif- 

* ad ? 

finrential coefficients of the higher orders, to discover whether the function is 

riX' 

susce ptible of a maximum ot minimum : if — be infinite, it will be the 

ax ’ 

case of art. fi?. 
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ax 


«tf(4a—8.r) 
dx 


—3 ax 


dx 9 ^4 a 9 x 9 —2 ax* dx ^£a 9 x 9 —>2ax s 

whence, consequently, dividing the two terms of the fraction 
by x, 

d?y __ 3a 

dx 9 y/4 a 9 —2 ax 

and putting in this expression the value of x, is -g-, 

we shall obtain 

d?y 3 a 3a 


dx* 


J 


4a*—8a* 


J 


4a* 

3" 


which value being negative, that of ,v corresponds to a maxi¬ 
mum. 


PROBLEM VI. 


110. A point C (fig* 17 ) being given , in the angle YAX, to 
draw through that point a straight line DE, which shall 
meet the axes AX, AY, in such a manner that the length DE, 
of the straight line , shall be a maximum. 


Let AI — a, lC = b, IE = x; then the right-angled triangles 
ICE, ADE, give us 

IE : IC :: AE : AD, 


or 

therefore. 


and consequently 


x : b : : a+.r : AD ; 

AD=;(fl+,f) ; 
x 

h * 

AD*=~(a + ,r)®. 

£ 


On the other hand, 

^ AE* = (a 
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which values* being substituted in the formula 
we shall find 


DE = v^AJ)* + AE«, 


DE = ^^ a (« + - p )*+(«H-**0 Q = (^+1) (a+x)«; 

and reducing the first factor under the root to the same deno¬ 
minator. 


-=y ^ 1 


« + ,r -—.— 

(a+.r)*:= - 

,r 


Considering this expression us the product of the factor 


a-hx 


by the factor + ,j- 2 , and differentiating by art. 14, we shall 

find 

dj ~ ——- d. t/i* -f a a -j- •JU 1 + a 2 . d —; 

i / T it* 

performing thn differentiations, we shall have 

o + .r .vil.v _ ad.r 

dt f - -7rr=s+v //jB + «i 2 X——5 ; 

.v + * 

reducing to the same denominator, by multiplying the two 
terms of the first fraction by ,r, and the two terms of the 
second by b* -f.c-,.we shall obtain 

, «+i' &* + .»* , 

dii — — - — . — - 4 _- -- X — aax ; 

and collecting and reducing the terms of the numerator, and 
dividing by dr, there will result, lastly .. 

dy a 3 — ab ' 1 

dx ” jeV^ + X 

when, the numerator being equated to zero, we shall find 

i 's/ldd. 
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To prove that this value answers to a minimum, we have 
only to put, art. 107 , in place of the numerator, which is the 
factor that vanishes, its differential coefficient, and we shall 
have thus 

d*y _ 3 jc 1 3 

~ a-* v/7^+7* ~ + 

a value essentially positive. We have not made the substitu¬ 
tion of the value of x, since we see at once that the square x* 
is always positive. 


PROBLEM VII. 

111. To find the greatest right-angled triangle that can be 
constructed on a given straight line. 


18. Let a be the straight line, AB, fig. 18, and x one of the 

sides of the triangle; then the other will be x*, and the 

expression for the area of the triangle will be 

x - 

—-r 8 * 

The equation of the problem will therefore be, art. 103, 
y — .v s/a* —x®, or y = A / a*x* —x 4 , 
whence wo shall deduce 

dy __ n a ,c—2X 3 
( l x Ja°-x* — x* 

and this value, being equated to zero, gives 

a** —2x 3 = 0, or x(a* —2x®) = 0, 

an equation from which we derive 

x — 0, or 2x 9 = a®. 

But x cannot be 0, and we must therefore determine it from 
the second equation ; which shows us that the two sides AC, 
BC, are equal. 
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By differentiating the factor a* —2.r 9 , we find, art. 107, 

(Py _ _ x_ r /( f ,a—2a B ) _ 4,r* 

*^' a JiPx*— a* dx ' 

and this result being negative, the hypothesis of a*— 2a ,a =0 
determines, for x, a value corresponding to a maximum. 


On the geometrical signification of the differential coefficients. 

112. We have seen already, art. 71 > that -- represents the 

trigonometrical tangent of the angle, which a tangent drawn 
at the point, whose coordinates are ,r and y, makes with the 
axis of the abscissa? : but since this is the foundation of what 
is about to follow, we may demonstrate the proposition dprint i 
in the manner following: 

Let (fig. 4) PM=y, PP' —h ; then drawing MQ parallel Fig* 
to the axis of the abscissa?, we have 

m'p '=r(.,+h) t 

M'Q =/(,+/<)-/,■=**+§£, +to- 
But 

MQ : M'Q :: 1 : tangS=-jj^; 
whence, putting for M'Q, MQ, their values, we shall have 


tang S = 


dtf iPij IP 

tx h+ d^U +&C _dy , d*y h L ^ . 
h ~d.rd.v*' 2 + 


and when we take the limit, h vanishes, and tangent S be¬ 
comes tangent T; in that case therefore 


tang 


2 T=—. 


d.i‘ 


This being premised, if PM become a maximum, the tan¬ 
gent TM, being then parallel to the axis of the abscissae. 
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makes an angle 0 with that axis j and since we have just seen 
that the trigonometrical tangent of the angle made by the 

d\f 

tangent with the axis of x is represented by we must cou- 

' ax 

sequently, in this case, have ^- = 0. 

tv» 

We might demonstrate in the same maimer, that if PM 
were a minimum, in which case also the trigonometrical tan¬ 
gent would become 0, we ought to have ^- = 0. Thus the 

condition expressed by the equation ~ = 0 is that of the pa¬ 
rallelism of the tangent at M to the axis of the abscissa*. 

d*U 

113. We will examine now under wlmt circumstances-,-^ 

da* 

is positive or negative ; and, with this view, wc will consider, 
Fig. 20. first, the case in which the curve, fig. 20, turns its convexity 
towards the axis of the abscissa. 

Let AP = ^, PJVI =y, PP'= PP" = //; and through the 
points M, M f , draw the secant MM'S, and the straight lines 
MN, M’N', parallel to the axis of the abscissa*: then wc shall 
have 

MO = M'F- M P =/\.r + //)-/>, 
or 

ax <L* 1.2 

But the similar triangles MM ; 0, MSN, give us 

MO : MN : : M'O : SN, 
or 

h : 2 h : : M'O : SN ; 

therefore 

SN = 2M O ; 

and substituting for M O its value, we have 


V 


n<V,. , c, <>/ ** - 
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On the other hand, 

M "P" =/(./-+ 2 /i), 

from which, subtracting 

Nl>" = PM, 

we shall have 

_. </« . d y Ait' 

M ' N =J('+**>->=£** +z?Ta +lkc - ; 

and taking from this value of M"N, that of SN, there w ill 
remain, (fig. 20.) 

M'S = 'y;/,«+ &c.. ..(51). 
da 9 

In the cuse in which the curve, fig. 21, turns its concavity Fig. 21. 
towards the axis of the abscissa;, to obtain M"S, we should 
have, on the contrary, to subtract the value of SN from that 
of M"N, which will give 

M 'S = -'Pi //«+ &c.... (52) ; 

it.i 8 

and comparing these two values, (51), (52), of M"S, we see 

that in the one is preceded bv the sign + , and in the 
a.i 3 

other by the sign —. 

Tliis being premised, h may lie so assumed that the sign of 

the first term in the development for M'S shall determine 

the sign of the whole of the development; and since the 

square A®, which is essentially positive, cannot affect the sign 

d^u * f/®#/ 

of h ®, the differential coefficient will itself deter- 

nar iu 9 

mine the sign of the sum of all the terms in the value for 

M'S. 

Considering, therefore, the equations (51), (52), relatively 
only to the signs which affect each side, we may suppress /<*. 

d 9 if 

and the terms following ^ ~, when the equations w ill become 
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Fig. 20. 


Fig. 21. 


Fig. 67. 


M”S=+^,M”S = -vL 


clx* 


ik* 


whence we shall deduce 




(53). 


If now y lie considered as a positive quantity, M 'S (fig. 20), 
falling on the same side as g t will be positive ; und the first of 
the equations (53) shows us therefore that, when the curve is 

convex to the axis of the absciss*, - ‘ is positive. 

(IjP 

Considering next the second of the equations (53), and the 
fig. 21 which belongs to it, we shall see that —M*S repre¬ 
sents a line which is of a sign contrary to that of y ; and that 
d^y 

consequently is negative in the case of the fig. 21, or when 

the curve is concave to the axis ef the absciss*. 

114. The curve has hitherto been supposed to lie above the 
axis of the absciss*; let us see how what takes place when it 
extends below that axis, as in the fig. f)7« It is certain, then, 
from what has been already proved, tlrt since the curve at 

• • (fit/ 

M is convex to the axis of the abscissa*, and consequently 

MN is positive. But the straight lines MN and M'N', being 
situated on the same side of the tangent TT f , ought to haye 
the same sign; and since MN is positive, M'N' must be 
so also; whence it follows that at the point M', where the 

d~u 

curve is concave to the axis of the absciss®, will be of a 

sign contrary to that of the ordinate l y M', which is negative; 

4 d 2 u 

the curve, on the contrary, would be convex, if u and — 

dx* 

were of the same sign Wp may therefore Ray, generally, 
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ll* u 

that on whatever side the curve falls, —- has the same sign as 

f/j® 

y when the curve is convex to the axis of the abscissa?, and 
lias a contrary sign when the curve is concave to the same 


The curve being convex or concave to the axis of the ab¬ 
scissae accordingly as the ordinate is arrived at its minimum or 

its maximum, we see the reason why is positive in the first 

case and negative in the second. 

115. There may also be a maximum or a minimum when 

= co. To explain the nature of this condition, let y=/> 

//./* ‘ 

be the equation of a curve MN, fig. 22; then it is certain that Fig. 22. 
.7 we give to a a value AP, that equation will determine the 
ordinate I’M ; and if, on the other hand, wo resolve the equa¬ 
tion in respect to y, and find when we put y — AP* 

(the preceding value of y) the equation will give ,r=P'M. 

In this latter ease y will be considered as the abscissa, and x 
the ordinate, and the same curve will be constructed, provided 
only that, wc draw the abscissa? y along the axis Ay, and con¬ 
sider the other axis as that of the ordinates. On this hypo¬ 
thesis, therefore, we may seek the maximum or minimum of 
ar a function of y ; and for this purpose we shall deduce from 

ciiV 

the proposed equation ~ = M, and put M = 0. But the eqna- 

tion ~ = M gives us -- = and we see therefore that when 
dy fix M 

M = 0, ~ = co; thus the condition r^cessary, in order that 

we may have a maximum or minimum in this sense of the ab- 
dy 

scissae, is that = co. 

dr 
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116. If, for example, we take the equation 

y * = o«r— b, 

we shall derive from it " = j which value being equated 

d.r lif 

to zero will give y — co; and therefore the curve cannot have 
a maximum or minimum in respect of the ordinates, except at 
an infinite distance along the axis of Let us see now 
whether it has a limit in respect of the abscissae (by limit de¬ 
noting, generally, the maximum or minimum); and for this 

dy 

purpose we must suppose the value of —- infinite, which gives 

= oo, a condition fulfilled by making# = 0. On this liypo- 

AV 

thesis the value of - - is reduced to —, a positive result; and 

« 

we see therefore that the value of #=0 corresponds to a mini¬ 
mum of We shall determine the value of this minimum 
by making y — 0 in the proposed equation, which will reduce 

it to ax —6=0, whence we shall find x =— for the minimum 

a 

sought: this minimum is represented by AM in fig. 23. 

117. Concluding this subject, we may observe that the equa- 

( } n 

tion — — cc indicates that the tangent MT, fig. 23, is that of 

a right angle, and that consequently MT is perpendicular to 
the axis of or. 


General considerations on the singular points of curves. 

118. The differential calculus may be of great service for 
finding the form of a curve of which the equation is given. 
The theory of maxima and minima has presented us already 
with the means of determining the limits in respect of the 
abscissae and of the ordinates ; but this will not be sufficient 
for making known to us the particular form of the curve. For 
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instance, the curves in figures 68, 09, and 70, have the same Fig. «fl. 
limits OC, OD, in respect of the ordinates, and OA, OB, in 
respect of the abscissa?, and yet are by no means similar to 
each other. What distinguishes the curve fig. 68 from the 
curve fig. 09 : s that, in the latter, there is only a point of in- Fig. fif». 
flexion; this term being given to tlic point in which the curve 
from concave becomes convex, or from convex becomes concave. 

In the fig. 08 there are two points of inflexion, one at E, the 
other at G, and a point of reflexion at C, i. e. a point in which 
the curve at once stops its course. 

119. In general, the points in which the curve undergoes 
any particular changes are termed .sin gal m point.*; and we see 
that if we ha., the means of determining where these points 
exist, it will be easy to follow the curve in its course. For 
examide. if we know that the curve, fig. 70, has points of in- Fig. 7°- 
flexion at E and H, and points of reflexion at F and G, we 
may form some idea of this curve by the following analysis: — 

In proceeding from the point A, which is a limit in respect of 
the abscissa 1 , the curve is at first concave to the axis of the 
abscihSfe. and continues so up to E, where there is a point of 
inflexion, which from concave renders it convex. At the ex¬ 
tremity of the convex part EF, the curve suspends its course 
at the point of reflexion F, beyond which it is still convex in 
the part FI I, hut becomes again concave beyond the point of 
inflexion H, and so reaches the point C, which is a limit in 
respect of the ordinates; lastly, from C to G and from A to 
G, the curve is composed of two arcs, CBG, ADG, which, 
being concave to the axis of the abscissa?, unite in a point of 
reflexion, and pass through the two limits B and D, the one 
in respect of the abscissa;, and the other in respect of the 
ordinates. 

120. From what has been said, we see how advantageous it 
would be to be able, by means of the equation of a curve, to 
determine the co-ordinates of its singular points. We have 
already explained the mode of finding the maxima and minima ; 
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and it now remains for us to investigate the nature of the other 
singular points, which will be the object of the following 
sections. 

On points of inflexion. 

121. We have just seen that a point of inflexion is one in 
which the curve from convex becomes concave, or from con- 
Fig. 71. cave becomes convex. The curve M'MM", fig. 71, presents 
us a point of this description at M. Draw at this point a 
tangent TT / ; then observing the different ordinates com¬ 
prised betwixt M'F and MP, we shall see that the part M'N r 
of the ordinate, lying betwixt the ordinate and the tangent, 
goes on continually diminishing, and at M will entirely va¬ 
nish ; whilst for the succeeding ordinates the part M"N" of 
the ordinate will fall below the tangent, and will consequently 
* change its sign ; so that if M'N' be positive, M"N" will be 
negative. This condition we will proceed to express by an 
equation; and for this purpose let (fig. 71) PP'=A = PP": 
then we have evidently 

M'N'=M'P'—N'F, 
or 

M'N'=/0r+A)-N'P' . . . (54). 

To determine the analytical value of N'P', we have 

N'P' = MP+NO, 

or 

N'P'rry+N'O . . . (55). 

In regard to N'O, the right-angled triangle N'MO gives us 
N'O = MO . tang N'MO; 

but we have seen, art. 71, that the angle N'MO, formed by 

the tangent at M with a parallel to the axis of r, has ~ for its 

ax 

trigonometrical tangent; replacing, therefore, tang N'MO by 
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f hi 

-jy and putting h in pbve of MO, we shall have 

N'o = /# 

i/x 

Substituting this value in equation (fin), ami putting then 
the value of N'i J in equation (5 j), we shall obtain 

1I'N'=-/(i+/,)-j-^( . . .(M). 

• I »,b 

Without having to calculate anew the value M"N", we 
may deduce it from that of 1M X'; for, if wo suppose the or¬ 
dinate to retire in n direction parallel to itself, M'N' will be¬ 
come JM"N", when h is changed into —fi ; and giving, there¬ 
fore, this value to k in the equation (fifi), we shall obtain 

M"N"=/U-/O-.'H- . . . (r»7). 

Replacing now the expressions j\x + h') and f{x — h) by their 
developments, we shall have 

i r/y, ft 1 d )/ ffi \ ilu 

1 1 “ ~ l - L >+;r;f T727 i + 


__ „„„ / rV. d'y //“ \ mi 

m n = b-^ , '+,7T«i3~rf.;>T.S5 + *"•)-»+,/;* : 




and by reducing, these equations will become 

(fin k 2 (fiif ffi , - „ , 

M '* v = S5ril + ,7^133+*". m ’ 


T . (fill /l 2 (i J t/ Ifi 

414 = <li 2 1.2” ^ i.2:;? + 


(fd)). 


In order now that there may be a point of inflexion at M, it 
is necessary that when we give to ft an exceedingly small 
value, the lines M f N f and M"N'' should fall one above and 
the other below the line TT', and that consequently M'N' and 
M"N" should have different signs. But this is not possible, 
unless the first term in the series (511) anil (50) be 0 ; for If 
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that term be not 0, then we may give to h a value so small 

that the term ~ ?— shall be greater than the sum of all the 
dar J .2 

terms following, and therefore the sign of that term be the 
sign of the whole series; and since that term is the same in 
the two series, it follows that M'N f and M"N" would in this 
case have the same sign: in order, therefore, that M'N f and 
M"N" may have different signs, we must have 


tZ*-=0 or^=0. 

da* 1.2 * da* 


122. If it should happen that the same value of <ar, which 

makes vanish, make also ^ vanish, then, in order that 
dar da > 3 

. d“^ tj , , 

there may be a point of inflexion, must become 0 likewise; 

UUP 

• • d b u dF'u 

and if in this case result 0, ~ must result 0 also: and 

dje b da fi 

generally the last differential coefficient that vanishes must 
be of an even order. 

123. If the value of x, which is the same in the develop- 

iPif # 

lopments (58) and (59), be such that become infinite, the 

(tX* 

two developments will be so likewise ; and we can then con¬ 
clude nothing from the preceding demonstration, which rests 
on the supposition of these developments being possible. In 

d^ii 

this case we must observe that the condition = 0 indicates, 

dor 

d*u 

generally, that ought to change its sign at the point of in¬ 
flexion, which agrees with what was proved in art. 113: but 
this change of sign may also take place in passing through in¬ 
finity ; for let 


(Pij A* 
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if, then, we substitute successively for x the values 


,r — (i — ft, we shall liiul < ~~ — — — , 

da - ft 


.v — a 


rf.r A 


x~n +ft. 


— OS, 


b a - 


,_ 

fix'* h ’ 


whore we see that it is the denominator of the value of 

d 2 if 

which produce.^ the change of sign in the differential co¬ 
efficient, after passing the point of inflexion. 

124. Hence it follows, that if there be a point of inflexion 
in a curve, we must have, for the abscissa of that point. 


da 2 



or 


ft a : 2 


When, therefore, we have ascertained that one of these con¬ 
ditions is fulfilled, we must successively augment and diminish 
the abscissa of the point which fulfils the condition by a very 

small quantity h ; and if, for these new values of ,r, has 

Oftz* 


different signs, we may then conclude that there is a point of 

fj ® (i t 

inflexion: for when is positive, the curve is convex to 

lr ( 


the axis of the abscissa;, and concave to that axis when 


dx ® 


is negative; but it is by this change from convex to concave, 
or from concave to convex, that the curve manifests its point of 
inflexion. 

125. To give un application of this theory, let us examine 
whether there is a point of inflexion in the curve whose equa¬ 
tion is 


V. 


; 2 


i/ = 6fl-2(.r— «)■* .... (00). 
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The differentiation gives us 

^= 3 . 2 . (*_«)*, 12 (*-«),^ = 12 ; 

dx ' d.v~ v 1 dx* 

and in order that there may be a point of inflexion, there must 

be some value of x 3 which makes = 0. Now x being a 

dx* 


variable quantity, wc may determine one of its values by the 
condition that 12(.e— a) — 0, when wc shall obtain x=za for 
the abscissa that may belong to a point of inflexion. To 
assure ourselves of the existence of this point, diminish the ab¬ 
scissa a by a very small quantity h , and substitute a-\-h for x, 
when wc shall find that for the point M' (fig. 72), whose ab- 


■ « , . d~u 

scissa is a — n, we have - — —12 h; substitute, then, a-\- h 

for x 3 and we shall find that the point M /f , whose abscissa is 

a-jr/tj corresponds to r~ — 12 ft. 'These two values of — 

dx* dx* 

having different signs, show us that there is a point of in¬ 
flexion at M. 


The hypothesis of ,v — a makes — vanish, and consequently 

the tangent at the point of inflexion is parallel to the axis 
of x. 

12G. We may observe that we have not always the power 

of thus equating to zero the value of ^; if, for instance, we 

wished to determine whether there were any points of in¬ 
flexion in the curve which has for its equation 


y—b + ax*, 

wc should find, by differentiation, 

Hr = 2aa:, ^ = 2 a ; 
dx ’ ’ 


and we see that this value of 


dj/ 

dx*’ 


which contains no indeter- 
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minute quantity, cannot be equated to zero ; and that con¬ 
sequently ilie curve cannot have a point of inflexion ; a result 
to which we must attend, since the curve is a parabola. The 


value of 


<'/ 


shows us only that this parabola is constantly 

convex to the axis of the abscissa?. 

127- For a third application, take the equation 

which be ing resolved in respect of y, and then differentiated, 
we obtain 


, 1 


'ST** 


l k = 

’ dt* 


=i s 




If, now, we sought to determine ,r from the equation. 

— 0, or -~- = 0, we could satisfy this equation only by 
v ,r v ,r 


making — x; a value from wliicli we could conclude no- 

d^u 

thing: but wc are also at liberty to equate the value of 


to infinity, and since the equation —-=oo is satisfied by 


making ,r=0, this value of a* shows us that there may be a 
point of inflexion at the origin. To convince ourselves that 
there is such a point, wc might substitute successively for 
the values t v = 0+k, and ,r = 0—//, i. e. h and — h, and see if 


d*St 


in these two cases -=—■ produced results of different signs: but 

ft* t 1 


instead of performing these operations one after the other, wc 
may accomplish them at once, by substituting for x the value 
± h , and then the differential coeflicient of the second order 
will become 
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H. 


1 



TJic higher value belongs to an abscissa greater than that at 
the point of inflexion, the lower to one less, and since these 
two values are of different signs, we may conclude from them 
that *=0 corresponds to a point of inflexion A (fig. 7*1). 

128. As a last example, we will take the curve which has 
for its equation 

(y— 


This equation gives us 

/. t d v . a i 1 . 

u=bi , . 


ifiu 

and by making .*'=(), we have -r~- = cc, which is a mark that 

' Hi/ 


we may meet with a point of inflexion at the origin. To 
ascertain whether this point really exists, wc will make first. 




.?• = //, and substitute this value in that of which becomes 

a<t l 


Fig. 74. 


d.t li 


= ± 

\/ h 


if then we make .r = — h, the value of 


(h a 


becomes imaginary, 


as does also that of //, which shows us that the curve has no 
existence for negative abscissa*; and thus, although — be in- 

tttit 


finite at the origin, there is no point of inflexion. We shall 
shortly be able to recognize the origin A (fig. 74) as belong¬ 
ing to a class of points which have been comprised under the 
name of points of reilexiou, or cusps; and which wc shall pro¬ 
ceed to examine mine particularly in the following section. 
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Points of reflexion. 

120. When a curve stops in its course', and turns back 
again, wo have a point of reflexion; and the reflexion is of the 
first species when the two branches have their convex sides 
opposed to each other, as in fig. 74; of the second species Fig. 74 . 
when the concave sides are both turned the same way, as iri 
fig. 75. 

130. The curve stops thus, because beyond the point C of 
reflexion the values given to the abscissa determine imaginary 

(Pi/ 

ones for the ordinate, which supposes that contains some 

(filf 

surd; and if, before the curve stops, ~~ give two values, one 

t»f the same sign as//, and the other of a contrary sign, this in¬ 
timates that there art* two branches of the curve which meet 
in the point <; (fig. 74), the one convex to the axis of the ab¬ 
scissa*, the other concave , and by these characteristics, there¬ 
fore, we should recognize a point of reflexion of the first spe- 

(ft n 

cies. If, on the contrary,the two values of •— have the same 

r/a 2 

sign, the two branches which meet in C (fig. 75) must be 
concentric j and, consequently, the reflexions will, in this case, 
be of the second species. 

131. For a first example, let us examine whether there arg 
any points of reflexion in the curve which has for its equation 

(// — .■/■)* = .r q . 

This equation gives 

.( 61 ); 

and we see that when we take ,r negative, y becomes imaginary, 
so that tlic curve stops at the origin, where ,v = 0 and // = 0 : 
but yet this does not prove that there is at the origin a point 
of reflexion; for there might at that point be merely an arc of 
the curve, having its concavity always turned the same way. 
as is the case at the vertex of the hyperbola: thus, to deter- 
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mine whether the value of .i’ = 0 corresponds to a point oi 
reflexion, we must know what the differential coeflicient of 
the second order becomes near the origin. 

Now, by .differentiating the equation 


lj — t r + .Ffr, 

and dividing by iLr, wc find 




't.» 


= 1+ U*. . . . (62), 


(t* U '* 

UL — _L •» JJ — _l_ !* J ,2 - 

. ~ — ~r '.i •■/>« — ..» v j’ ? 

r/ar'-~ - 

and to determine whether tlie curve is concave or convex neai 
the point where it stops its course, wc must increase the ab¬ 
scissa of that point by a very small quantity //, by making 

(l 

x =0+/*=/«, and substitute this value of.r in that of when 

d,r * 

wc shall find 


_ 


VP'Sh. 


These two values with different signs indicate therefore that 
there arc two brandies ; the one, AM (fig. 76), which is con¬ 
vex'to the axis of the abscissa 1 , the other, AN, which is con¬ 
cave to the same axis : and consequently the origin is a point 
of reflexion of the first species. 

132. For a second example, take the equation 

(y— by = (,?*— rx) 9 . 

This equation gives us 


y—h+s/ (,r—a) :i .... (63); 

and if we make .i* = a, wc find }j — b; but if we give to ,v 
values less than «, those of // become imaginary ; for on put¬ 
ting a—h for <#■* we find 
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y = &db *J -—h? == b-^h>sj — h, 

an imaginary value; and the curve, therefore, stops at the 
point C (fig. 71 ), whose coordinates are a and b. 

To know in what manner the branches proceed l>eyond the 
point C, we must substitute for x the value a + h in that of 

C ~z y when we shall obtain 

tlj 2 

rfg .y_ . 3 

(b* ~ ^ 


4 y/b 

The higher sign of —‘-- points out a branch CM, which is 

til 4 

convex to the axis of x; the lower sign points out a branch 
CN, wliicli is concave to the same axis : and there is therefore 
at C a point of reflexion of the first species. 

133. As a third example, take the curve whose equation is 

y — a.r u ± b.t' 1 */x. 

If now we make ,/=0, we find y = 0; but for a negative 

value of x, y becomes imaginary ; and the curve therefore 

d a r/ , . . 

• becomes m this 


stops at the origin. Let us examine what 


dx- 


case ; for which purpose, by writing the equation of the curve 
in the manner following. 


we shall obtain 


y = a.r*+b. v* 


-y- = 2 ax + bx ~, 
ax - 

dij 9 _ 

dyi = 2a 


when giving to ,v an exceedingly small value, represented by h, 
_ (fty 

tlie part . \b\Jx of the value of he less than the part 
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(fin ' 

2a, and consequently the two values of given by the eqna- 

(hi 


tion 


(Py _ 

^J 2 =2 a±$.Zb>Sh, 


will be positive. 

It follows, therefore, that at the origin there are two branches, 
both concave to the axis of x ; and we have, consequently, at 
the origin, a point of reflexion of the second species. 

134. The points of reflexion belong to a class of points 
comprised under the denomination of multiple points. 


Multiple points . 


135. Those points are called multiple point* in which several 
branches of a curve meet. A multiple point is double when 
it is tit the intersection of two branches, triple when at the 
intersection of three, and so on. 

77- 130. Let A (flg. 77) be a double point, formed by the in¬ 

tersection of the two branches of the curve A13, AC, to which 
AT and AT are, drawn tangents. If, now, the equation of 
the curve, freed from surds, be represented by F(ar,y)=0, the 
differential of this equation, put under the form l\/x-j~Qc/y = 0, 
will contain no surd quantity, since no such quantities can be 

introduced bv the differentiation of a rational function : it 
* 

follows, therefore, that P and Q will be rational quantities. 
This being premised, the above equation gives us 


2=-J • • 


ily 


and since at the point in question there are two tangents 

• (hi 1 

p 

and consequently ^ must necessarily have two different va- 

p 

lues; a condition which would be fulfilled if .. involved a 

be 
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surd quantity ; but this is impossible, since we have already 

p , 

seen that — is rational: in this case, therefore, the principles 

of algebra must conduct us to a result which avoids this con- 

P 

tradiction ; and this will be when yr appears under the form 
^; for we know that ^ is the symbol of an indeterminate 


quantity, and consequently susceptible of several values. 

137- To show how this theorem may be demonstrated, sup¬ 
pose, for an instant, that a and a represent the two values of 
the trigonometrical tangent of the curve at the multiple point; 
these two values, then, must satisfy the equation 


l'+Q^ = <>. 

U.V 

and will give 

l’f Qa = 0, r-hQx-i>; 

whence, subtracting the last equations one from the other, 
we obtain 

Q(a— a) = 0. 

Now the factor a—a', being composed of two unequal quan¬ 
tities, cannot be 0; it follows, therefore, that Q = 0, whieli 
reduces the equution P+Qa = 0 to P=0; and by means of 

these values of P and Q, the equation P + Qt^= 0, or . . . 

a.r 

dy P t 
; = — 77, becomes 
a.r Q 


_ 0 
d.r O’ 


138- If instead of two branches meeting- in a point, we had 
a greater number, it would be sufficient to consider only two, 
to show that at llic point of intersection of all the brunches 
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dy . 0 

-j- must be = - ; we cannot arrive so easily at tlie same con- 
d.v 0 

elusion, when several branches of the curve have a common 

du 

tangent ; but in this ease, also, it may be proved that -- 

iitV 

must appear under tlie form |j. As however the demonstration 

of this theorem is founded on the consideration of the contact 
of curves, we will reserve it for art. 170, when we shall have 
discussed the subject of osculating curves. 

139. It must be observed, that the demonstration of art. 
137 being founded on the supposition that the primitive equa¬ 
tion has been cleared of surd quantities, if we differentiate 
that equation without having so cleared it, it may happen 
that an equation which allows of multiple points will not give 

*-/- =-. The equation of art. 131, for instance, comes under 
ax 0 

this case ; it has a double point at the origin, and yet if we 


make .r = (), the equation (G2) is reduced to ~ = 1. 


140. We will add, lastly, that though the equation ^ = - 

ax 0 

holds good for a multiple point, it does not follow that it sub¬ 
sists only for a point of that description ; for the preceding 
demonstration docs not at all infer that the property is con¬ 
fined solely to such points. Thus all that we can conclude 


from this is, that the reduction of to ^ indicates that there 

dx 0 


may be a multiple point. 

141. What 1ms been said will be sufficient to point out to 
us tlie means of determining whether there exist any multiple 
points in a curve whose equation is given. Let m, for instance, 
be the equation ■, we must deduce from it, by differentiating, 
=_0, and sec whether the same values of x and // 



CONMlTflATR POINTS. 


1)3 

will satisfy the proposed equation, and also the equations 
1* = 0, Q = 0 ; if this be the case, it shows that the values of 
x and y may belong to a multiple point, and then, by exa¬ 
mining the curve in the neighbourhood of that point, wc shall 
discover whether it is really a multiple point or not. 


Conjugate points. 

142. Suppose we have a curve such, that whilst for a par¬ 
ticular point there are two real coordinates, the coordinates for 
all adjoining points arc imaginary; those coordinates then will 
determine a point entirely detached from the curve, and to 
which has been given the name of Isolated point , or conjugate 
point. 

Let now y— m fx represent the equation of a curve which lias 
a conjugate point. If a and b be the coordinates of that point, 
the coordinates for at least the adjoining points must be ima¬ 
ginary, or it could not be isolated ; and, consequently, if wc 
suppose that the absci. sa a is increased by a small quantity h y 
the corresponding ordinate, represented by //), must be¬ 

come imaginary. 

Now the scries of Taylor gives us, generally. 


.. du. d*u h* d 3 y 

J{x. -l- h) — y + -j- h -f ~,- ci + 


h 3 


dx*’ 1.2^ d 1.2.3 


■+-&C-.; 


and if we make x — a, the corresponding ordinate must be b ; 
whence, changing y into b, and representing by (^-), (~Q, 

^ C ’ ^ 1C va ^ ucs differential coefficients on that 

hypothesis, we shall have 

n, i v i fdf/\ r / d 7/ \ // a fd 3 y\ b . 3 

f(a + h)-b+ {-) h + y^+ (^) Y.23+ &Cm 


In order therefore that J\a + h) may be an imaginary quan- 
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tity, one at least of the expressions & c v must be 


imaginary; i. c. the hypothesis of <r = a-\-h must render one of 
the differential coefficients imaginary; and if this condition 
be fulfilled, the curve may have a conjugate point. 

For example, if we have the equation 

y = ± (#+b) V'.r, 


we shall find, by differentiating, 


dji 

dx 



which becoming imaginary when ,r = — b, and consequently 
;/=°, we may presume that the point A (fig. 78), whose co¬ 
ordinates are ,v =— b, and y — 0, is a conjugate point: we 
must determine whether it is really so or not, by successively 
increasing and diminishing the abscissa —b by a quantity less 
than b ; when we shall find that in each case y becomes ima¬ 
ginary ; which shows therefore that the point in question is a 
conjugate point. 

143. Conjugate points, like multiple points, manifest their 

existence by rendering the differential coefficient -J-=0. For 

dx 

the equation 

«l + p=0 ’ 


being differentiated and divided by dx, gives 

dCl dP _ 

** dx*' r dx'dx ■*" d.v ” ’ 


where we see that the term affected by lias Q for its co¬ 
da® 

efficient; and if we differentiate again, we shall find that Q 
• • d? u 

is still the coefficient of and so on ; so that when we have 
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arrived at the differential coefficient of the wtli order, we shall 
have a result of the form 


«^+ K =° 


(65). 


Now there must be at least one of the differential coefficients 
which becomes imaginary for some value of x , and which con¬ 
sequently must contain a surd quantity : representing, tliere- 

d n u 

fore, this coefficient by the function of <r which expresses 


this coefficient, must have more than one value. This is suf¬ 
ficient for us to conclude, as in art. 137, that Q = 0, which 

reduces the equation P -f- Q = 0, to P = 0 ; and it follows, 

ax 


therefore, that we must have 


dy __ 0 
dx O' 


Osculating curves. 

144. Let y — <p,r and y = Fx bo the equations to two curves 
which meet (fig. 24) in the point M, whose coordinates are 
AP = ,r', PM — if ; we shall have then, for that point, 

<px = F.r ; 


and supposing that x becomes x'+Jt, the preceding equations 
will give 


M'P=f>(y+A) = ^' ^ + &C .(66), 

M"P'=F(y+4)=py +‘LEfL h+ tJ^L Y^+&c. .(67). 


If, now, all the corresponding terms of these developments 
be identically the same, M'l v , M"P' will have the same values, 
and the two curves will coincide; but if we have only <px’ = F 
the curves, as we have just seen, will have merely a common 
point M ; if, besides <px f = F.r, we have 

d.<p,r d.Fx ' 
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the curves will then approach more nearly to each other ; ami 
still more, if, in addition to these equations, we have also 

dyy _ d i ?. i 

dx* 


and so on in order ; for it is evident that the difference be¬ 
twixt M'P and M'P' will he the less, the greater be the num¬ 
ber of terms respectively equal in their developments. 

This being premised, let a , h, c, ike., be the constants in 
the equation y — tV; we may then, without changing the 
nature of the curve, give arbitrary values to these constants. 
If, for instance, we have the equation y x = «i.r + «.?’*, which is 
that of an ellipse ; this equation will always preserve the same 
form, and will therefore always belong to an ellipse, whatever 
be the values we give to m and n, (m and n being understood 
to vary only in magnitude, and not in sign, and never to be¬ 
come 0). 

We may now, therefore, consider the constants a, b, c, &c., 
which enter into the equations 



dry 

dx* 


d<£x' d*F<r __ tl*$ 4 v a 
~dJ f ’ “d? 7 " ~ &c *’ 


as arbitrary, and taking as many of these equations as there 
are constants, determine the constants by the condition that 
those equations arc satisfied. 

For example, if the equation y = Fa’ contain three constants, 
a, by Cy we may put 


Fy=<py. 


dFy__rf4>y d*FS d*p.r 
dx da? 3 da * da?* * 


deduce from these equations the values of a , A, c, in functions 

dlJ If mm 

of y, y, and substitute them in the equation y = F.r ; 

(ItV Cl tV 

which will then possess this property, that when we put 
.r '+h for ,?>, the equation (07), obtained by means of Taylor’s 
formula, will have the three first terms of its second side 
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respectively equal the 'liree first terms of the second side of 
equation (66). 

What we have said of an equation containing only three 
constants, will apply to one containing a greater number. 

J 45. lot us take, for example, the case in which the equa¬ 
tion y = F.r represents that of a straight line; the equation 
y = F.<> will be then replaced by 

y — a.r + b .(68) ; 

and the equations of condition, necessary for the elimination 
of the constants a and ft, will be 

^ ~a.r+b, ~ y~, - = a .(69). 

cLr 


But since <p.v represents the ordinate at M of a curve whose 
equation is y — <£,?■, and x corresponds to y', we may replace 
by ?/, and the equations (69) will become 


, ,, / d !t 

ij = a,t‘ -f- ft, - — — a ; 

dj' 


whence, eliminating a, we obtain 





and substituting the value of b given by this equation, and 
that of a in the equation (68) to the straight line, it becomes 


■j-y .(70). 


In this equation we shall recognize that of a tangent MT 
(fig. 5) at the point ill, whose coordinates arc x and y : why 
the line MT should be such a tangent will be seen shortly. 

146. Returning now to the preceding theory; and agreeing, 
for the sake of brevity, to denominate curves by their equa¬ 
tions, we have seen (art. 144) that if the curves y = <px and 
y = F.r have only a common point, and .r", y', be the co¬ 
ordinates of that point, we shall have the equation of condition 


H 
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Fy =(/)./; blit that if we determine two constants of the 

d¥y d<py 

da• d.v' ’ 


equation y — F .r, by the conditions Fa-' ~ tfvr', and 


the carves will begin to approach each other. 

Let y —fa’ represent what y=.Fa‘ becomes after we liavc 
substituted the values of these two constants ; then y = fv 
will be an osculate of the first order to the curve y=<p.v ; and 
if (always by virtue of the arbitrary values that may be given 
to tlie constants) we have eliminated three of' the constants of 
the equation y = F.v, by means of the following equations : 


F.* 



d F.v __ d$.v 
da? da>' ' 


d*FJ __ d*<b<r 

da ’' 2 d.v‘* 


(71); 


and y = \J/.r represent what y = Fa’ becomes after this substi¬ 
tution, the curve y = ty.r will be an osculate of the second 
order to the curve y = *f*.r, which it will approach still nearer 
than y — fa * docs, and so on, in order ; so that for an osculate 
of the wth order, we shall have the equations 


_ , , dF.r d^.r 

Fy = <px\ - 

d:v d.v 


d^F.v d^i^.v r/”F«^■ , d n $>.r 
da'* ~~ d.v a * da ,,n ~~ d.r‘ n 


(72). 


147* We will proceed to show, that of two osculates which 
we have thus obtained, by giving arbitrary values to the con¬ 
stants of the same equation, the osculate of an inferior order 
cannot pass between the other and the curve, in respect to 
which the osculation takes place. For example, let MB (fig. 
24) be the curve y = <p.r, and MC its osculate y = rf/a? of the 
second order; we have then to demonstrate that the osculate 
y = f.v of the first order cannot pass betwixt the curves MB 
and MC. 

For this purpose, by putting a'h in place of «r, in these 
equations, we shall find 


, d(ba?- A‘ l <$a i ii l d 3 <$>.v' h s 

PM or rf, +/«) = *.»■ +^' + ^r 12+*?T23 + &c -> 
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tv-k/iy/ f / / » v , d^.r dtya? h' z e/ 3 v|u?' A 9 

PM' or *(✓+*) = *-+-£-* n + ^ 23 +&C - 

ffr i /,)-/>' i d - fr ’h , IL + W*. il +&c 
l + A + rf4 , a • 12 -r rfy, 2.3 + " 

and ?/ = vp*r' being an osculate of the second order to y = p,e, 
we must have 




d<fy,v d~$.r d z ($x 
did ~~ ilr 3 dj ,z ~ djd* 


y = /!?’ being an osculate of the first order to y= <p<r, we must 
have :ilso 

’ ~ ^ ’ d.r ~ d.r‘ ’ 

from which equations wc have therefore 

<f>y = \j/,d = jU’\ 
d<p;d __ d\J/.r' dfa' 
da' d..r d.r' * 


and only 


Make 


d~<pa’ dr’tyiV 
da™ ~ d.r- 


4>y + ^f./ / = K, 

d<v 


1 Y“' _ XT’ 

then the three preceding developments may be written thus, 
PM’ or ?(.*■'+ h) = K+V/<*+ ^5 + &c -, 

PM" or <K^+/i) = K+ Vr-+^^. |^+&c„ 

, .. Tr dr/!*?' h z d s fa ?' h s 

f(r+ «)-K+-^ ?r i£ + ^'TA3 +&C-; 
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and observing that all the terms, commencing from that which 
is affected by A 3 , have h 3 for a common factor, we may sup¬ 
pose 


d 3 <px h 3 t 

~7h*~ 23* 


&e. = M h 3 


f 


whence, making similar reductions in the other equations, wc 
shall have 


<p (,r + A) = ^ “b "bM// 3 , 
4/(.c + h ) = K+VZt® -f N h 3 , 

j +A) =K+J 


Now the curves y = fv and y = \h/’ being osculating curves, 
one of the first and the other of the second order, V must ne- 

d l f\v 

cessarilv differ from -! ; and we can therefore make only 

da' 3 

two hypotheses respecting V, viz. 

d*fa? _ r d*fa : 

* - da * , X " da * 

If Y T lie less than A let Z be the excess of ] over 

da• 3 da' * 

V, then wc shall have 

v+z- > 

v+z -* 

where Z is a positive quantity; but if, on the contrary, V be 
*Pfa* 

greater than £ —Z will be negative. 


d Q fr 

Substituting this value of £ ~~ in that of./’(-r + A), and ob¬ 
serving that A 3 is a common factor, our three developments 
will now become 


<p (*'+ h) = K + (V+ M/i)A a , 
4/(a"+A) = K + (V+NA)A 3 , 
/(.*•'+A) = K + ( 1 V + Z+ PA)A*; 
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and by making k exceedingly small, the quantity Z, which is 
independent of h, may become greater than the expressions M/i 
and N/i, which tend to 0. 

In this case, if Z be positive, It) is greater than 

cp(.r' + h) and /*), and we have therefore /(.*■'+A) nr 

P'M'" (fig. 24) greater than either P'M' or PM", which shows 
that the curve yzzjlr, represented by MM"', cannot pass be¬ 
tween the other two. 

If, on the contrary, Z be negative, we have /(./ + /'), or 
P'M' v less than P'M' and P'M"; and the curve MM 1V being 
then that which approaches nearest to the axis of x, cannot hV 
betwixt the two others. 

148. We can now explain wl the straight line (fig. 5) wh ich, 
art. 145, is an osculate of the first order, is a tangent to ihe 
curve ; for it follows from our theory, that betwixt that straight 
line and the curve, we cannot draw any other straight line, 
which is a property of the tangent. 

The tangcut is said to have a contact of the first order will; 
the curve ; and generally an osculate of the order n has a con¬ 
tact of the same order with the curve to which it is an oscu¬ 
late ; thus when wc have, betwixt the two curves, the equa¬ 
tions 


<p.e'=F.e, 


(tp,e dV.c d q V.r 


d,(‘ 


*Lr ’ tf.r* 


d.c* 


these curves have with each other a contact of the second 
order; if, besides these equations, we have also 

d 3 <p,v d 3 F,r' 
dj' 3 dot 3 * 

the contact will be of the third order, and so on. 

149. The equation to the circle, which is 

(■»—»)* = ?*, 

contains three constants ; and we may therefore determine the 
circle which has a contact of the second order with any curve 
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Fig. 25. 


MN (fig. 25), of which wc know the equation. For this pur¬ 
pose, let x and y be the coordinates of the point M in the 
circumference of the circle; the value of y will then be given 
by the equation 


and must replace Yx' in the equations of contact, which arc 

, r/F,F (p£,r r/ 2 F,r 

- 7777=-X»r- 


If at the same time we take .r and y for the coordinates of 
the curve y=<px i at the point of contact, the preceding equa¬ 
tions will become 


<hyji <h/yy /7ll v 


and in these we must substitute for the quantities y, — f , and 

lltV 

d^y' 

their values derived from the equation (73), and its suc¬ 
cessive differentials, which are 

(jr'-P) %> = 

jjk +, ~£ r * +1=0 ■ • • i7<5) - 


But the substituting in the equations (74) the values of w\ 
dy d*y> . , t 

® vcn b y tlie equations (73), (75), (76), will be the 

same thing with eliminating these quantities betwixt the equa¬ 
tions (73), (74), (75), and (76), which will be done by ef¬ 
facing the accents in the equations (73), (75), and (76); 
observing at the same time that when 

y—y', we have ,r=x'. 

Suppressing the accents, therefore, wc shall find 



nsr;iiLATlN<; ct'kVK-. 


(y-l3y+(.t—a.)t‘ = y* -(77). 

0 .(78), 

il.r 

i ''-' S) S + § +, =° ■ W) : 

bom the last of which equations we deduce 


V 


•V- M = 




and putting this value in the equation (7^; we obtain 

/ i . ^ \ 


f J -f -z- ) 

' —a= - ■ - t'«I ) 

f/*// «,/ 


if in the equation (77)> "’c substitute these values oi ,y~ f 3 
and .e— a. it becomes 

. d .r \ >l 


V + </.r* J 

(<V\* + 

' (Li a / v </,f u ) 


( (il !/\* (!!^Lv A** y ' 

and, adding the liuinerators which have a common factor, we 
shall have 

t i , (l >r \ ~ i , , 'to* \ 


( ^) 0+&) 

/ d ~u \ 

v </.»« * 

an equation which reduces itself to 

<■♦#' _. 
7 

V ) 


— r <1 

— r ’ 
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and, by extracting the square root, gives 


C+S ) 3 


± 


d a y 

7,7 


-y 


150. The double sign refers to the position of y : if the 

(^2 U m . 

curve be concave to the axis of .t% then Q will be negative; 

and in order that y may then result positively, we must take 
y with the negative sign, and write 



r = 



(82) : 


for the curve being concave to the axis of the abscissa; 



appears as a negative quantity, and therefore, when substituted 
in equation (02), will render the value of y positive. 

151. The circle which we have just been considering has 
received the name of the osculating circle , and its radius that 
of the radius of curvature ; in order, therefore, to obtain the 
radius of curvature, we require only to have the equation of 
the curve, from which to deduce the differential coefficients 
that arc to be substituted in the formula (02). 

If the curve ought to be convex to the axis of x, the po¬ 
sitive sign must be prefixed to the value of y. 

152. The value of y is sometimes written thus. 


__ Qg**-MSy) g _ 

1 d r d?y ’ 

a form which i«j readily deduced from the equation (H2) ; lor by reducing 
the two terms, within the brackets to a common denominator, and observing 

that is dit-K we obtain 
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(dx^+dy'^fi _ (daP+dy*) 1 * 


d*u 
dx *.--- 
dX* 


dx d'*y 


153. As an application of the formula (82), let it be pro¬ 
posed to find the radius of curvature of the parabola NAM 

* ri! 

(fig. 26), the equation to which is x* — my. 

This equation gives 


therefore 


_ , , du 2x ifiy 2 

2 xdx — mdy, ——, ~~ a — — : 

9 dx m dx* vi 


('♦£)* 

y— o — o 


2_ 

w 


2 

m 


and raising the two factors to the power 2, we have 

( Mi“ \ /?/** \2 

?+*') 




2 

»i 




•(«3); 


Fig. 


but the normal to the parabola has for its expression .... 

/ \ 7" 

^—-f- a 2 J 2 ; and we see, therefore, that the radius of curvature 


of the parabola is equal to the cube of the normal , divided by 
the square of the semi-parameter. 

154. The osculating circle will serve to measure the curva¬ 
ture of the curve at any point M (fig. 25); for if at that 
point M we describe, with the radius of curvature, an exceed¬ 
ingly small circular arc ML, that arc may be considered as 
the arc of the curve itself, from which it separates but in a 
very slight degree. Now the greater be the curvature of the 
arc ML, the less is its radius; and it follows, therefore, that 
from the decrease or increase of the radius of curvature, we 
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may determine the increase or decrease of the curvature of the 
curve. 

If, for example, we examine the equation (03), which gives 
the radius of curvature of the parabola, we see that at the 

?7l 

vertex of the curve, where jp=0 , y=~- j but that when x is 


successively increased, y increases ; ■which intimates, there¬ 
fore, that the curvature of the parabola goes on continually 
decreasing, as we retire from the vertex. 

155. — expressing the trigonometrical tangent of the angle 

which the tangent at M (27) makes with the axis of «e, the 
equation of the normal made to pass through a point whose 
coordinates are a and o, will be 


r dx x 


and this equation being the same with the equation (78) in 
which a and (3 are the coordinates of the centre of the oscu- 
lating circle, we see that the radius of that circle is a normal 
to the curve. 

156. If now, through all the points of a curve MM'M", &c. 
(fig. 28), we draw the radii of curvature MO, M'O', M" O", 
&c., we shall construct a scries of points O, O', O", &c.; 
which points being all subject to a certain law *, we may give 
to their system the name of curve ; though we cannot yet say 
any thing of the nature of this new curve, which we call the 
evolute of the curve MM'M" ; this latter curve, considered re¬ 
latively to the evolute, being called the involute. 

157. If now we pass from one point of the evolute to an- 


* This law is implicitly contained in the equation of the curve MM'M"; 
lor that curve being given, the position of the points O, O', O''. Ate. results 
from it. 
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other, not only will x and y vary, but a, (3, and y will also 
vary at the same time; for since a and (3 are, generally, the 
coordinates of the centre of the osculating circle, and the evo- 
lutc is formed by the system of those centres, it follows that 
a, and (3 arc the coordinates of the evolute, and therefore co¬ 
ordinates which must vary for different points of the curve. 
It is the same with y, which is the radius of the osculating 
circle, and represents the distance of any point of the evolute 
from that point of the involute whence y is drawn ; and con¬ 
sequently, by differentiating the equation (79), in respect of 
all the letters *, and dividing by dx, we shall obtain 




d 2 y , (Py_dy f fj3 da_ 

dx^d.r* dx'dx* d.i~ 


and subtracting the equation (79) from this, there remains 

jly d$ da 
dx dx dx ~ 

whence we find 

da. 

dy __ dx _ da 1 

dx ~ Tip ~ dx X df3 ' 

dx dx 

But, art. 67, 


’ Wc cannot differentiate otherwise the equation 

(y—«) 9 =V* 

and its derivates; and yet wc appear to have done so when from the equa¬ 
tion (73) we have deduced the equations (75) and (70) ; to which it may be 
answered, that having two arbitrary constants in the equation (73), wc have 
determined them on the condition that the functions represented by the first 
sides of the equations (75) and (70) should be each equal to 0; without 
this, wc should have had no right to conclude that because the equation (73) 
holds good, the equations (75) and (76) must hold good also. 
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2 --- 

d& ~~ dft 

dx 


therefore. 


dy da dx 

dx dx * d(3' 


and, consequently, art. 24, 


dy da. 
dx~~ d(5’ 


which value of ~ being substituted in the equation (78), w 

UkL 


shall obtain 


^ — - 


158. We saw, art. 155, that the equation y— j6 = —--(«*’—a) 

*/ 

was that of the radius of curvature, passing through the point 
whose coordinates are x and y ; and it will therefore be always 

the equation of the same radius, when — ~ is replaced by 

But the equation (84) is also that of a tangent drawn at the 
point of the cvolute, whose co-ordinates are a and (3*; and the 
radius of curvature is therefore a tangent to the evolutc. 

159. Since in the following demonstration we shall have to 
employ the differential of an arc of a curve, we will proceed to 
iind that differential. 

Suppose that an abscissa AP = x (fig. 31) receives an in- 


* We may observe, that « and 0 being generally the coordinates of any 
point in the evolutc, the equation of the evolute will be $=fn.\ and there¬ 
fore expresses the tangent of the angle which Lhe tangent at the point a, 
dot 

0 } makes with the axis of the absciss®. 
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crcment PP '—h; if then we draw MO parallel to the axis of 
x, we shall have evidently 

chord MM' = v'MO* + M'6 3 = x/h z + M'O* ; 
but 


M'O=/(.»*-f-A) — 



d\y A® 
lh*l .2 


h &c.; 


substituting which value in the expression for MM', and re¬ 
presenting the coefficients of A 1 , A 4 , &c. by A, B, &c. we shall 
have 


MM' = y/A® A*+AA 3 + BA 4 + &c., 


or 


MM' = a/ h*[l + -j^) +AA» + BA* + &c., 
and therefore 



dti* 

54 + aa+ba®+ &c. 

G./® 


In the case of the limit we. have A=0, and the chord coin¬ 
cides with the arc which we will represent by s; so that we 
shall have 


(Lr ^ rfx® ’ 

whence, multiplying by dx, we deduce 


ds = -v/t/rf® -f- dtj~. 

160. For the evolutc the coordinates arc a and/3 ; and for 
it, therefore, we shall have in like manner 


ds= da? •+■ d\ 3®. 

161. If now we differentiate the equation (77) in respect of 
all the letters, we shall iind 
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(#— /3) (rty—dj3) + (.r— a) (r/.r— dx)-ydy, 
and equation (70) gives us 

(.y—/3) a) dx = 0, 

which equation being subtracted from the preceding one, we 
have remaining 

— (y—/3) rfjS — {x —a) doi-ydy .... (85). 

Substituting in this equation (85) and in the equation (77) 
the value of y— (3, given by the equation (84), we shall find 
the two equations 

dp 


dx 

dp 

da? 


(a — a) — (<r — a)da~ydy, 
(.»’—a) 2 + (,v —a) 2 = y tt ; 


which, putting .v—x as a common factor, and extracting the 
square root of the second, become 

dp+doC- 


— (.r — a) . 


da. 


— ydy , 


, ,</d** + dp 

( ,_ a) —— =y , 

and dividing the first of these equations by the second, we 
obtain 


dy — — dp + da?. 

But we have seen, art. 160, that, representing by s an arc of 
the evolutc, we have 

ds-^/dp + da? 

comparing which equation with the preceding one, we deduce 

dy— — ds , or d(y + s) =0 ; 

and since every function whose differential is 0 must be con¬ 
stant, we have y-hs = 0; and therefore if the radius of curva¬ 
ture increase, the arc .\ must diminish, arid by the same quail- 
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tity; a relation which wc express by saying that the radius <>j 
curvature vaties by the same differences as the evohite . 

102. Let (fig. 29) MO=y, OB=i, MO' = y', OB = s'; wc 
have then for the radius of curvature MO, 

y+ s = constant , 
or 

MO + arc OH— constant .... (86). 

The radius of curvature M'O' gives rise, similarly, to the equa¬ 
tion 


y'+ s f = constant , 
or 

MO + arcO'B = coMs£nwi .... (87) ; 

and since the second sides of these equations (86) and (87) 
represent the same constant, we derive from them, 


M O'-f arc O'B = MO + arc OB, 


when consequently, 

M'O'— MO = arc OB— arc O'B = arc OO', 


which shows us that the difference of two radii of curvature is 
equal to the arc comprehended between them. 

163. It follows from this, that if on the evolute OB (rig. 29) 
we wrap a string OBM, which, being of course a tangent to 
the evolute at the point B where it leaves it, has its extremity 
in the point M of the involute C, when we unwrap this string, 
keeping it constantly stretched, its extremity M will trace 
out in its course the involute MC; for supposing that in the 
course of its motion it has reached the position O'M, it will be 
increased by OO', and will consequently be equal in length to 
the radius of curvature passing through the point O', whence 
the extremity M' of the string will be still in the involute 
MC. 


164. The equation of the evolute is determined in the fol¬ 
lowing manner: 1°. we deduce from the equation of the curve, 
tits tl*u 

the values of w, : 2°. we substitute these values in the 

dx d.r- 
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equations (78) and (78), when we shall get two new equations, 
which are functions of ,r alone; 3°. eliminating x between 
these equations, we arrive at an equation betwixt a and (3; 
this equation will be that of the evolute. 

165. To determine by this process the evolute of the pa¬ 
rabola, whose equation is a* —my ; we have, by differentiating, 

2 xd.r = mdy, 

and consequently 

dy 2x d' 2 y _ 2 
dx~ ,i* da- ~~ w 


dit (fit/ , 

which values of y , being substituted in the equations 

(lit* Me/ 1 " 


(78) and (79), they become 

*2; 
m 

2 


.... ( 88 ), 

V m * m 

A.n 

m ~ . . (89), 


&-*)■ 


m 


b-V+i=o 




and subtracting the equation (88) from the equation (89), 
multiplied by x, we shall obtain 

a+—= 0 .... (90). 


On the other hand, the equation (89) multiplied by »»*, and 
reduced, gives us 

6a? 3 —2»q3+=0, 

whence we find 


„ 3a® 
B- — 

m 


m 

2 * 


- • • ( 91 ); 


and eliminating x betwixt the equations (90) and (91), we 
shall have the equation of the evolute. 

But before we perform this operation, we may observe that 
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at tlie origin, where x = (>, the equations (90) and (91) un¬ 
reduced to a =0, /3 = -S ; and taking, therefore, AB=.-”- (fig. 

32), we have the point B of the evolute; we see, then, from 
the equation (91), that giving to ,r values positive or negative, 
/3 goes on increasing according as these values increase j whence 
it follows that the evolute is formed of two branches BC and 
BD. 

100. To eliminate x betwixt the equations (90) and (91). 
th<* first, raised to the square, gives 


— - 

f 1 i* * 


from the second \v<- deduct 


> . m X vi 


■>lic two sides of which being cubod, we find 


w- n 3 ;w 9 

a ,, = ( k 3 — 2 ) 27 ’ 


and equating these two values of x r ', and dividing by «t 3 , wc 
obtain 

„ m s _ vi v 3 1 

7H 

Let |3—g- =& 3 multiply each side by 27, and make .... 
27 

~w = «; then the equation becomes 

£'* = »a®(*), 

which is the equation of the evolute. 


* It is easy to prove that the branches BC, BD have their convexities op* 
posed to each other; for by differentiating the equation #'3 —?iu\ or . 
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9/2 

Fig. 22. By the assumption of —-- = /3‘', the origin is transformed 

a 

fJZ 

to the point B, whose coordinates are 0 and /3— 

167- An osculating curve may be situated in two different 
ways in respect of the curve with which it is in contact: 
1°. it may have its two branches, both of them above the 
Fig.33,34. curve, as in fig. 33, or both of them below, as in fig. 34; in 
which case the osculate will only touch the cur^e: 2°. the 
osculate may have one branch above and the other below the 
Fig. 35. curve, as in fig. 35; and in this case the osculate will cut the 
curve in the point M. 

1(58. We will proceed to show, that the osculating circle 
Fig. 30 . (fig. 36) cuts the curve. 

For the same abscissa x -f- h 

let y be the ordinate of the curve, 

Y' be the ordinate of the osculate; 

we have then 

Y = sp (#+k) = + AA + BA* + C/i s + &c. \ . 

Y' = F(.r + A) = F.r+ Ah +B7i 2 + Ch 3 + &c. / ’ ‘ * V h 

and since the circle is an osculate of the second order, the 
three first terms of these developments will be the same; 
whence the difference of the ordinates, corresponding to .v+h, 
will be 

(C-C')A 3 +, &c. . . . (93). 

Suppose, now, that the abscissa becomes x—k; we must 
then change h into —h in the difference of the ordinates, 
which will become 

-(C-C')/. 3 +, &c. . . . (94); 


1 st rfa#' A 3 t n 

/S'we find —— = — = — § / —, a negative value for either 

Oft a ^ «4 


a positive or negative value of a, which proves that each branch is concave to 
the axis of x. 
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and since, by taking h sufficiently wmall, the first term of the 
scries (93) and (94) may be made greater than the sum of all 
the other terms, it follows that the difference of the ordinates 
will change its sign, when the abscissa, instead of being .»•+//, 
shall become x— h. Hence, taking (fig. 36) PP" = PP' = //, 
if the difference of the ordinates corresponding to ,r-\-h be a 
positive quantity, i. e. if the ordinate P'M' of the curve be 
greater than P'N', iho ordinate P"N" of the osculate will be 
greater than tl.p ordinate P'M" of the curve ; whence we con¬ 
clude that the osculate is on one side above the curve, and on 
the other below it, and consequently cuts it. What wo have 
said of the circle, which is an osculate of the second order, will 
apply to every osculate of an even order. 

169. If the osculate be of un odd order, it will onlv touch 
the curve, instead of cutting it; as is evident from the pre¬ 
ceding demonstration. 

170. We will now give the theorem promised art. I3M, respecting rnnhiph- 
points. If the curves which meet »n one of those points have a common tan¬ 
gent, the equation to which may be represented by y =a.v-\-b, we must change 

dF.r 

I\r into in the second of the equations which will give — or 

dx 

A'— and all the rest of the coefficients in that equation will vanish; also 
the tangent being an osculate of the lirst order, $.r-\-Ah will be equal to 
F.r-f-A'//, which will reduce tlic difference of the equations (92) to 

Y -Y'=B/i*+(V/3+, &c. 

Now this difference ought to have two values QM and QM' (fig. 30), and 
therefore one of the differential coefficients represented by B, C, &c., must 

d n 

have two values. Let —— be this coefficient: we have seen already (art. 

d\” v 

143), that if wc take the successive differentials of the equation Pd.t -f -Qdy =0, 

after each differentiation, the term Q will continue a factor of the differential 

of the highest order of 1 /; so that the differential of the will order of the pro- 

d»y d n ti 

posed function may be represented by = 0; and since —^ must 

have two values, we might prove, as in art. 137, that Q —0. This value of 

Q will reduce that of P to 0 ; and it follows, therefore, that the equation 

dy P ... . dy O 
- ——— will give 

dr Q ** d.r 0 
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The development of Junctions of two variables, 

171. When in a function, m, of two independent variables, 
,v and y, we change x into x + h, and y into y -f- A, Taylor's 
theorem will give us the means of developing this function: 
for suppose that first we substitute x + h in place of x, we shall 
have then, by that theorem, 


du, d Ci u IP d? u h s 
f{x+h, y) = u + -j-fi + — j-g + ^ 




(95); 


in which series y can be contained only in the functions v, 

(l U fi 

dx 7h*’ Changing, therefore, y into w + A* in these fime- 

tions, we must replace, in the equation (95), 

. du. d^u A 9 d s u A’ 

* ,,y " + 7h/ + Hji L2 + If 2li +aic - '• 
d .i’i <p-" ,p-~ 

du. du dx dx A 9 d,v A 3 
,u by Ii + 1fy k+ ~df T2 + rfy 

d>. d — 

d' l u . d'n <Ar 9 dt 9 A 9 dj~ A J 

S5 by T& + ~dT k+ lijr 2 + - 37 -23 +&c - : 


&c., &c., &c., &c.. 


&c.; 


and forming as many lines as there are terms in the equation 
(95), we shall obtain 


... , . .. du. d*u A 9 

J(.r+h,y + k) = u + - d -k+— - 2 - + &c. 

du. . oAr.. „ , 

+ ~r"Ai q--j- hk-{- &c. )- 


dx 


dy 
d*u Id 

+ ^2 +&t - 


(90*). 


\o 
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172. If we had made these substitutions in an inverse order, 
we should have found, first, by changing y into y+k. 


,, , du d*u k* d 3 u P 

J( X ,y + k) = U+j-k+- -+ — —+&C.; 


and putting then in each term x + h in place of x, we should 
have arrived at this development. 


du. d*« 

I (jr+t, *+»)=«+ lS *+ S i T +to- 


1 


du 


d-~ 

, -k + ~~hk-\-1k c. I 

ay cLr 

d*u P , 

+ +&c - 

+ &C. J 


(i>7). 


The order in which we make these substitutions being ar- 
bitrary, (since in putting x-\-h wherever ,v enters, and y+k 
wherever y enters, these operations cannot affect each other), 
it follows, that the two developments (96) and (97) must be 
identical, and consequently, the terms affected by the same 
products of h and k have the same values. 

Equating therefore the terms which arc multiplied by hk, 
we shall obtain 


, du du 

Tlx _ ' dy d*u d?u 

dy dx * dxdy dydx * 


an equation which shows us that, in taking the second dif¬ 
ferential of the product of two variables, the order of the dif¬ 
ferentiations is arbitrary. 

The same thing may be proved for the differential co¬ 
efficients of higher orders, by equating the differential co¬ 
efficients of the other terms of the equations (96) and (97)* 
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Maxima and minima in junctions of two variables . 


173. Wc have seen, art. 171, that if in a function of two independent 
variables x and ?y, wc replace «r by x-\-h, and y by y-f-fc, the development 
of/(-r-j-A, J/+A:) will be given by the equation (96); in which equation, if 

du 

u* 7 _ 

/ii« /f3i/ 

we represent/(a?+A, y-flr) by U, A- by mh, and — by—, we shall 
have 


U =1 u+/t^ 


du du\ 

di m+ Tj + 


d*u , d*u 

‘2 dwi’d// rf, 


fit 4 /d'*u 
ll\dy* 
terms in /i3, fit 4 , &c. 


(9B). 


Now, in order that u may be a maximum or minimum, it is necessary 
that, whatever be the values given to the increments fit and fir, U should be 
always less or always greater than u ; but this is only possible when the 


, /du , dn\ 
term fi/f — — I 

\dy dx/ 


is evanescent; for if it be not, then, by taking a proper 


value of fie, this term may be rendered greater than the sum of all die following 
terms, when by taking fit successively positive and negative, we should make 
l T in one case greater, und in the other less, than u ; hence, in order that u 
may be a maximum or a minimum, we must have 



or 


du du 

— w + 7 — «»• 
dy dx 


Since also fir is arbitrary, m must be so likewise * and, -onsequently, this 
equation must hold good, whatever be the value of m. which requires that 
ilie equation resolve itself into these two: 



du 

du- 


= 0 . 


174. We must now see what it is that distinguishes the maximum from 
the minimum; for which purpose wc must observe, that since the term in fit 
vanishes, it is die term in fit 4 , which will decide the sign of the sum of all the 
terms following u, and that, consequcndy, the term in fit 2 , if it do not vanish, 
must not, for the different values of fit and fie, result at one time posidve, at 
another negative, or otherwise U might be in one case less, and in the other 
greater than u. Wc will therefore proceed to investigate the conditions 
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neoeisary that this term in A* may always have the same sign, whatever be 
the values we give to h and k ; and, with this view, we will represent the 
term by 

h* 

—(Ato*+2Bw+C) ; 

making A a common factor, this will become 
AA»/ _ B .0 


Oh*/ „ , B , C \ 


(99), 


B* 


K b \* c 

"‘ + a) + A-a5]-- • (,00 >’ 


and adding and subtracting the same quantity —, the expression (!)!)) may 

be written thus, 

AA«I 

~2 

C B a 

which, if C and A be of the same sign, and — be , i. c. AC >11*, will 

A A* 

AA a 

always have L.j same sign as A ; for then the quantity multiplied by - 

dm 

will be essentially positive, and the sign of tlie expression (100) will depend 
on that of A ; so that we shall have a maximum or a minimum, accordingly 

as A shall be negative or positive, i. c. according to the sign of which 

will be the same with that of —, for, by hypothesis, C and A are to have 
both the same sign. 


On the transformation of’rectangular coordinates to polar . 

175. Let BDC (fig. 79) be a curve, in which we have de- Fig- 70. 
termined a point M, in position, by means of the rectangular 
coordinates AP = a., PM ; this point may be equally de¬ 
termined, if we have given the angle MAC, and the radius 
vector AM: but since we generally measure angles by arcs, 

we will substitute for the angle MAC’ the circular arc mo , 
described with a radius unity 5 and thus, representing the arc 
mo by 0, and the radius vector AiV* by w, we may substitute 
the system of polar coordinates 6 and n, instead of that of the 
rectangular coordinates AP=«* , > and PM=y. 

176. The origin of the abscissae is sometimes placed else¬ 
where than in o j for the point M will be equally determined. 
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if, having taken d for the origin, we have given the arc dm, 
and the radius vector AM. In this case we may represent 
dm by 0 ', and then the abscissae, reckoned from the origin o, 
will differ from the abscisses reckoned from o', by a constant 
quantity oo ; and there will exist between them the following 
equation: 

0 = 6 — oo'. 

Since, by means of this equation, we can always change the 
origin in any manner required, we will, for greater simplicity, 
suppose the origin in o. 

177* Representing now by F(.r, y) —0, the equation in 
which we wish to change the rectangular coordinates A I 1 = a 
and PM ~y into polar coordinates om = 0, and AM = it ; and 
investigating the relations that exist betwixt these coordinates, 
we see at once, that 


or 


AP=AM cos MAP, PM=AM. sin MAP, 
jzzu cos 0 , y — u. sin 6 . • . • ( 101 ) 


and we have only therefore to substitute these values in the 
equation represented by F(#, y) — 0 , in order to obtain the 
equation in respect of the polar coordinates. 

80. 178 . If the origin of the rectangular coordinates x and y be 

not in the centre A of the curve (fig. 80) ; let x', y, be the 
coordinates reckoned from the origin A', and a and b the co¬ 
ordinates of the centre A, reckoned from that origin; then 
we shall have 

AP = A'Q — A'B, MP = MQ-AB, 


or 


z=x—a, y —y — b ; 

which values we must substitute in the preceding formulae. 


On the transformation of polar coordinates into rectangular, 
and the determination of the differential of the arc of a 
polar curve. 

179. The equation in respect of polar coordinates being re- 
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presented by F(0, m) = 0, we sec at once (fig. 79) that we may Fig. 
replace u by its value derived from the equation 

AM® = AP®+PM®, 
or 

tt®=2®+ < y® .... (102). 


In regard to 0 , the equations (101), divided the one by the 
oilier, give us 

V sin 5 

- =-7 = tail 0, 

x cos 0 

whence wc deduce 


0 = aref tan = -] = tan 1 • -. 

\ y 


'I'liesc values of 0 and u being substituted in the equation 
F(0, w) = 0, we obtain 



a/ 


-4-y*) — 0 . . . (103), 


and so arrive at an equation between .v and ?/, involving a 
transcendental quantity tan -1 -. 

y 

180. We may also obtain, between .r and y, an equation, 
which shall not contain the transcendental arc tan - but 

y 

which will involve differentials; and, for this purpose, we 
might at once differentiate the equation represented by formula 
(103) ; but the method generally adopted for arriving at this 
end is the following: representing always by F (0, u) = 0, 
the equation which it is required to transform into a function 
of the rectangular coordinates x t y, wc have seen, art. 179 , 
that the value of u may be expressed in terms of x and y, 
without any transcendental, but that the same cannot be done 
in respect to 0 ; on which account, therefore, we eliminate 0 
between the equation F(0, «)=0, and its differential, which 
wc will represent by F(0, ud&, du) = 0 ; this process will, in 
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fact, introduce into the result the differentials dB and du; but 
we shall see that these differentials may be expressed in func¬ 
tions of the variables x, y, dx and dy. 

For, first, the equations (101) give us 


cos 0=-, sin 0 =-. (104) ; 

u u 

dividing one of these equations by the other, we obtain 

sin 0 x . x 

- A =- or tan0=- : 

cos 0 y y 

differentiating, there results 

dB _ xdy—ydx 
cos® 0 .r® * 

and replacing hy its value, derived from the first of the 

equations (104), and suppressing the common factor x, we 
find 

ifidB = xdy — ydx ; 
whence, consequently, 

d9 = fta^. } 


and putting for a its value, this equation becomes 


d0 = 


xdy—ydx 


The differential of the other variable is found still more 
easily, for the equation (102) gives us 

U = 4/x*+y*; 

which being differentiated, we have 

s/ xP+y* 

and, by means of these values of dB, du, and ti, we shall change 
the equation obtained by the elimination of 0 into another in- 
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volving only x, y, dy , and dx ; and which, consequently, will 
he the equation belonging to the rectangular coordinates, 

181. We have seen, art. 159, that the differential of an arc 
z, referred to rectangular coordinates, has for its expression, 

dz — */dx*+dy l .(106). 

It may be proposed to find the differential of the same arc, 
when the coordinates are polar ones; and, in this case, we 
must substitute in the equation (106) the values of dx and 
dy, derived from the equations 

x=u. cos 6 , ^=M.sin0. 

Now, by differentiating these equations, we shall find 

dx = — u sin 9.d& + cos Bdu, 
dy = u cos 9 d9 +sin 9du j 

whence, squaring these last equations, and reducing them by 
means of the formula 

sin* 9 + cos* 0=1, 

we shall obtain 

dz = +• du® ; 

which is the differential of the arc in a function of the polar 
coordinates. 

On sub tangents and subnormals, tangents and normals, to polar 

curves. 

182. We know that, in curves referred to rectangular co¬ 
ordinates, the subtangent At (fig. 81) is the line comprised Fig. 81. 
between the foot P of the ordinate and the point t, in which 

a perpendicular. At, to that ordinate meets the tangenfc: re¬ 
taining the same definition for polar curves, in which the or¬ 
dinate is no longer PM, but the radius vector AM, the sub¬ 
tangent will be then the line AT, drawn perpendicular to 
AM, and comprised between the point A and the point T, in 
wliich that perpendicular cuts the tangent. The subtangent 
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therefore lias, in polar curves, a position different to that it 
has in curves referred to rectangular coordinates, since in 
these the subtangent is always measured along the axis of the 
abscissae, whereas in polar curves, in which that axis no longer 
exists, the subtangent varies its position at every point of the 
curve. 

Fig. 82 . 183. We will now determine the analytical expression for 

the subtangent of polar curves; for which purpose, let AM 
and AM* be two radii vectores ; from the point M draw the 
perpendicular MP to the radius vector AM', and to that per¬ 
pendicular draw the parallel AT j then the similar triangles 
ATM', PMM', will give us the proportion 

PM' : PM : : AM' : AT ; 
whence wc deduce 

Arr _PM x AM' 

PM' ; 

and observing that PM' is a side of the right-angled triangle 
PMM', this value of AT becomes 

A rp _ PM x AM' 

” v/MM 7 *— PM ft 

In the case of the limit, AM' is equal to AM, i. c. to w, 
PM coincides with the are MN, the chord MM' with the arc 
MM, and AT becomes the subtangent. For the limit, there¬ 
fore, wc have only to determine the expressions for M'M and 
MN 5 the first of which being then the differential of the arc 
of the curve, we have, art. 181, 

MM' = ; 

in regard to MN, the sectors ARR' and AMN give us the 
proportion 

AR : RR':: AM : MN, 
or 

1 : UR':: « : MN, 



SUBTANGENTS, &C., TO POLAIl CURVES. 


m 


and therefore MN = u . RR/, u quantity which, in the ease of 
the limit, reduces itself to udQ. 

Putting these values of MN and M'M in that of AT, 
changing / M' into u, and reducing, we shall find 


AT = 


u*ciQ 
du * 


which is the expression for the sub tangent. 

184. To determine the subnormal, we must observe that 
the normal SM being perpendicular to the tangent, the or¬ 
dinate AM (fig. 81) must be a mean proportional betwixt the 
subtangent and the Eubnormal; whence, consequently, we 
have 

AT : AM : . AM : subnormal. 


or 


u*db . . 

—— : u : : w : subnormal; 
(hi 


and therefore 


subnormal = 


d r j 



In regard to the normal and tangent, the right-angled tri¬ 
angles MAS, MAT give 

MS = v'MA b + AS* MT= v^MA'+Al^i 

and substituting in these equations the values of MA, AS, 
and AT, we «hall find 


y difi / db* 

tangent =u / 1 -f a a —. 
db* V du 11 

185. To find the analytical expression of the sector in polar 
curves, the triangle AM'M (fig. 82) gives us Fig. }\2. 

. AM' x PM 

area AM M =-—-; 


in the case of the limit, the area of the triangle AM'M (fig. 
82) becomes that of an elementary sector, the perpendicular 
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PM may be replaced by the arc MN, which we have found 
equal to vdQ, and AM' by u; when, making these substitutions, 
we shall find 

- . 

area of the elementary sector ■=■—=— 


■* 

The elementary sector may also be expressed in a function 
of the rectangular coordinates, for, by putting in this equation 
the values of u and d% given by the equations 102 and 105, 
it becomes 


area of the elementary sector 


.rdy — yd.v 
-— 2 ~ 


On the determination of the expression for the raditu of aura- 

ture. in polar curves. 


lflfi. We have given, art. 149, the expression for the radius of curvatuiv, 
referred to rectangular coordinates ; which, assuming the positive sign for 
y, is 


0+g)* 

d?y 

dx* 


(107). 


That this value of y may be expressed in terms of the polar coordinates, we 
must eliminate the differential coefficients which enter into the formula (107) 
by means of the following equations, 

x=u cos 0, y—v sin 0 ; • 

which, being differentiated, and the results divided the one by the other, we 
shall obtain 

dy du sin 0 -f- u cos 0 d$ 

, _ _ ___ — _ • 

dx du cos 0 — « sin 0 rf0 ’ 


and, representing the two terms of this fraction by m and n, we shall have 


m — du sin 0 4-« cos 0 d0, ) 
v = du cos 0 — « sin 0 rf6. S 




and consequently 

dy _ mi 

d, v 


v 
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dif* m* 
dx/* B 4 


by means of which last equation we find for the numerator of the value of y, 

(■+£)*-(= 5 2 ) J ' 


3 

and raising each term of this fraction to the power —, and observing that 


the power — of « a is w3, we have 


(, , *‘»\i .. film. 
\ 'dxflj «3 


Differentiating now the equation (109), wc shall find 

ndm — mda 
d.v « a ’ 


and dividing the first side of this equation by dx y and the second by «, which 
is equivalent to dx, we shall have 


d*y_ ndm—mdn 
dx* «3 


( 111 ). 


By means of these values given by the equations (110) and (111), the equa¬ 
tion ( 107 ) becomes 


i 


_ (f«9 4- «*)' 
y ndm—mdn 


( 112 ); 


and we have now only to transform this equation into a function of 6 and v ; 
for which purpose we must determine first the value of « a by adding 
the squares of the equations (108), and reducing by means of the equation 
sin 9 0-f-cos a 8=l; when wc shall find 


w a 4-TO 9 =di* a -|-w 9 <l6*.... (113). 

To obtain the denominator of the equation (112), we must differentiate suc¬ 
cessively the equations (108), considering d9 as constant; and multiplying 
the results by n and m respectively, we shall find 


ndm—nd*u sin 9 +2 ndu cos 9<£9 — nu sin 6<28 9 f 
mdn — md*u cos 9 — 2 mdn sin 0<Z0 — mu cos 0d9 a , 


whence, subtracting the second equation from, the first, we have 
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ndv i — mdn ~ tPn (it sin 5 —m cos'?) | 

4-2rf»fi9(»cosO-|-wsinS) V. . . . (11 1). 

— udb* (« sin 0 — tn cos 0) / 

Now, multiplying the first of the equations (107) by cos 0, and the second l>\ 
sin 0, subtracting the one from the other, and reducing by means of the rela¬ 
tion sin a 9+cos a 3=l, we shall obtain 

« sin 0 —m cos 0 = — iid9 ; 

und the value of n cos fl-J-w cos 0 being determined in a similar manner, w«* 
shall find 

n cos 0 -+■ m cos 5 --- tin . 

Substituting these values in equation (114), it becomes 

ndm — mdrr= — ttd.*ud$-\-2dn 9 d l )-\-iPd : .* . . , . (flr»), 

and the values thus determined in equations (113) and (1 IT*) change the equa¬ 
tion (112) into „ 

_ (diP -f- u*dO*) ,J 

y ^dtPdO— ud-utlQ -b iPd 3 
On transcendental curvet. 

187- Curves are thus called which contain transcendental 
quantities* or differential coefficients, and which, generally, 
cannot have their equations expressed in a finite number of 
algebraic terms. We will proceed to examine some of the 
most remarkable of these curves. 

On the spiral of Archimedes or of Conon. 

188. This curve is thus generated: whilst the radius AB 
(fig. 37) revolves about A as a centre, a point A, setting out 
from that centre, moves uniformly towards the extremity B of 
the radius, in such a manner, that when AB has completed a 
revolution about the centre A, the moveable point, which at 
the commencement of the rotation was at A, is arrived at B. 
The moveable point traces out in its course the spiral of Archi¬ 
medes. 

Let AB=a, arc BN = 0, ’AM = u ; we have then, from the 
preceding definition. 
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AM 

or 

whence we find 


AN : : arc NR : BCDB, 
u : a : : 0 : 2-rra, 


121) 



the equation to the curve, which, as we see, has not its co¬ 
ordinates rectangular. 

When AH has made a complete revolution, the arc NB 
is equal to the circumference, and therefore 9 = 2ira, which 
changes the preceding equation into 

27 ta 


If the point A continue to move on uniformly, the radius 
AB will make a second revolution around the centre A, and 
if we take BB' = BA, the moveable point, at the end of this 
second revolution, will be arrived at B'; when 0 will be equal 
to Art a, and therefore w=2«, and so on. 


On the logarithmic spiral. 

189. The logarithmic spiral is a polar curve, in which the 
angle AMT (fig. 81) formed by the radius vector with the 
tangent MT to the curve is constant; so that, representing 
the trigonometrical tangent of this angle by a , we have 

tan AMT = 11 . 

But the triangle ATM, right-angled at A, gives us 
1 : tang AMT :: AM : AT, 

whence 

AT 

tan AMT = ; 

AM 

and replacing the radius vector AM by v and AT by the ex¬ 
it 
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pression which wc found, art. 183, for the subtangent 
of a polar curve, we shall have 

udB 

tan AMT, or « = — ; 


from which we deduce 

adit 


u 


— dh . . 


( 110 ), 


and integrating, we shall tind 

a log u — b + cuivtlant. 

Let e be the base of the Napierian system; supposing then 
that wc have a system of tables such, that a may be the loga¬ 
rithm of e in that system, wc may replace a by he, and he 
log u will be the logarithm of « in that system*; so that 
we shall have 

hit — d-j- constant . 

190. The logarithmic spiral may be constructed by points 
in the following manner: having divided the circumference 
OO'O" (fig. 83 ) into equal parts, draw radii to the points of 
division, and along these radii take the parts Aim, Am', Am", &c. 
in geometrical progression; then the points »i, m', »»", &c. 
will belong to a logarithmic spiral. For if in the logarithmic 
spiral the parts mm', mm', m'm ", &c. be taken exceed¬ 
ingly small, we may consider them as straight lines, and it 
will be easily seen that the triangles Anna, Am'm", Am'W", 
&c. are similar, since the angles at A arc equal by construc¬ 
tion, and the angles mm A, mm" A, m'm" A, &c. are so by the 
property of the curve ; we have therefore from these triangles 
the series of proportions. 


* To demonstrate this, let t be the base of the Napierian system; we shall 
have then «=(%« • and taking the logarithms in the system of tables indi¬ 
cated by L, 

\jit =L (c 11 ) — log h Lc. 
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Am : Am : : Ain' : Am ", 

Am : Am : : Am" : Am", 

&C. : 6 r c. : : &c. : &c., 

which shows us that the ordinates Am, A m. Am", &c. are in 
geometric progression. 

191. In the logarithmic* spiral, the normal is equal to the radius of curva¬ 
ture ; tew the radius of curvature, in a polar curve, having for its expression 

i 2dn*d t l— nd*ud9 ■+ ?c a c/6 a 


if, in this formula, we substitute the values of du and d* J «, as derived from 
the equation (116) to the logarithmic spiral, which gives 


, nitt , du ,, ud & 1 

du — -. tl*urz - db ~ -. 

II n o'* 


we shall have 



If now, in the expression for the normal, which is (art. 1 h4; 



we substitute the value of ——, we shall lind the same value 

f/0 a 

which proves that in this curve the normal is equal to the radius of curva¬ 
ture; and since the two lines (art. 155) have the same direction, it follows 
that they must coincide. 

192. This property will furnish us with the means of demonstrating that 
the evolute of the logarithmic spiral is another logarithmic spiral; lor the 
point N of the normal being considered as belonging to the radius of curva¬ 
ture, and being taken at its extremity, will be in the evolute. Let w' and 0' 
be the coordinates of this point N (fig. 84); it will be easy to determine 
them in a function of the coordinates n aud 0 of the point M of the curve; 
for if oo be an arc of a circle described with a radius unity , the abscissae of 
the points M and N will differ from each other by that angle, which, since 
MAN is a right angle, will be equal to a quadrant of the circumference, and 

K 2 
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if, therefore, adopting the usual notation, we represent the quadrant of the 

7r 

circle described with radius unity by —, we shall have 

2 

$' = $+-, 

2 

an equation, which, being differentiated, gives 

For the polar ordinate u of the point N of the evolute, since this ordinate is 
equal to the subnormal ^ of the logarithmic spiral, we must change ~ 


t19 


into in the equation of that curve, when we shall find n—au\ and, con¬ 
sequently, du—adu '; and substituting these values of dO, du , and tt in the 
equation (11C) of the logarithmic spiral, we shall find 

du' 

a—«=dfl ; 
u 

an equation which, being of the same form with the preceding one, shows us 
that the logarithmic spiral has for its evolute another logarithmic spiral. 


On the hyperbolic spiral and the spirals comprised under the 

equation u = a9 n . 

193. The property of tlic hyperbolic spiral is to have its 
subtaugent constant; if therefore we represent this subtangent 
by a, and equate it to the expression for the subtangent (art. 
183) of a polar curve, we shall have for the equation to the 
hyperbolic spiral 

«* - = —a, 
du 

where a is taken negative, because we have then 

du db 


if* 


a 


an equation which, being integrated, gives 

1 6 
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and C, being an indeterminate quantity, may be replaced by a 

C' 

similar quantity —, when we shall have 

l _0 C 
u (t^ a 3 

and taking the origin of 9 so that the abscissa 0 -f- C' may be 
equal to some new abscissa 9, the equation will become 

1_0 
u a* 

or 

. ( 117 ); 

which shows that when 9=0, u = oo ; and that consequently 
the radius vector which corresponds to the point where 9 is 0, 
is ail asymptote to the curve. 

194. The equation (117) shows us, also, that the radius 
vector is in the inverse ratio of the abscissa, so that making 
successively 0 =27T, 0 = 4 tt, 6 =.(hr, &c., we shall have for u the 

scries of values &c., which shows us that at the 

2tt 4 7r 07r 

end of two revolutions the radius vector is reduced to the 
half of what it was at the end of the first, at the end of three 
revolutions to a third of that value, and so on. 

195. The equations to the hyperbolic spiral and the spiral 
of Conon are particular cases of the equation u =aO H ; for by 

making n = 1, and a = ~, we obtain the first, and by making 

n — — 1, we obtain the second. Among the spirals determined 
by this equation we may notice the parabolic spiral, which is 
found by making » = 2. 


The logarithmic curve- 

190. This is a curve in which the coordinates arc rectan- 
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gular, ami the abscissa is the logarithm of the ordinate ; the 
equation to the curve is therefore 

•»’= kg!/’ 

whence we have 


and consequently 


»/ = «'« 


du . 

— u' log a. 
dx 


197- To discuss this equation ; if we make x — 0, we shall 
find y — 1, and giving then to x values increasing and positive, 
y will go on continually increasing; but if we give to x a 


negative value, —«, we shall find y — whence we see 

that, in respect of the negative abscissa', y will be diminished 
the further we retire from the origin, but that the curve can¬ 
not reach the axis of x, produced in a negative direction, ex¬ 
cept at an infinite distance from the origin, in which case the 

equation // = -- will become // = --= 0; whence we may con¬ 
clude that the axis of x, so produced, is an asymptote to the 
curve. 

198. If, setting out from the origin, we take the equal ab- 
3H.scissne (fig. 38). AP = ?/, and AP' = — w, we shall find 

PM=« M , PM' = a - ",and therefore PM x P'M' = 1. 

199. The most remarkable property of this curve is, that 
its subtangent has a constant value ; for the equation of the 

curve being differentiated, gives us ~ —a J log a , whence we 

ifr/i* 


a J dx 1 

find • = 


ydx 1 


or - - = 


, _ . —,... , —. . But the first side of this 

ay log« ay log a 

equation expresses the subtangent of the curve, art. 69, and 

this subtangent therefore is constant. 
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On the cycloid. 

200. The cycloid is the curve traced out by the motion of 
a point M (fig. 39), situated in the circumference of a circle Fig. 31). 
which rolls along a straight line RC. In this motion from 
R to C, it is evident that all the points of the arc RIM must 
come successively in contact with the straight line RA, until 
at length the point JVI itself comes in contact at A ; the arc 
RIM, consequently, will be equal to the straight line RA; and 
since also every point through which M passes is, by hypo¬ 
thesis, a point in the cycloid, A must be a point in that 
curve. 

Taking A, therefore, for the origin of the abscissa?, letting 
fall the perpendicular ME on the diameter BR, and making 
AP = .c, PM —y , BR = 2 a, arc MR = z, ME = u , wc shall have 

AP = AR — PR, 

or 

,v— arc MR —ME, 
or 

.vzzz-u . . . ( 118 ). 

Proceeding first to eliminate the arc z, we must differen¬ 
tiate the preceding equation, which will give us 

dx = dz—du . . . ( 119 ), 

and to obtain the value of dz in a function of a, we must ob¬ 
serve that between u and z wc have the equation 

u = sin z, 

which being differentiated, art. 42, we find 

cos z 
a 


du — d* 



whence we have 
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and replacing, in this equation, the value of cos z given by 
the equation 


or 


sin®z+cos®z = a®. 


we obtain 


u*4-cos*z = a®. 


</* = ■ 


adu 


v ' a 2_ u 2 


which being substituted in the equation (119), it becomes 


fix——=====.—ciu . . . (120), 

and we have now only to express u in a function of y. For 
this purpose, let O be the centre of the generating circle BM11 
(fig. 39), we have then 


OE = v/MO®—ME®, 
or 

a—y = v'fc®—a® . . . (121), 

which equation being squared and reduced, we deduce from it 

u = y^2 ay — y l . . . (122), 

and, by differentiating, 

( "-^ ) dy . . . (123). 

«/2ay—if 

The equations (121) and (123) transform the equation (120) 

into 

tidy (<‘—y) dy 

f/j? —- - ■ > 

y/2 ay—if 1 — if 1 

and reducing we iind, 
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dx =- — T 

s /2ay—if 

which is the equation of the cycloid. 

201. The equation of the cycloid may be obtained also in a 
function of the arc, in the following manner: the equation 
M = sinz gives 

s = sin— 

so that putting for u its value derived from the equation (122), 
wc have 

z = sin _ 1 . */2 ay—y' 1 , 

and this value and that of u being substituted in the equation 
(110), it becomes 

a , = sin~ 1 . */2ay — y* — \/2ny—if * . . . (124). 

202. To discuss this equation, wc will prove, first, that y 
cannot be ei Liter negative or greater than 2 a. For, in the first 

place, if we make y = — y, the expression sin -1 . */2ny —y a be¬ 
comes sin -1 , sj — 2ay — y *, an imaginary value ; and, secondly, 
if we make y=2a +$, the expression sin“ , % /2ay—-// 2 becomes 
sin- 1 . 2a£—$ 2 , which is also imaginary; and if, there¬ 

fore, at a distance EF = 2a, along the axis of a.-, wc draw (fig. Fig. 4o. 
40) AB parallel to CD, the curve will be comprised within 
the parallels AB and CD. 

The greatest value that y can have is 2a ; for if the gene¬ 
rating circle be made to roll front A to C (fig. 41), the point 



* The sine here corresponds to a radius a ; that of the tables, having 
unity for radius, would hr 

s/lay—y l 

? 

u 

and if, therefore, we wish to introduce this sine, we mubt write 


i —(/sin- 1 .- s/* a y-~y~- 
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M, which was at first at A, will rise continually until it 
reaches B at the extremity of the diameter BD ; when the 
abscissa AD will be equal to DEB, i. e. to the semi-circum¬ 
ference of the generating circle. 

This result agrees with what is given us by the equation 
(124); for if we make // = 2o, we find «r = sin —1 .0; but the 
arc whose sine is 0 must be one of the following ; 0, DEB, 
2DEB, 3DEB, &c., and we see that, in the present case, the 
arc is DEB. 

If the point M, after having arrived at B, and so described 
the arc All of the cycloid, continues to move on, it will de¬ 
scribe a second arc BC, similar to the former; and if the ge¬ 
nerating circle be supposed to roll continually along the axis 
of the abscissa;, the point M will trace out an indefinite series 
of arcs of the cycloid, CB'C" C''B"C'", &c. (fig. 42). The 
generating circle may be supposed also to move from A to¬ 
wards A", and we shall then have another indefinite series of 
arcs AB A', A'B"A'', &c. 

It is the assemblage of all these arcs, which, in the most 
general sense of the word, constitutes the cycloid. 

203. The normal at the point M, whose coordinates are ,r 
Fig. 43. and y (fig. 43), is determined, art. 70, by the formula, 


the normal — 



+ 1 ; 


in which, if we substitute the value of ^ derived from the 

ax 


equation to the cycloid, we shall find 


the normal = y / —+1 = ^/2 ay. 

To construct this value, if we draw the chord MD, fig. 43, 
wo shall have 

DE : MD : : MD : DB. 


or 


y : MD : : MD : 2 u, 
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whence consequently 

the cord A1D = -s/^ny ; 

and since, by the property of the circle, HMD is a right angle, 
the chord MB will be perpendicular to the extremity of the 
normal RID, and therefore the chord MB produced will be a 
tangent at the point M in the cycloid ; for we know that the 
tangent and the normal form a right angle with each other. 

YVe may therefore construct the tangent at any point 3YI 
by describing the generating semicircle BMD, and producing 
the chord BM j but instead of having to construct this circle 
at every point of the curve, it will be sufficient to describe 
the semicircle on the maximum ordinate Bl> of the cycloid 7 
and having drawn through the given point M, the perpen¬ 
dicular ME on BD, to draw the chord BC; then the parallel 
MT to that chord will be the tangent required; as follows 
immediately from what lias preceded. 

204. To obtain the expression for the radius of curvature 
of the cycloid, we must deduce, from the equation of the 

curve, the values of and and substitute them in the 

(Lv (lj* 

expression for the radius of curvature, art. 150, 

. y tl-y • 


to which wc prefix the negative sign, because we know that 
the curve is concave to the axis of ,r. 

Now the equation of the cycloid gives us at once 

.... (125); 

nx y 

to obtain making ™ = )>, wc shall have 
tlx - d,r 
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Fig. 45. 


/2«_1 
y V y 

and, by differentiating, art. 21, we shall find 




2a 

-\ d y 

y* 


2 /*-1 

V # 

whence -!-=z — 


y's/Vay—y 1 ’ 


a 


( ty y*J2ny—y il 

and multiplying this equation by equation (125), we shall 
obtain, art. 26, 

dp a d*y a 

dx y* * OT dx* ~ ~ y ** 

By means of these values we have for the radius of curvature 

» » . 

_Vy/ 


7- 


a -3 

T5 a jr y - 

* y 


and bringing y into the numerator, 

y=2“ Jy* =2.2* «y = 2\/ 2«y, 

and therefore the radius of curvature MM' (fig. 45) of the 
cycloid is double of the normal MR. 

205. We shall obtain the equation of the evolute by sub- 
slituting the values of and '0 in the formula!, (art. 149) 


ii-P = — 


1 + 


d.i* 


d *J[ ’ 
dx* 
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HI 


.r—a = 


A-i j}£v!? 

V dx' 1 ) d.v 


<£l 

dx* 


-<*-»* 


when we shall iiud 


2d 


. 9—0 


- — 2 y, .i 1 — a = — 2 v /2 at /—//* ; 



and therefore 


/3 a =.r+2 x /2ai/—y n -, 

or (fig. 40) 

QM' = MP, a = AP-f 2ME. 

Observing that AP-j- ME=AR= arc MR, the last of these 
equations may be written thus, 

a = arcMll + ME. . . . (126); 

and producing Bit, taking RL=BR=2tf, and describing on 
RL the semi-circumference, llM'L, that scmi-circumfcrcnce 
will pass through the point M', on account of the equal chords 
Mil and MR, and we shall have 

arc MR=arcM'R and MEsM'E, 

which values being substituted in the equation (126), we shall 
find 


a = areM'R-f- M'E', 

and therefore 

a = arcM'R+ ^/2a(3-(3* .... (127), 
the equation which exists between AQ=a, and QM' = /3, the 
coordinates of any point M' in the evolutc. 

If now we produce the ordinate CD = 2a to a point A' 
(fig. 46), so that DA' shall be also equal to 2«, and through Fig. 
the point A' draw the parallel A'D' to AD, and transfer the 
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origin from A to A', making A'Q =a', Q'M’ = fi', we shall have 
for the abscissa 

AQ = AD—AQ, 
or 

a'=fc generating circumference— AQ, 
or 

a=iru—x; 

in regard to the ordinate |3, we have 

M'Q' = A'D—QM', 
or 

ft'= 2a—[3 ; 

from these equations, therefore, we derive 

a-Tta—oi, (3=2a—/3‘, 

and substituting these values in equation ( 127 ), it becomes 


tm— at = arcM'R + .^/2«|3'—0®; 


or 


rfa—a = arcRM'L—arcM'L + ^/2cc{3 —ft 
=tm— arcM'L+ */2afi — /3'“, 

and, consequently, 

a! = arc MX - 

which is the equation to a cycloid, and therefore the evolute 
of a cycloid is another cycloid. 

206. It may be demonstrated by synthesis also, that the evo- 
Fig. 4C. lute AA' (fig. 46) is a cycloid; for we have 

arc LM'+arc RM' = i ra, 

and therefore 

arcLM^irn—arcRM'; 

on the other hand, 

arcRM =arcMR 

= AR, (art. 199), 
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which value being substituted in the preceding equation, we 
shall have 

arc LM' = ir«—AR = AD—AR, 
or 

arcLM =LA, 

which is a property of the cycloid. 


On the change of the independent variable. 


207. When an equation is given containing differential coefficients, we 
can eliminate them only by means of the equation of the curve to which we 
wish to apply the formula; thus when we have the formula 



d*y d.c' 
dx* 


and it is asked what it becomes when the curve is a parabola, we deduce 
from the equation y—ax* of the parabola, the values of and , and 
substitute them in the formula, when the differential coefficients will disap- 

dy d*lf 

pear. If — - and —be considered as two unknown quantities, we must 

dx dx 

have in general two equations in order to eliminate them from any proposed 
formula, and these equations will be obtained by differentiating the equation 
of the curve twice successively. 

208. When, by the operations of Algebra, dx has been removed from under 
Ay, as in the following formula, 


y{di*+dif*) 

dx‘ 1 -\-dif l —yd' l y 


. . (128), 


the substitution is made by considering dx, dy, and d*y, as the unknown 
quantities; and since to eliminate them wc must have in general an equal 
number of equations, it docs not appear at first sight that this elimination can 
be effected; for the differentiation of the equation of the curve can furnish us 
with only two equations betwixt dx, dy, and d*y • but we must observe that 
when, by means of these two equations, we have eliminated dy and d*y, dx* 
will be found as a common factor in the formula, and will consequently dis¬ 
appear. If, for example, the curve be a parabola represented by »/=«r*, 
this equation being differentiated twice successively, we shall obtain. 
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dy—2ardv, d*y~2ada‘ i 1 

and these values being substituted in the formula (128), and the common 
factor dx* suppressed, there results. 


2/(1 4-4/for 3 ) 

4/for* — 'lay 

209. The reason why dx 1 thus becomes a common factor will be easily 
seen; for when in a formula containing originally and - j-, the denomi- 

Ott * (/A 




d 1 !/ 


nator of —~ is made to disappear, all the terms, except those in and 
y-, must acquire the common factor dx*, the terms affected by will no 


longer contain dx, whilst the terms affected by 


041 

will involve the first power 
dx 


of dir, for die product •'f 


dy 

dx 


by dxf 1 is dydx. 


When, therefore, we differen¬ 


tiate the equation of the curve, and so obtain results of the form dy =Md.r, 
d^y—'Sdx*, these values, being substituted in the terms involving d?y and 
dydx, will change them, like the other terms, into products of dx*. 

210. What we have said of a formula containing differentials of the two 
first orders will apply to those in which the differentials arc of higher orders, 
and it follows, dicrefore, that by differentiating the equation of die curve as 
often as it shall be necessary, we may always clear a proposed formula of the 
differentials contained in it. 


211. This will not be the case, if, bcs !, les the differentials which we have 
been considering, the formula should contain terms in d*x, in /for, &c.; for, 
suppose that there entered into the formula the following differentials dx, dy, 
d*y, /for, and that by dilferendating the equation represented by y—fx twice 
in succession, we had deduced from it the equations 

• F(.r, y, dy , dx) =0, F(jp, y, dr, dy , /for, d*y)=z 0, 


with these two equations then we could eliminate only two of the three dif¬ 
ferentials dy, /for, d*y, and we sec that it would be impossible to make all the 
differentials disappear from the formula. In this case, therefore, there is a 
tacit condition expressed by the differential /for, which is, that the variable x 
is itself to be considered as a function of a third variable which docs not ap¬ 
pear in the formula, and which is called the independent variable ; this will 
become evident, if we observe that the equation y =fx may be derived from 
the system of the two equations, 
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* = Ff, y—p, 

_ c )2 

betwixt which / has been eliminated ; thus the equation y —a. K ——— re¬ 
verts to the system of the two equations 

y=al% 


and we may conceive that .r and y ought to vary by virtue of the increment 
which t receives; but this hypothesis, that x and y vary according to the in¬ 
crement given to /, supposes tl t Mi ere are certain relations betwixt .r and 
and y and /, one of which refc. ions ‘.a arbitrary ; for the equation, which we 

_ c \a 

represent in general by y =/.V, being, for example, y—a -— ; if wc csta- 


b 2 




blish la’twixt x and t the arbitrary relation x— — this value being substi- 

c i 

— c) 2 m . ( /3—r3)« 

tuted in the equation y~a —--will change it into y—a — ... . ■, an 




Pc* ’ 


13 


equation which, combined with tire one x — „ must, by elimination, give 
(r—r)* 

y —a. -—, the only condition to which wc need have regard in the choice 

of the variable t. 


212. We may, therefore, determine the independent variable t arbitrarily. 
For instance, the chord, the arc, the abscissa, or the ordinate, may be taken 
for that independent variable; and if t represent the arc of the curve, we must 
liave dt-= y/dx*-\-dy‘* ; if t represent the chord, and the origin be at the vertex 
of the curve, we shall have t~ s /z‘ 2 -\~y' i ; lastly, t may be the abscissa or the 
ordinate, and wc shall have then t =.r, or t —y. 

213. The choice of one or other of these hypotheses is indispensable, in 
order that a formula containing differentials may be freed from tlicm; and if 
it is not always made, it is because we tacitly suppose that the independent 
variable has been determined. For instance, in the most ordinary case in 
which the formula contains only the differentials <£r, dy, d*y, d3y, &c., the 
hypothesis is, that the abscissa has been taken for the independent variable t, 
for then there results 


dx , d*i: d3.v 

t=x 'Tt= l '-d?^ 0 ' m *“• 


and we sec that the formula cannot contain any differentials of x of a higher 
order than the first. 

214. To establish the formula in all its generality, it is necessary, then, 

L 
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from what has preceded, that x and y should be functions of a third inde¬ 
pendent variable t ; and that wc should have, (art. 2ft), 

dy dy dx 

It ~ dx dt 5 


from which equation wc deduce 

<h 

dy _ At 

dx dx 
dt 


. .(129); 


and taking the second differential of ?/, and applying to the second side of 
this equation the rule for fractions, art. 16, we shall find 

d.v d*y dy frx 

tPy dt dt dt dt 

dx dx* 

IF 


In this expression dt lias two uses; one to indicate what the independent 
variable t is, and the other to enter as an algebraic symbol. If we keep in 
mind that t is the independent variable, dt may be considered only in its 
second character; and then suppressing dt* as a common factor, the preceding 
expression will be reduced to 

fry _ dx fry—-Ay frx 
dx dx* * 

and, by dividing by dx, will become 

fry _ dx fry — dy il*x 

dx* ~ dx 3 


215. Proceeding in the same manner with the equation (129), we see that 
by taking t. for the independent variable, the second side of the equation be¬ 
comes identical with the first; and, consequently, when wc take t for the 
independent variable, the only change wc have to make in the formula con- 

dy fry 

tabling the differential coefficients ~ and is that of replacing the second 


dxfry—dy d*x 

differential coefficient by---. To apply these considerations to 

dx3 

the radius of curvature, which, art. 186, is given by the equation 
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if we wish to have the value y, in the case in which t is the independent 
variable, we must change this equation into 


OS ) 1 

dxd*t) — dyd*x * 
dx 3 


7 = 


and observing that the numerator reduces itself to 


(dx*+dif)% 


dx* 


— we shall have 


dxd?y — dyd 9 x 


(130). 


216. This value of y supposes then that x and y arc functions of a third 
independent variable ; if x should be this variable, L c. if l •=. .r, we should 
have d?x =0, and the expression (130) would be reduced to its or dinar y 
form, 


dxd?y 



d*y 

dx* 


217* But if, instead of taking x for the independent variable, wc wished 
that y should be that variable, this condition would be expressed by the 
equation y — t, and by differentiating this equation twice successively, we 
should have 


dy 

lit 


1, 



The first of these equations tells us only that y is the independent variable, 
and makes no change in the formula; but the second shows us that d 2 y 
ought to be 0, and then the equation (130) is reduced to 

(d.r 3 +%*)^ 

y dydPx 

218. Wc may observe, that when x is the independent variable, we have 
d*iv = 0, an equation which shows us that dx is constant; whence it follows 
that, generally, the variable which is considered as independent, has always 
a constant differential. 

219. If, lastly, we take the arc for the independent variable, we shall 
have the equation 


dt — sjdx* -f- dy% 


i.2 
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anti squaring and dividing by di*, this will give us 

Ar« dif*_ j 

differentiating this equation, we must consider, art. 218, as constant, 
since t is the independent variable; and applying the usual rules, wc shall 
find 

2 d.vd*JF , 2 dyd*y_ n 
dt* + dt* ~ 5 

whence we deduce 

dxd 9 x — — dydty ; 

and, consequently, if we substitute the value of cZ 2 a’, or that of d 9 //, in the 
equation (130), we shall have, in the first case. 


(da? 9 4-d// 3 )d 2 2/ dy 


in the second case, 


(dx* + d ? f)* jdv'+dy*, 

•u ~ ----- ay ~ -- ay. 

7 (dx*-\-dy»)d*x J d*x J 


220. In what has preceded, we have considered only the two differential 

fjjt (J^ll 

coefficients ' and —V,: but if the formula should contain the differential 
dx d.v- 

ioeflicicnts of higher orders, we must, by methods analogous to those just 
employed, determine the values of , &,c., which belong to the case 

in which x and y are functions of some third independent variable. 


On the method of infinitesimals. 

221. The ideas which we have of infinity reduce themselves 
to this proposition: A quantity is not hifinite so long as it ad¬ 
mits of augmentation. If, consequently, we have a quantity 
x-\-a, and x become infinite, a must be suppressed, otherwise 
it would be supposed that x might be increased by the quan¬ 
tity a, which is contrary to our definition. 

222. This being a fundamental proposition, it has been en¬ 
deavoured to demonstrate it in a more satisfactory manner, as 
follows : 
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Let tin* equation be 

- + -=M.(131) i 

ax 

which, being multiplied by the product ax, becomes 

x -f a =1VIa«r.(132). 

Supposing, now, that x becomes infinite, the fraction -, 

x 

having reached its last degree of diminution, is evidently re¬ 
duced to zero, and therefore the equation (131) becomes 



and this value being substituted in equation (132), we obtain 

x + a = x ; 

which shows, that when x is infinite, «v-f -a is reduced to x. 

223. The quantity a, in regard to which x is infinite, is 
what wc term an infinitesimal , in respect of x. 

224. Since we consider here only the ratio of quantities, the 
preceding demonstration holds good when x has a finite value, 
provided only that a be infinitely small in respect of x. The 
theory of fractions will serve to render the truth of this still 
more evident; for if we compare the finite quantity b with the 

fraction -, it is clear that the more the denominator z be in- 
z 

creased, the more the fraction is diminished ; so that when z 
becomes infinite the fraction will become absolutely 0, and, as 
such, ought to be suppressed before b, which will be then in¬ 
finite in respect of 

225. Although two quantities be themselves infinitely small, 
it does not follow that their ratio should be 0; for 

a h . 

— : — :: a : u. 

CO cc ' 





150 


DIFFERENTIAL CALCULUS. 


It will be seen likewise that two infinitely small quantities 
may measure each other, as well as two exceedingly large 
quantities; whence, representing the two infinitely small 


quantities by dx and dy. 


it follows that their ratio ~ will 

dx 


not necessarily be 0 ; a result agreeable to what we have ob¬ 
tained by the consideration of limits. 

226. When a quantity .r is infinitely small, in respect of a 
finite magnitude a, the square, a?*, is infinitely small in respect 
of x j for the proportion 


1 : x :: x : a*®. 


shows us that a* is contained in x as often as x is contained 
in unity, i. e. an infinite number of times. It may be demon¬ 
strated, in like manner, by means of the proportion 


x : a*® : : a*® : .r 3 ; 

that a® being infinitely small in respect of x, the term x 9 must 
be infinitely small in respect of a*; and for this reason it is 
that infinitesimals have been divided into different orders; 
thus, in the preceding examples, x is an infinitesimal of the 
first order, a® one of the second order, a 3 one of the third order, 
and so on. 

227- We may observe, that if x be infinitely small in respect 
of a, it will still be so when multiplied by a finite quantity b; 
for, since x may be considered as a fraction of which the de¬ 


nominator is infinite, we may represent x by --; and whether 

co 

c he . 

we have — or —, these quantities will be no less 0 in respect 
of a. 

228. In the same manner that an infinitesimal of the first 
order ought to be suppressed when placed by the side of a 
finite quantity, which it cannot augment, we must leave out 
an infinitesimal of the second order, which appears by the side 
of an infinitesimal of the first order; and so on. 
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If, for example, we lmve the expression 

a + by + cy 9 + dif, 

and y be an infinitesimal of the first order, and consequently 
cy 9 be one of the second, and dy 3 one of the third order; wo 
must first leave out dy 3 , because it cannot augment oy 9 ; and 
since cy 9 cannot augment by, it must be left out in its turn ; 
lastly, we must leave out by also, since this infinitesimal of 
the first order cannot augment the finite quantity a, and there 
Avill remain a. 

229. Two infinitesimals, <r and y, give for their product an 
infinitesimal of the second order ; for from the product ,ry is 
derived the proportion 

1 : y : . x : .ry ; 

which shows us, that since y is an infinitesimal in respect to 
1, xy will be an infinitesimal in respect to <r, i. c. will be an 
infinitesimal of the second order. 

2.30. It n.ight be proved, in like manner, that the product 
of three infinitesimals of the first order gives an infinitesimal 
of the third order. 

231. We may now explain the theory of differentiation ac¬ 
cording to the method of infinitesimals. For this purpose, if 
we suppose that in a function of x the variable x receives an 
increment infinitely small, so that ,r becomes x+d.v, the dif¬ 
ference between this new value and the former will be llie 
differential of the function. 

232. For example, to find the differential of ax, this function 
becoming a(x-\-dx) ~ax+adx, if we subtract from it ax, there 
will remain adx for the differential. 

233. Let it be proposed also to find the differential of ax' ; 
we must then subtract ax' from a(x> -f da) 3 , and developing 
and reducing, we shall find 3ax 9 cLv -f 3axd,t 9 + add 3 . Now 
adx 3 being an infinitesimal of the third order, cannot augment 
3a.vdx ®, and consequently wc must leave out the term adt 3 ; 
in like manner, 3 a.rd.r 9 , which is an infinitesimal of the second 
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order, must be suppressed, because 3 aaPdx is an infinitesimal 
of the first order; and there will remain 3 aa^dx for the dif¬ 
ferential. - 

234. On the same principle we might differentiate every 
other function of x, taking care to suppress the infinitesimals 
of higher orders, which comes to the same thing with retaining 
only the first term of the development, as was done in the 
method of limits. For example, to find the differential of fx, 
instead of writing 


,/( ■»’+/') j* _ A+B / t+ Ofl +&c . 

h 


which, in the case of the limit, gives 


da = A dx for the dif- 
dx 


ferential, wc should have 

JXjx ■+■ d.r) —fx-\r A dx B d.i & + C da 3 + &c .; 


subtracting the primitive function, there would remain 

A dx -f-B daP-j- Cdu 9 + &c.; 

and since infinitesimals of the higher orders are to be suppressed, 
wc should retain only the term Adx, which would be the dif¬ 
ferential sought. 

235. To find the differential of the product of two variables, 
y, z, we will suppose that when x becomes x+djr, y becomes 
y -f dy, and z becomes z-\-dz. The product yz will then be 
changed into (if -f- dy ) (z+dz), and developing and subtracting 
yz, there will remain ydz+zdy -\-dydz \ in which result the 
last term, being an infinitesimal of the second order, must be 
suppressed, and wc shall have, for the differential of yz, the 
expression ydz-{-zdy, 

236. From this last differential we may deduce that of the 
product of any greater number of variables, and then that of 
,r m , by the same processes that we adopted when employing 
the method of limits. 

237* The differential of a x will also be obtained very easily. 
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when we have the development of a 1+(h , and this develop¬ 
ment will be found as that of a c+h was, art. 36; we must then 
determine the value of a* +lLr —a x , and retaining only the first 
term, reject all the others as being infinitesimals of higher orders 
than the term which we keep. Prom the differential of a r , 
we shall deduce, as we did before, that of log „r. 

238. In regard to the differential of sin a', we have sin 
{x+dj?) — sin ■r = sin.r. cosdx + sindx . cos*** — sin-r, and the 
arc d.r being infinitely small, 

cos efo* = 1, and sin dx — dx; 
from which values we find 

d . sin x = cos.r. dx. 


239. The problem of tangents may almost be said to have 
given birth to the differential calculus. We will show how 
this problem is resolved by the method of infinitesimals. 

Let PM and P'M' (fig. 47) be two ordinates indefinitely Fig. 47- 
near to each other, and MO a parallel to the axis of .r; then 
the tangent MT may be considered as the prolongation of the 
element MM' of the curve, since that element, being exceed¬ 
ingly small, may be supposed to be a straight line. Call 
AP, ,v; PM, y; then the increment of <r will be PP'=rfar, 
that of y will be M'O = dy; and the indefinitely small triangle 
MM'O being similar to the triangle MPT, we have 


M'O : MO :: MP : 1»T, 


or 

and, therefore. 


dy : dx : : y : PT ; 


PT=4*. 

“ dy 


We shall find then the normal, the tangent, and the equations 
to those lines, just as in art. 70 and 71- 

240. To obtain the differential of an arc, we must consider 
the arc included between the coordinates PM and P M', taken 
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indefinitely near to each other, as a straight line ; and then, 
calling the whole arc s, MM' will be ds, and the right-angled 
triangle MM'O will give 

MM ® = MO*+ M'O®, 
or 

ds 8 = da & •+■ dy a ; 
and taking the square root, 

ds = s/da? + dy 1 . 

241. The differential of the arc of a curve, whose coordinates arc polar, is 
also found very readily by the consideration of infinitesimals. For let Jilt' 
and MN (fig. 82) be two circular arcs described, one with radius unity , and 
the other with radius m, and subtending the indefinitely small angle M'AM, 
formed by two radii vectores; then the triangle NM'M may be considered 
as rectilinear and right-angled at M ; and we shall have therefore 

MM'=/y/NM HNM*; 

and observing that M'N —dn, and that MN is equal to ndO, from die pro¬ 
portion 

1 : dB : : u : MN, 


we may replace NM' and MN by their values; when, putting ds in place 

of MM', we shall have _ 

ds = » s /du 9 -\-u‘ i d<i‘ i . 

The same triangle MM'N, compared with the triangle MAT, will give us 
the value of the subtangent in a polar curve from the proportion 

M'N : MN :: AM' : AT, 

or replacing AM' by AM, from which it differs only by an infinitesimal. 


whence we derive 


du : ttdQ : : u : AT; 


AT= 


u*d$ 

du 


On the method of Lagrange, for demonstrating the principles 
of the Differential Calculus, without the consideration <f 
limits , infinitesimals, or any evanescent quantity. 

242. We have seen of what utility Taylor’s theorem was 
when it was wished to develop functions in form of a series. 
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Lagrange, observing the great facility with which the prin¬ 
ciples of differentiation might be deduced from this theorem 
{note second), arrived at its demonstration without making 
use of the Differential Calculus, by a process which we shall 
proceed to modify in the manner following : 

Let y ==/(.**+ 4) ; from the nature of this function, when k 
is made = 0,/(x h) must necessarily be reduced to fx; and 
this will be the case if the part containing h in this equation 
be a multiple of 4. Let this part be represented by P, we 
shall have then 

JXjr+ h) =fv+ Ph ; 

and since P also may be a function of h , if we represent by p 
what P becomes when h — 0, and by Q4 the part depending 
on h, we shall have also P = p -f- Q4 ; and continuing this rea¬ 
soning we shall have the series of equations 

=J>+ Ph, 

P=p + Qh, 

Q-? + P4, 

&c. = &c. + &c. 

Putting now the value of P, given by the second equation, in 
the first there will result 

y —f x +ph ■+• Q4® ; 

putting in this result the value of Q, given by the third equa¬ 
tion, we shall have 

y =fx +ph + qh? -f R4 3 • 

and continuing this process, and putting 4) in place of 
y, we shall have, generally, 

J'tx+h^^fx+ph + qh^ + rh?+sh*+ &c. ... (133). 

243. The expression f (x + 4) represents, generally, the 
function which is not yet reduced to the form of a series; if 
in this function wc change x into x + i, we shall have the same 
result as if we had changed h into h -f t ; for since this func- 
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tion cannot contain x without that variable being followed im¬ 
mediately by//, a term, such as A(x+//) m , for instance, when 
we change x into x+i, will become A(<r+A+£) m , a quantity 
the same with A (x-\-h+i) m , which would result from the 
substitution of h + i in place of h in the function A(a? 4 -//) to . 
What we have said of this term will apply to all the others; 
and it follows, therefore, that, on the two hypotheses, the first 
side of the equation (133) must give identical results, and that 
consequently the development fx 4 - ph + qh z +&c., must give 
the same result whether we replace x by x 4 * i, or h by h + i. 

244. Substituting, first, h + i for h in fx +ph -f- q/* a -|- Sec., 
we shall have 

,/x-f-p(A+*)+£(^ + ®) a + r (^ + ®) 9 4 “&c.(134); 

and taking only the two first terms of each of these binomials, 
there will result 

fx -\-ph +pi + qh^+Qqhi + rh 9 -f -3rh*i +&c.(135). 

To obtain now the result of the substitution of x-\-i for x, 
in the expression fx -\-ph+qh Q ' +rh 9 &c., we must observe, 
that since h always shows itself wherever it exists in this 
scries, it cannot enter into^x, and the coefficients p, q, r, &c., 
and that these quantities therefore can only contain x, and 
must be considered as its functions ; and since the equation 
(133) holds good for every function of x, the substitution x+i 
for x will change 

fx intofx -\-pi 4 - qfi -j- ri 9 -\-si 4 +&c., 
p intop +pi -j-p"/ 2 -f- j)"i 3 + &c., 

q into q + q'i + y (] ' P + q h 'i* + &c., 

r into r + r'i -J- + r"* 5 -f r iv £ 4 + &ci, 

s into « -f*s£ + s'i* +s"'i 9 -+- s ,v i + +&c., 

&c. &c. &c. &c &c. 

where it is almost needless to observe that by the accented let¬ 
ters we represent the coefficients of the different powers of i in 
these developments. Substituting these values of/.'r, p, q, r, s , 
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Sec. in the series fv -\-ph -f- qh 12 -f- Sec., we shall obtain 

Jx +pi + qi 2 -j- ri 3 + See. -f (p+p'i +p £* + &c.)A 
+ (fl -b q'i + q"& + &c.) A 2 + (r+ r i +r"i® + &c.)A 9 •+* &c... (136). 

245. Since this development must be identical (art. 243) 
with that denoted by (135), the terms which contain the 
same powers of A in these developments must be equal ( note 
third) ; and consequently, if we compare the terms involving 
hi, h*i, h 3 i, Sec., we shall find 

p' = 2q, q'=3r, r — 4s, Sec .(137). 

246. We have seen, art. 244, that p was generally a func¬ 
tion of x ; representing therefore p by /V and the coefficient 
of h in the development of f\x+h) by f"x ; and representing 
in like manner the coefficient of h in the development of 
f"(x+h) by /^'V, and so on, we shall have the equations 

f(,r+k)=j:v -\-hf x -j-terms in A 2 , A 3 , &c. -v 
f r (x-{-h) —fx 4 - terms in A®, A 9 , &c. f 

+ /,) —fx+hfx +terms in IP, IP, ^ 138 ' - 

&c. = &c. &c. &c. 3 

247. Now, by hypothesis, we have, art. 246, p —fx ; if, 
therefore, in this equation, we make x = x+h, we shall have 

p+p'k+p"h*+p”h*+&G.=.f'(x+k') -(139); 

and putting in this equation the value of f(x + h), given by 
the second of the equations (138), we shall obtain 

p-pfh+p'h 2 +Scc. =.fx+Jtf «*?-f terms in A 2 , A 9 , &e .; 

which equation being true, whatever A be, the terms involving 
the same powers of A must be equal, and consequently 

P=f'*‘ 

This value of f will change the first of the equations (137) 
\iYtof"x — 2q, whence we shall derive 

q=if\v; 
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and if in this equation we change x into (x + 4), there will 
result 

q+qh+q / h l +&cc=.%f'\<v-+-k) ; 

whence, putting for /"(jv+h) its development, given by the 
third of the equations (138), we shall have 

q+q'A + q ,f A 2 + &c.=^(y v# x+V"® +terms in h*, h s , &c.) ; 

and comparing the terms which involve the first power of h, 
we shall find q = ^/'".r, a value which, being substituted in the 
second of the equations (137), will change it into \f"x — 3r y 
whence we derive 

r = i • i •/"'■*• 

Proceeding thus, we shall find successively all the other co¬ 
efficients of the equation (133) ; and substituting in that equa¬ 
tion the values of p, q, r, &c., we shall have 

/(x-f h) ^fx+hfx ++ &c .(140). 


248. If now wc consider the first of the equations (138), 
we shall see that/x, being the coefficient of h in the develop¬ 
ment of/(x A), is what we have designated by or by 

" j observing, in the same manner, the second of the equa¬ 
tions (138), we perceive that the coefficient f\v of the first 
power of h in the development of/(x-f-4) ought to be repre- 

d ty 

, , , d.Px , • dx d*u , 

sented by - — -, l. e. by —— =and so on; when, conse¬ 

quently, putting these values of/x,/.**,/'«*?, &c., in the equa¬ 
tion (140), we shall find 

/(#+*>=>+j^+g *i +&c .(Mi). 
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249. It is thus that we arrive at Taylor's theorem, without 

making use of the differential Calculus. The expression 

which enters into this formula, is the symbol of the operation 
by which we obtain the coefficient of h in the development of 
,/Xr+4) ; and, after this coefficient is found, the expressions 

(vti 

ch?’ l& y & Cm * * n< ^ cate t0 us ^at the same process repeated 

will make known to us the coefficients of the other powers of 
h; so that we require only to know by the rules of algebra, 

what ~ ought to be for each function. If, for example, it 

were asked what is for the function we should de¬ 
ck? 

velop (#+A) m by the binomial theorem, which would give 

.r m +mx >n -’ l h + 8zQ .: and since ~ must indicate the coefficient 

ax 

of the first power of h in this development, we should have 
Thus the whole is reduced to the being able to 


find, by analytical processes, the development of the different 
sorts of functions which algebra can present ; and these pro¬ 
cesses will not differ in any way from those which we have 
given for developing the different functions which, by their 
combination, give all the others. It is thus that we have 
given the developments of a x+h , of log (x+h), and of cos 
(.*■+/#), &c. 

250. Here, then, is a third method, by which the principles 
of the differential calculus appear demonstrated in a manner 
independent of every consideration of limits, infinitesimals, or 
evanescent quantities; but, nevertheless, this method does not 
exclude that of limits, for when we come to its applications, 
and wish, for instance, to determine the volumes, the surfaces, 
or the lengths of curves, or to obtain the expressions for the 
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sub-tangents, sub-normals, &c., we are constantly obliged to 
have recourse to limits or infinitesimals. 

251. In considering the developments of the different func¬ 
tions («r-|-A) m , log(«v+A), sin(j?+/i), &c., which algebra 
presents to us; since these functions are exceedingly limited 
in number, it is easy to perceive that, in their developments, 
the coefficient of the first power of A is not either 0 or infinity, 
so long at least as .r retains its indeterminate value; and this 
moreover results generally from the preceding demonstration. 
For suppose that we had p = 0 in the equation 

J[x+ A) = fx+ph+ qh a + rA 3 + &c.; 

there would then be two cases ; the value of «r, which p con¬ 
tains, would either be given by an identical equation, or by 
one that was not so; in the latter case p=0 would represent 
an equation of a certain degree, and this equation would give 
a limited number of values of x, which would be contrary to 
our hypothesis, which admits for x any value whatever; but 
if p—0, i. e. ifyV=0, be an equation identical in respect 
of x *, making # = x+A, we should have still A) = 0; 

and since h would enter wherever x does, this equation, con¬ 
sidered in respect of A, would still be identically 0, or, in other 
words, this equation would hold good whatever were the value 
of A ; and it would therefore be the same with its development, 
which, according to the equation (139), is 

p +j/A,+p"A*+jt/ ,/ A 3 +&c. = 0: 

but when an equation of this sort is 0, independently of A, 
the coefficients of the different powers of A must be separately 


* The case in which j? does not contain x is comprised in this; for if the 
value of jp, which is 0, be represented by a—a, we may consider it as . ... 
(<*—x) —(«—x). 



on thb ummop m*****&**h'» 

i 

0 ( note third)* and we mu$h consequently have 

* /'*<>, Afc 

Substituting these values in the eq«®laoiii& 

ft =%> j^'»3r, ^»4t, &c. 

which result from the identity of the terms affected by. the 
same powers of ik, &h, i*h, &c„ in the series 134 and 136, we 
should obtain 


ysO, r=0, 4=0, &C.; 


and, since also p=0, the equation (133) would be reduced to 

J{*+/i) ==/>, 


and it would be necessary, therefore, that 4 '+A, put in place 
of x , should produce no change in the function^ which would 
require the function to be identical or constant j An* we knew 
that it fa were, for instance, of the form a?*—4*, or of the 
form c~M a — x®, the substitution of <r-M in place of a? would 
give always the same result, and we see that, in the first case, 
the function would be identical, and in the second, would be 
reduced to a constant. From this it follows, that the co¬ 
efficient of the first power of A cannot be 0 in the general de¬ 
velopment ofJXjo+k). 

It would be no ienB absurd to suppose that coefficient in¬ 
finite, for the second side Of the equation (133) becoming in¬ 
finite, the first side would be so likewise, i. e. we should have 
yj>-f A)= osj and since j\x+h) is composed of ( 4 ?+A) as 
fa is of x, the term which mjr(-r4*A) readers that expression 
infinite, must also render fa infinite. For example, if^a?Hr A) 


contained a term such as 


(r+ A) —(rH* A) 


, which is infinite. 


it is evident that We must have in fa the term 


4 ?— jr, 


which 


would be also infinite. It follows, therefore that the pro- 
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posed function would be infinite, which we do not at all 
suppose. 

252. The expressions J\v, J"x, f*'x> &c., are what La¬ 
grange calls the prime Junction, the secondJunction , the third 
Junction, &c. of fx, and generally they are the derived func¬ 
tions. Lagrange indicates also the derived functions in an¬ 
other manner, by replacing ^ by y, by y", ~~ by y", and 


so on. 


On the case, in which Taylor's theorem Jails. 


253. In general, when in a function of <v we put .r-f -h in place ofthe 
form of the function remains the same, since x-\-h enters wherever x did; 
thus, when fx contains a radical, f[x -HO will contain it also; if, for ex¬ 
ample, we have 


fo—baP+ 


•sfi . 


the same radical will be found in the expression 


f{x+h) =6(*+A) a + 

254. This would not always be the case, if we should give a particular 

value to x ; for instance, if ^/x^-a should enter into fotf{x-\-h) would ne¬ 
cessarily contain the term 

^.r+A— a ; 

and the hypothesis of x—a would cause the term tfx—a, which appears in 

8 - 

fx, to vanish, whilst the same hypothesis would reduce Jx-\-h—a, which 

enters into/(*+&)« *° l/h=z/i ^; so that the development of/(®-H0 would 
then contain a surd quantity, which does not exist info, and consequently 
could not be developed according to integral powers of A. 

This impossibility would manifest itself by the infinite values assumed by 
the differential coefficients ; for example, if we had the equation 
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we should find, by differentiating, 


dy 

d.T 


1 _8 

=j(*-®) » = 


I 


3^/(*-«> > 


and we see that the value of the differential coefficient becomes infinite, when 
we make x—a. 

256. Ivet, generally, 


/(a +A) = A +BA +Cft s +D^ +- Mftn+NA^ ; -f &c. . . (142) 

be the development which we arc supposed to obtain by making x~a y and 
in which »-f~ represents a quantity lying between n and »-f 1; wc will pro¬ 
ceed to show that the differential coefficient of the order «-{-1 is infinite. 
For this purpose, considering a as a variable, wc know, art. 53 and 54, that 
we have 


4/(d+;Q _ d/( fl +;0 
du Ah 1 


d : /(u+J f) d*f(a+h) v 

' ,1V •(“•«)! 


now, by differentiating the equation (142) successively in respect of A, and, 
for the sake of brevity, representing by M', N"; M", N", & c . what the co- 
t fficients M and N then become, we shall have 


df aA-f ' *— — J 

'-^—^=3+204+3DA* ... + M'An-i +N'A “ + &c., 

d"-f(a+h) —2 

—^ =2C +2.3 DA-hM "hn-2 +N"A -f &c., 

&C. &C. &C. i 

replacing the first sides of these last equations by their values given by the 
equation (143), we shall obtain 


da. 


«+ 


= B + 2CA + 3DA« ... + 2V'A 


■+* • ■ . (144), 


=2C+2.3. DA.+M"A»-2-f N"A 


«+-2 


-4- ■ • • ( 1 45); 


and making A=0 in the equations (142), (144), and (145), &c we haw 

M 2 
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/«= A, 


'ML-b d *f a 

da ’ da* 


«=2C, Ac., 


which will suffice for determining the coefficients A, B, C, Ac. of the equa¬ 
tion (142). 

This being premised, from the inspection of the equations (144) and (145), 
we see that, since every differentiation diminishes » by unity, when we have 
arrived at the n th differentiation, we must have t 

I 

rf«/(a+^ )_ . pftw—w-j-Q/t * + Ac. = PH-QA~ -f- Ac. 


and from the next differentiation, wc shall find 


rt»+\f(a+h) 

da*‘+ l 


= RA -f- Ac. i 


but — being less than unity, -— 1 is a negative number, and the preceding 
z z 

equation may therefore be written thus, 

d»+if{a+h) Ac . 

daf*4 1 1 ’ 

k ~ * 


consequently, when wc put 5=0 to determine the coefficient of one of the 
terms of the equation (142), we shall find 

d*+fa _ R . 

rftfM+l 0 ' 

and it will be the same when we wish to determine the differential coefficients 
of a higher order. 

It follows from this theorem, that when we make x =a in the development 
of f(x-f-h), if there he a fractional power of h in the development , and it lie 
betwixt the terms affected by h» and hn+i, we shall not he able to determine 
the terms of the series of Taylor beyond that of the order n; all the other 
terms will become infinite. 

256. A function of x represented by fx being given, if we wish to de¬ 
termine the development of f(x-\-h\ on the hypothesis of jr=a, we must, as 
we know, calculate the terms of the series 
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but if in making this calculation we find that one of the differential co¬ 
efficients becomes infinite on the hypothesis of x —a, we must no longer seek 
to obtain the development of by Taylor’s series, but employ the 

following method: We must put x-\-h in place of x in the function fx, 
then the term which contains x—a in the denominator, will contain x —a-H» 
and will no longer become infinite when we put x—a, but will produce a 
term affected with a fractional power of h. 

257* For example, let the function be 


fx = 2 ax —x 1 +« 


by differentiating, we find 


dy 

dx 


=2 (a-x)+ 


ax 


n 



and substituting these values and those of 


d*y fay 
dx* dx*' 


&C-, in Taylor’s for¬ 


mula, art. 55, wc obtain 


/(.*■+/*) =2rtJr-.r»+a^*- 9 —«*+ £2(a—*)+ -0==^^^ &-C. 

in which expression, when x=a', the term multiplied by h becomes infinite, 
ami therefore the development is no longer possible. 

In this case, according to the preceding rule, we must put x-f h for x in 
the equation 

fx —2ax —x 2 -\-a*Jx z — 0 % 

and we shall find 


/(x-f/t) =2ax+2ah -x'-Vxh-k'+as/x'+'lxh+h'-d^ 
an equation which, on the hypothesis of x=a, becomes 

f{a *H0 —« 2 — h 2 -\-a*/2ah 
or 

f(a -HO = 0 = —li 1 +a^/h ls /2a+h, 

and developing by the binomial theorem, and, for brevity’s sake, repre¬ 
senting by A, B, C, &c., the coefficients given by that formula, we have 

V2a+A=(2a-|-A)«==A-|-Bfe-f C/t*4-I>^ 3 + &<*. i 

when, substituting, wc find 

i^h -f Ac. 
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Wc see, from this example, that by putting .v+7* for x, in the function, 
and making <r=o, we may introduce one or more fractional powers of h ; 
we then develop, separately, the terms which are susceptible of it, either by 
the binomial theorem or otherwise, and substitute these terms in the value of 
which then gives the development. 

£58. When x continues indeterminate, Lagrange has demonstrated that 
the development of ,/(.*■■+/*) cannot contain terms with fractional powers of 
h. For suppose that we had 


f(x +/i ) -fx +ph -f .... 4-K^/i ; 


then, since K^//i allows of three values, M, N, P, we shall have the three 
developments off(x-\-h ): 

,/(■*' + Zr) ~f r +J , Z/+</7* 1, + • • ■ +31, 

/(■*■ +Zt) —fx +/>// +fjh* -f- . . . + N, 
f(x+h)—fx+]>h+qh*-\- . . . -j-P. 

But since fx must contain the same roots that > /’(.r+//), art. 2Y.I, does, fx 
must also have three different values Q, 11, S, and substituting successively 
these values in place of fx, are shall find 

/(.T+7 t )=Q+j>7*+?/i*+ • - - +31, 
f(x +/t) =Q+p7i +</^ 9 + • . . +N, 

/(*+/•) =Q+i»7*+*A«+ . .. +P, 
f(x +/*) =11 +/;7*+ . .. +AI, 

^(.r+Zt) . . . +N, 

/Cr+70 = R+p/*+7^+ • • • +P, 

./"(•*'+7t) =S +f’/i-j-</7f'-{- , . . 

/(*+'0= s +7'^+V^‘+ • • • +N> 

/(.v+7,)=S +/*ft+ ff >T+ . . . +P, 

so Lhat the expression /(.r+Zr), when developed, will have nine different 
values, whilst, undeveloped, it can have only as many as fx contains, anti 
consequently three on the present hypothec,is ; thus we cannot suppose that 
the development off(x-\-1t) contains a fractional power of //, without falling 
into a contradiction. 

25i), It is easy also to demonstrate that f(x-\-h) cannot contain in its de¬ 
velopment a term affected with a negative power of h , for if it should contain 
a term such as M/i—«, we should have 


/‘(.i+70 = A+p7t+^, . -f~~, 

/<■* 
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and, by making h—. 0, the first side would become jit, whilst the second, in¬ 
stead of being reduced to fx also, would become infinite, on account of the 

tenn which it contains. 
h* 

260. The same thing would happen, if the development should contain 
a term affected by the logarithm of h ; for if we had, for example, a term 
such as A log /i, this term, when wc made h =0, would become A log 0 ; and 
since the logarithm of 0 is — os, the term A log h would then be infinite ; 
whence fx would become so likewise, which is contrary to our hypothesis. 


KND OF THK L)JINFERENTIAL, OAIiCtJIjFfi. 




ELEMENTS 


OK THE 

DIFFERENTIAL AND INTEGRAL 

CALCULUS. 


INTEGRAL, CALCULUS. 

On the integration of monomial differentials. 


2(J1 . Thk object of tlic Integral Calculus is to find the func¬ 
tion, which, being differentiated, will produce a given dif¬ 
ferential. To commence with the most simple case, we will 
proceed to integrate the expression x m dx; with which view, 
differentiating the expression jr m+l > we shall find 

d . +, =(w + l ).r*V.r, 

whence we shall deduce 


d. ,r m+l 
m -j- 1 


= x w d.r 


and since the constant m +1 has no effect on the differentia¬ 
tion, the preceding equation may be written thus. 


»,W1 + 1 

d.' -- = ; 

m J 


consequently, the quantity which, when differentiated, will 

.r'" +1 


give ,r m d.r is 


m +1 ’ 


To indicate this operation, we put before 
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the differential the characteristic f, which signifies sum or in 
tegral *, so that we may write 


f.t™(Lr = 


»+r 


262. Hence we deduce this general rule: to integrate x TO dx 
toe must increase the index by unity, and divide by the index so 
increased and by the differential. 


263. Take, for example, 



we shall have then 


/idx 

J—-=Jad.x..r •' = 


a,i 


(—8+ I 






—3+1 -2 


2 ,/-’ 


we shall find similarly that 


iv 

fdwXj x* =fx ^d.r = 





264. We must observe, that when we differentiate a -f x w . 
we find rn.r m ~~ l d.r, as though we had differentiated only x ‘"; 
consequently, in integrating, we must add a constant to the 
integral. Thus, in the preceding examples, we must write 


ad.r 

''x s 



+ C ,Jd.rt/.r‘- 



+ C. 


266. This constant C, which ought to vanish b\ r the dif- 

* * 


* This term sum, for designating the integral, has been introduced by tin- 
ancient geometricians, because, according to the method ofinfinitcsmial-,, tlu*y 
considered a function y as the sum of all the infinitesimal increments. 

1'ig. 48* For example, we sec that the ordinate being MP (fig. 48), we have 

MP =«&+«'// +a"b" +b'"6"' +«»v M . 

that is to suy, // is equal to the sum ot all the infinitesimal increments, r. 
presented each by iiit. 
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fcrcntiation, is in general arbitrary, unless from the nature of 
the problem it be determinate. 

If, for example, we have the erpiation y — ax 2 — b, which is 
that of a parabola CB1) (fig. 49), whose origin is in A, and Fig- 4U. 
we deduce from it 

dy—2ax dx, 

we shall find, by integrating, 

y = ax- 4- (' .... (1), 

and this erpiation may belong to an infinite number of para¬ 
bolas, according to the value of C. 

But if we wished that of all these parabolas CBD, C'll D', 

C B' D , &c., the curve which has for its equation y = rt,? M + C\ 
should be a parubola passing through the point E, whose co¬ 
ordinates are 

y =0, — AE = j —> 

n/ a 

it is necessary that, on making ./■= jL, wc should have 

V a 

;/ = (), wliieli will reduce the equation (1) to 

0 = A-* r C, 

whence we shall deduce 

C = —6, 

and substituting this value in equation (1), we shall obtain 

y=zaz 2 — h, 

as we bad before the differentiation. 

2(5(5. When the nature of the problem does not determine 
tlic constant, wc may dispose of the constant as in the follow¬ 
ing example ; having found that the integral of x m dx is 
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wc will give to x a determinate value b, when the second side 
of our equation will become 

b m+l 

—T + C... (3), 

and C being arbitrary, we may determine this constant on the 
condition that the expression (3) is 0, or, which is the same 
thing, on the condition that we have y —0 when x = b; then 
the equation (2) will become 

6"* + l 

« =-r+C, 

vn +- 1 

whence we shall deduce the value of C, which being substi¬ 
tuted in equation (2) will give us 

1 __ fofn +I 

y-" 


m +1 


.... (4). 


267- There is only one case to which the rule of art. 202 
for integrating x^dx will not apply; it is that in which 
m= — 1, for then the formula (4) becomes 

6 ° 0 

y ~ 0 “ 0 ; 

in this case, therefore, we should have to make use of the 
rule of art. 81 for determining the true value of the integral; 
but we may avoid this inconvenience by observing that .... 

x~*dx and that this expression -- is the differential of 

log x, consequently, wc shall have 

/~ = log*+C. 

,r 


Certain complex differentials whose integration may be effected 

by the rule off the art. 262. 

268. We have seen, art. 22, that the differential of a poly¬ 
nomial is formed of the sum of the differentials of its terms; 
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reciprocally the integral of a polynomial will be equal to the 
sum of the integrals of the terms which compose it. 

For example, 

f[adv— t^+xdxy/1) =fadx—J^+fS 2 da'+V, 
or, by performing the requisite operations (art. 262), 

+^ i +|r i? + c. 


W e have added but one constant, because each term giving 
a constant to the integration, we may represent the sum of 
these constants by a single letter. 

26J). Every polynomial, such as (a + bx+ cjt -f- ikc.y'd.r, 
may be integrated by the same rule, when n is a positive 
integer; since we have only to raise the polynomial to the 
power indicated by n, and integrate each term separate*]}'. 

For example, to integrate we shall have 

f{n h.r^d.r ~f(a 9 2abx+ b 9 a: 9 )dj 
= a®x4- ab.i A -f -H C. 


270. When we have an expression such as (Fj. , )’'dF.r, com¬ 
posed of two factors, one of which is the differential of the 
part F a? within the vinculum, wc must put F«z* = s, and con¬ 
sequently dFa* = dz ; when, substituting, we shall find 


(Fo’) w dF.r = z n dz. 


and integrating. 


z n + l fFxV* +1 

f(Fx)"dFx =— rr+C = + C. 




n + 1 


To give an example, let the expression be 


(a+ta’-f-cvr*) 


(bdx+2crdjc) ; 
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since hd<r -f- 2(\vd.v is the differential of the quantity contained 
within the vinculum, putting 

a b,v + ex’ — z, 

we shall have, by differentiating, 

bd.v -f 2c.rd.r = dz, 

and therefore 

(a -4- b.r + c,z A )*(bdj’ + 2c,rd.r) = z*dz, 
whence the integral of the expression will be 
3 ■? 3 

jz + C = p(« + b.c -f ex*) 3 + C- 

O it 

271. If one of the factors be the differential of the other, 
except as to the constants, we may still integrate by the same 
process. Let the expression, for instance, be 

(a + bx 9 )*m.rd'V . . . (5 ) ; 

since wc see that the differential of a + bx?, which is 2 b.rd.r, 

differs from mxd.v only by the constant, wc; will put. 

a+bx^ — z, and consequently 2bxd.r = dz, whence we shall 

deduce .rdx = —, and substituting these values in the expres¬ 
sion (5), we shall obtain 

i on J_ 

{a-^bx^mxdiv — ~z~dz • 
and, by integrating, there will result 

/(a + bxrfmxdx = + C== ^ + &» 8 )- + C. 

272. The same transformation will also apply for reducing 
certain differentials to logarithmic forms ; if we had, for ex- 
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udx dz 

ample, - ■, making a+bx=z, we should deduce d,r=-- ; 

CL “f* Oil* O 

substituting, we should have 

_ aclx dz a <dz a , 

J a + 6,r J b z b J z b b 

and putting for z its value, 

„ adx a . , , „ 

T los(n+br)+c - 

Proceeding in the same manner for -— , we shall find that 

ilie integral of this expression is 

„ adx a . . , . 

• / ^=-T 1#B( "- 4ar)+t - 


Integration by circular arcs. 

273. Let the are CB (fig. 50) = z, and its sine CE = .#• ; we Fig. flO. 
have then ,r — sin s, and dilferentiating, there will result 

dx — cos zdz, 

whence we shall get 

, dx 

dz — -; 

cosz 

but the equation cos* s-f-sin 2 z = 1 gives us 

cos z — y/l —sin* z = V 1 — x 8 ; 

substituting this value, therefore, in that of dz, we shall obtain 

. dx 

dz = ■■ — , 

VI — x* 

and consequently we shall find, by integrating, 


hM==u+ C 

‘Vl-a* 


.(6). 
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To determine the constant, suppose that when x = 0, wc have 

d.r 

• / 7ra= 0: 

since, then, according to fig. 50, the arc 2 , represented by CB, 
is 0 at the same time with the sine x, the equation (6) w r ill, 
on this hypothesis, be reduced to 0=C, and consequently 

r dx . 

J — = sin 1 ,r. 

274. On the above integral may be made to depend that of 


for by dividing the two terms of the fraction by a, we shall 
have 

d t r , x 


w* —• 

/ » a _ /* a 

^ / 1 - 

x/ « 2 «*/ a* 


and since this integral is composed of in the same manner 
tlx 

that J — — — , is of x , it follows that 

*/l 

r dx . x 

y/aP—xP * 

275. In the second place, let 2 be the arc CD (fig. 50) 
whose cosine AG is ,r; we shall have then 


,v = cos z; 


and, by differentiating. 


d.r =—sill zdz ; 


whence we shall derive 



INTEGRATION BY CIRCULAR ARCS. 


177 


dz = 


d.v 


sin z 


and putting for sin z its value drawn from the equation 

cos® z + sin® z = 1, 

we shall obtain 

dx 


or, since cos z ~,r. 


dz = 


dz — 


y/ 1 — cos® z 
dor 


y / l —,? 2 

when, integrating, we shall have 

— (1ST 

/ —- = = cos _1 .r=arc DC + C .... (7)- 
Vi-i* 


d.r 


To deterinine the constant, suppose that when x = 0,f -—— 

if 1 ——x^ 

is also 0 ; in this case, then, equation (7) is reduced to 

O^cos^O+C.(8) ; 

hut in order that the cosine AG of the arc CD may be 0, that 
arc must become 

ir 


DB = l circumference = - ; 


putting, therefore, in place of cos -1 0 in equation (8), we 
have 

0 = Jir + C, 

which gives us 

C = — bt; 

and substituting this value in equation (7), we obtain 
dx 




y /1 — *' 


. = — (■£*■—arc DC) =—arc CB. 


N 
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278. Wo have seen, art. 45, that 

tljf* 

(L tang ,?■ = —— ; 

COS* J? 

if, therefore, we make x = tang z, we shall find 

dz 


and consequently 
but the proportion 
giving 


d. r — -- - , 

Cos 2 z 

dz = d.r. cos 2 z : 
cos 2 : l : : 1 ; secant 2 , 

1 


COS 2 = 


we shall have 


cos* z = —= 


sec 2 

1 


see® z 1 -4- tang® z 1 ’ 

whence, substituting this value, wc shall find 

dz = da ’. r—— ; 

1 + A* * 

and, integrating, we shall have 

- d,v ,, 

• / IT^ = * +C ' 

Taking then the integral on the supposition that the integral 
vanishes when a —0, z becomes 0, and we have 


0 = C; 


and therefore 


d.t 


A-= arc whose tangent is x. 


1 +a® 

277. We may bring under this form the integral 

da? 
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for, dividing the two terms of the fraction by «*, we may write 
it thus, 



and since this integral is composed of —, 

a 

we shall have 


1 - 

as ~A 


dx 

-f- 


is of x. 


r ( " r i x 

y-— — rz-tan- 1 

-f~ x* a a 


-Lot, also x be the vorsine DG: then the cosine mid versine 
being together equal to unity, wc shall have 

x + cos z = 1 ; 

and, by differentiating, 


dx — dz .sin z , 


whence we deduce 


but 


dz — - 


dx 


sin 3 


siii3= - v /1 —cos” z— ,/{}— cos z) (1 +cosz) = <v /.r(2— x) ; 


substituting, therefore, we have 


and, by integrating. 


J 


dz 


dx 


dx 


2<r — , 2 > 3 


v/ 2x — .r* 


= versin -1 ,*’. 


Wc add no constant, because, supposing that the integral 
vanishes when x is 0, z is also 0. 

278. When we wish to have the value of the integral for a 
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particular value of ,r, we must proceed as in the following 
example. 


dm* 

Suppose that the integral of — -- is required, when = 7; 

1 A- 

the radius therefore being 1, the tangent will be 7 i and since 
the tables of sines are constructed with a radius = ten thou¬ 
sand millions, the tangent relatively to that radius will be ten 
thousand million times greater, and consequently the value of 
that tangent will be 7 X 10000000000. The logarithm of the 
tabular tangent will therefore be expressed by 

log 10000000000-flog 7= 10-f log 7, 


= 10+0,845098, 
= 10,845098; 


and looking out for this logarithm in the tables of sines, we 
shall sec that it corresponds to an arc of 


or. 


90° 98, of the decimal scale. 
81° 52', of the sex agesimal scale. 


To find the numerical value of this arc, yn the supposition of 
radius = 1, we must observe that, on this hypothesis, the cir¬ 
cumference = 0,283 . . . . ; and, consequently, we shall have 

400" : 90° 90' : : 0,283 .... : arc sought =1,42 .... 
or 

300° : 81 "52 : : 6,2a3-: arc sought = 1,42_ 


Integration by parts. 

279. In taking the differential of a product of two variables, 
by the process of art. 14, we find 

d.uv = udv + vdu ; 

whence, integrating and transposing, there results 

fudv = uv — fvdit ; 
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and it is to this formula that we refer the differentials which 
we wish to integrate by the method of parts. 

280. If, for example, wc were unacquainted with the in¬ 
tegral of je m dx, we should put x' u = u, dx =■ dv, and we should 
have 

% fx m dx = x' , ‘ +1 dx = .r" ,+ ' — mjx ,n dx ; 

whence, collecting the terms affected by x m d.r, we have 

(m + 1)/Wt = -r" J+1 , 

and therefore 



jdc log j = .v log x—fdx — ,v log .v — x C = (log x — 1 ).r *f- C, 
282. As a last example, let it be proposed to integrate 

dx v'o*—<»■*, 

making 

y/a *—= and dx — dv, 

wc shall find first 

___ _ a&dx 

fdx*/a 9 — x’ = .r N /« a ~,* a +y : -===== .... (9) ; 

V ® —3, 

and wc must now look out for another value of 

/Hx»Sa*—-x A ; 

for which purpose, by multiplying this last expression by 

jd*’—7* 

s/d 1 -J 4 ’ , 
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we shall have the identical equation 


y*dxv/o a —ap ==/' 


n l d,i 


-s- 


aPd.v 


rt®— A ,e Aja-—ar 


whence, integrating the first of the expressions on the second 
side, we shall obtain 


ji 

fdxiJa' 1 —, 2 ** = a® sin"” 1 -/’— ■ • - ~ » 


and adding this equation to equation (9), we shall find 


- - ________ it 

2fd,r a/cP — x Ll —;iy/a % —a? 4 4-a® sin~ l ' fl 5 
and therefore 

J m JC 

Jcl#*/ a ?— afi + ~2~ s i n ~ 1 -+ 

We see, from these examples, that when, generally, we have 
an expression such as J'vdu, the method of parts renders the 
proposed integral dependent on that of Judv , and that, con¬ 
sequently, this method of integration is not always applicable. 


Integration by series. ' 

283. Let XdLr be a differential in which X represents a 
function of x ; if we develop X in a series. 

Ax* 4- B a? + Car* 4- 4- E«r‘ 4- &c., 

arranged according to the exponents a, /3, y, &c., wc shall 
have 


/X<A» =/( Ax*+B^+ Cx y +Dx i +Ex‘ +&c.)rf^ 


A»* + 1 <*) B./ + 1 
a4-l /34-1 


Csc 7 +1 dJ + 1 

y+1 + S+T~ 


4~ &c. 4" C. 


* Should one of the exponents «, *3, y, &c., be equal to — 1, the term so 
affected must be integrated by logarithms. 
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dcV 

284. Let us take, for example, the fraction-, which is 

o+«r 

the differential of log (« + x) : this fraction may be written 
thus: 

4 - xdx, 
a -\-.v 


and we must now find the development of — , which might be 

done by means of division ; but without performing this opera¬ 
tion, we may deduce the development required from a formula 

easily remembered, which is this, 

1 


\—z 


;1 r* + &c. . . . (10).* 


1 


For the fraction-may be put under the form 


a-f-.r 


-X 

a 


1 •+• 


a 


1 x 

when, to develop-, we have only to change z into —in 

'** n 


1 + 


a 


the formula (10), and we shall have 

jf x~ x 


J «i r« »>3 


1 +- 

a 


» w - 

—+-«-—-« + &**■; 
x a « 2 o* 


and therefore 


* This formula having been found by division, it might be supposed that 
it would be better at once to divide 1 by but I have observed that 

when a particular formula is fixed in the memory, it is easier to deduce from 
it differ ent developments, than to repeat the operation in each case. 
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11 11 

-x-or ——- = — 

a „ . x « + a 


1 +— 


a i x 
a s "^”« 3 


M ' t ,3 


a 


-- +&c.; 


a 


consequently. 


. dx r /l x x 2 \ , 

J =/ (-- ■ + -j-T --r + & c -J dr i 

a+x 'a a 2 a 3 a 4 / 

whence, by integrating each term separately, we shall obtain 


f- 


dx x x 2 a 3 


■ &c. + C . . . (11) ; 


u+x a 2a* 3a 3 

and observing that the first side of this equation is a logarith¬ 
mic differential, art. 272, we shall have 


&c. 4*C . . . (12). 


x .r- a 3 

log («+,)« -—JJJ+-. 

To determine the constant, we must observe that when 
x — Of this equation is reduced to logo = 0-j-C; which value 
being substituted for C, the equation (12) will become 


log(a+4.) — logo + ~ — he.... (*) 


• We must observe that in thus determining the constant, we no longer 
regard it as arbitrary; since by making x—0, in the equation (12), die 
constant is necessarily equal to the logarithm of a. Where the constant ac- 


dx 

quired this determinate value was, when, instead of/——;, we put log (a+^); 

a 


dx 


for the equation (11) shows us that —-j— is, generally, the differential of... 


C+---JL. 

a 




3«3 


&c.; but the series loga- 


.r* 


2a* 


-f- &c., which is 


the development of log (a+x), is a particular case of the preceding series, the 
case, viz., in which C — log a. Thus, the putting log (a+3*) in place of 
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285. As a second example, let us take the series -=—— - 

i “(“ 3C 

1 


This differential being written thus , 

° l+x* 


X d.r, we must 


find the development of --for which purpose, comparing 


1 


our expression with —-—> we shall have z = — a' 1 , and sub- 

1 —z 

stituting this value in equation (10), we shall find 

1 


1 

mid, therefore. 


= 1—-x®4- &c. • .. (13) i 


a 3 ,z ,;> a' 1 


1 -f./ 
or. art. 278, 


diV *t it' 

J t ~rz.‘i ~ x —3 — y+ & c — +c » 


tun -1 .r — .r — ~ + &c. ... +C .. . (14). 

o «) / 

When x — 0, the arc becomes 0, and we have therefore 

C =0. 

286. If the tangent be greater than unity, the terms of this 
series will go on increasing, and we cannot therefore give an 
approximate value of the arc ; in this case, we shall obtain a 

converging series by putting x = — in the equation (13), 

which will change it into 


r W as as if, of all the series which are the integral of —,—, we had 
J a+x a+* 

chosen that in which the constant is equal to logo. 

This remark will apply to the rest of the expressions which we shall in* 

, . t 

tegrate by scries. 
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1 ,111. 

- — = 1-~ -f- —-- - + &c. 

,1 ,r ,a ~ x 4 4 6 

1 + -T 

whence, multiplying the two terms of the first side by x 1 , we 
shall have 

, l 1 $ 1 

T+i» = 1 “ + ^ _ ^ + &c ‘ 


and dividing by a M , we shall obtain 

1 1 1 1 1 , /#x 

-Trf = - # -4 +~ 6 -r + ^c. (*); 

«2 ,a +J or x 4 Ar -I 8 


consequently, 

da 


.. flit 1 /»/ 1 1 1 1 . \ i 

J \ +^ =/ b-^+^-^ + ; 

and, performing the integrations separately, 

tan— 1 * =——&c. 4-C_(15). 

«r 3r 5r 5 

To determine the value of the constant, we must not put ,r = 0, 
for then the terms of the second side of equation (15) will be¬ 
come infinite; but by making ^ = oo, the expression tang" 1 ,/’ 
will become equal to the quadrant of the circle, and the equa¬ 
tion will become quadrant of circle — 0-fC; whence, repre¬ 
senting the quadrant by £ it, the equation (15) will give us 

tang-ir=^-I + ^j_ B i r+&c . 

287* To integrate by the series 

dx — 1 

_ = (W) 


* We might arrive at once at die same result by dividing 1 by 1-j-j*. 
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wc will develop (1—x s ) ‘ 2 by the binomial theorem in the 
following manner: we will calculate first the coefficients of the 
developments of (1—on the hypothesis of m = —by 
writing down in order 


717 , 


m —1 

~2~’ 


m —2 

~ir y 


m—3 

~4 


&c. 


9 


and changing m into — ?, in these expressions, when they will 
become 


1 3 5 




13 5 

and multiplying —-- by ——, that product by —and so on, 

wo shall form the coefficients which are to be substituted in the 
place of A, B, C, &c. in the equation 

(1 —- l — A^ + Bx 1 —Cx r ’ + &c.. 


which will 


giv»» 


1 , J o 1 3 * 1 3 fl , ( 

7frp = 1 + 2 y ' + 2-4‘ r + 2-4 < B y ' +&C ” 

and by integrating the equation 

(Lr f 1 13 135 a \ j 

^3^-( 1+ 2* z ' + 2'4‘ r + 2'4*0‘ r + 


J 

we shall find 

1 .r* 1 3 ,i- a 1 3 5 . , ir , 

sm— 1 ,r = . 3 4‘ 5 + 2'j'6T + ( *' 

We put no constant, because when ,r = 0 the arc whose sign is 
x vanishes. 

2H8. There are cases in which, to determine the value of the constant, we 
must neither make a*—0, nor oe . For example, let the expression be 


d.r 




..-i. . - d .U ,-*-\-i 
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by putting down in order 


m —1 m—2 


m. 


and making 


we find 


* 2 ’ 3 

1 


> & c# 


ra = — 


2 ’ 


ri &c» i 


2’ 4’ e 1 

whence we conclude, as in art. 287) that 

dx _dx /, , 1 1 , 1 3 1,13 5 1 

VprZT~~ V V + 2 * + 2'4 * rt + 2* 4 ’ 6 * r« 

and by integrating we shall find 


-f- &c 




dx 


11 13 1 13 5 1 


2 2X 1 2 4 Ax* 2*4 O’tia 6 ^ C * 

On the other hand, 


dx ~ dx x + \A a -l 

S . -- —J . —. • x 


sjxf 1 — 1 s/x* — Y ar+^/dT*— 1 
/» xdx 

=f^=\ +ix _ 


and therefore 


log(a?+ v '-*®-l)=logJf-2*2^ _ 2Ti^i"" &c - * * * W’ 


To determine the value of the constant, we must not put x=co , for then 
log x will become oo ; nor, on the other hand, must we put x —0, for tlic 

terms log x, &c. will then become co ; but if we suppose a’=l, the 

J Aar* 

equation ( 17 ) will become 


which gives 


0 = 0 - 


1 1_ 
2 2 


L 3 L 

2*4 4 


1 3 6 L 

2 4 6 6 


-&c.-fC=0, 


11.131,1351 
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289. The formula (16) will serve to determine an approxi¬ 
mate value of the circumference ; for by making x = it is 
reduced to 

.11111 13 11 13 5 11 

sm 2“2 + 2*3‘ 2 3 + 2*4‘5‘ 2' + 2*4*6‘7‘ 2 7 + c " 

but the sine whose value is is equal to half the side of a re- 

gular hexagon , and answers to the twelfth part of the circum¬ 
ference ; so that we shall have 

1 111 1311 13511 


ci rcumference = ^^ 


f 2‘4'5’2* + 2*4'6'7*27' + &C ' , 


12 

and consequently 

, 111 131 1 1351 1 e s 

rncumfercncez, + + )’ 


taking the ten first terms of the series 


1 

2 


111 c 

+ 2 ' 3 ‘ 2 7+&C ” 


we shall find for the sum 


and therefore 


0,52359877, 


i circumference =6(0,52389877)=3,14159262, 

a value which is correct to the last figure of the decimals. 
290. We have found, art. 284, 

log (« + *) = log „ + f_ ±- 3 _&c. 

Since this series is but slightly convergent, we will put . . - . 
.r = — x, when we shall have 
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log (a-x) =log a-*--j— ~-&c 


a- 


and this equation, being subtracted from the former one, will 
give us 


log (« + x) — log (a — 




or 


-) = 2(-+~+&c.) . • . (18). 

\a — x* x a on 3 btt 1 1 

291. To determine, for example, the logarithm of 2, In 
this formula, we shall suppose 

a + ,/* 2 


and consequently 
whence 


a—*~r 


a ,/*==2, a—,r = 1, 


3 1 j’ 1 a* 1 

“ ”2’ “ 2’ a ~3’ n 9 = 9’ &C ’ 


and substituting, we shall have 


log 2 - 2 (§+^ + .V 2 i 3 + &C )- 


Limiting ourselves to the ten first terms of this series, re¬ 
duced to decimals, we shall determine the value of the loga¬ 
rithm of 2; and taking the triple of this logarithm, wc shall 
have that of 2 s or 8. If, then, we calculate by the formula 

(18) the logarithm of ~ f and add to it that of 8, we shall have 

the logarithm of ^x8 = log 10; and we see that by similar 
processes, the formula (18) will give every other logarithm; 
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but it must be observed that these logarithms belong to the 
Napierian system. To deduce from them the tabular loga¬ 
rithms, if we represent by La the tabular logarithm of a num¬ 
ber a, we shall have «=10 Ln ; taking the Napierian loga¬ 
rithms, this equation will give us 

log a — log 10 L " = L a log 10, 
and consequently 


log 

log 10 


so that the tabular logarithm of any number is equal to the 
Napierian logarithm of that number, divided by the Na¬ 
pierian logarithm of 10. 

292. A series has been found, for determining a logarithm, still more con¬ 
vergent than that given by die formula (18); it may be deduced from that 
formula in the following manner: 

By dividing by a — ,r. we find 


a —x a —x * 


representing the fraction 


2.r 


-- by we have the equation 

(2 1 X' K 


_ v w 

a—x ' z z ’ 

multiplying by a —a?, there results 


, , av vx 

a -j-.t —a —x I —. — 

z x 


and transposing, we obtain 


v.v av 
-=— ; 


multiplying, then, l»y z, we find 

2xz-i r vx~ax\ 


and consequently 
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ft | J JR 

substituting these values of - and — in the formula (111), we have 

x a 

this result 

15 V * y V2s+i;^3(22+v)3^ft(2»+T05 J 

and lastly, 

tog (*+») = log-+2(^+.p^+ 5 -( 5 ^- s +&C. ) 

For example, to obtain the logarithm of 2, we must put ?/=l, 2 = 1, and 
consequently log z =0; when substituting in the preceding '.brmtila, we 
shall have 

,0g2 = 2 (?+3^ + W +&C -) 

This logarithm must be divided by the Napierian logarithm of iO, art. 
291, to obtain the tabular logarithm of 2. 


On the method of rational fractions. 

293. Let the expression proposed for integration be 

. Hxr+Q.v m -' .. .. -f- Ha -J- S 

p>"+QV'- r : .T+ Ki+w d,r ’ 

in which the multiplier of da is a rational fraction ; we will 
show that in the given expression, we may always suppose that 
n is greater than m; for if this should not be the case the in¬ 
tegration may be reduced to that of a differential of the same 
form, in which the highest power of x in the denominator is 
greater than the highest power of .?* in the numerator, by simply 
dividing the numerator by the denominator, as in the following 
example: 

Let the expression be 

Pj s + Q .* 2 -f ftr + S 
Q'a*+R>4-S ' 

dividing first by Q% we shall have 
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P , , Q „ R S 

Q + + Q‘ r+ Q 

' R S 

1 + Q** + Q 


making then 
P 


■p/, ^ fy ^ O" ® c" 

Q' ” * Q' “ w * Q' ~ ' Q' ” ' 


we shall lum; 


T»' O' 

,v _r»'/' k ’ _c"/ 

Q - R ' Q 7 ^ S ' 


l y/ .i 3 -t-Q".?° +R''.i’+ S" 


.t a + R"\r+S"' 

and the division will be effected in the following manner : 

.#® + R"'.e + S"' I P'^+QV + Rj + S^ I P",r+M 
I P V* + R w P"a“ + S"P'oj I 

I s .' ren.T-(Q — R ■p') < *« + (R"_S"'P'')*+S" 

= M«sr® + N.r + S' 

Mt* + MR">+MS"' 

2» d rem r ..(N—MR" )<r ■+■ S" —MS'" 

This last remainder may be represented by K.r + L, and then 
we have 

Pa^ + Qj' 4 +H»’+ S , K.j+L . 

—r v o i ^— da?=. (P .*■ + M)dx + 

Q ^- 2 + R «»•-+- S ,t? a +K A’+S 

and by integrating, we obtain 

1 Pj 3 + 4*’Hlb+S J PV 


—dr 


I- ttr +./ - . K : r+L ,; - dr+C; 


J Q .^ + R .r+S-2 ‘ _r/ _r* + K".r+S 

thus the question reduces itself to integrating 

K.p+Tj j 

*«+R"'.r + S" rf ‘* , ‘ 

294. It follows from this that, whatever be the rational 
fraction under consideration, its integration may always be 
reduced, in the most general case, to that of 


o 
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Px’ 1 1 +Q.x""" :2 -|“ .... -f.Ra:+S , 

P.i n -TqV '- 1 +_+R>+S a ' 

Considering the denominator of this fraction as the product of 
n factors, such as x — a, x — b 9 x -*• c, &c., these factors may he 
real or imaginary, equal or unequal. 

To commence with the most simple case, we will suppose 
them real and unequal, and we must then proceed as in the 
following examples: 

adx _ . 

295. Let it be proposed first to integrate - : resolving 

the denominator into its factors, we shall have 

adx adx 

,r a —«* (.r — a ) (.r+rt)’ 

and we will suppose 

adx /A B \ 

7 -r- 7 — 7 - = (- 1 - ]dx .... (19;, 

(.?•— a) (x+a) —a x+a* 

where A and B are constants which we must determine. For 
this purpose, reducing the second side of the equation to a 
common denominator, we shall obtain 

adx _(A-r+Aa-f- Bx— Ba) 

(.r— a) (.fr'+a) \x — a) J 

and suppressing the common divisor (.r—«) < 7 ) and the fac¬ 

tor d.r, there will remain 

a = Ax+Aa+Bx—Ba .... (20); 

and, arranging according to r, we shall have 

(A-j-B)^*+(A—B— 1 )a=z0. 

Now .v being indeterminate, as the proposed differential neces¬ 
sarily supposes*, this equation must hold good whatever x be; 


* In fact, the characteristic d, which precedes x, intimates that x is consi¬ 
dered as variable. 
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and, consequently, according to the method of indeterminate 
coefficients, the coefficients of the different powers of ,r must 
he separately equated to zero ; or, which comes to the same 
thing, the terms must be equated to each other, which, in equa¬ 
tion (20), contain the same powers of a , when we shall have 

AH -15 = 0 , (A—B— 1 ) «= 0 , 
and these equations give 

A = ‘b=>. 

Substituting, therefore, the^e values in equation (19), we shall 
have 


h 


adjL 


}, (Lr 1 d.i 


' — O' ,/ —a ,) + a 
and bv integrating, wo shall find 

= Uog^., -«)—Uog (./'+«)+c:, 

. f — a * 
and, consequent xy, 

/-ft = i log^ + C = log(^)*+C. 

a 3 +b.r s 


For a second example, let us take the fraction 


a*.*: — X s 


d.r: the 


factors of the denominator are ,v and a 2 —,r 2 , and since a* — a* 
resolves itself into (a —,r) x (uthe simple factors of the 
denominator are a’, a — .r, and a + ■?'; and the expression to 
be integrated therefore is 

a 3 + hx~ 


.r{a—<r) (« + a) 


-d.r: 


a 3 •+- Lx~ 


=—+ —+ -^-. ... ( 21 ); 


x{n —,r) («+.}') .1 a — .r a + .t 


o 2 


assume 
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then reducing these fractions to a common denominator, there 
results 


fi 3 + bx s __ Aft®——C ,r~ 

«*-(«— x) (ft + «t’) <>’(<2 —«i?) (a + Jr') 

and equating the coefficients of the same powers of «r, we shall 
have 


B— A—0 — b, Bo-f-Co-’-O, Aft® 


The last of these equations gives us A = a, which reduces the 
first to B—C = ft + A ; and this equation being combined with 
the second, we obtain 


B = 


a + b 
2 ’ 


C = — 


a + b 

~~2~ * 


putting these values of A, B, C, in equation (21), we find 

a s + b.i* adx a + b , a + b , 

— - ~a.r =-1- —- -dx —x-- -ax : 

a^r — ii 3 ,r 2(«— .t*) 2{a + x) 

and therefore, by integrating, 

ft 3 +&a® a + b 

J a* v -, t 3 dx ~ a lo 8* - 2 ~ log * 


~ 2 ~ 


log (« + .r) + C 


• To take the integral of ~— b - - dx y since the differential of a — x is 

x) 

—dx, we must put the differential under the form 

a+b dx 

n X , 

2 a _,r 

and we see that the integral will be 


a+b 

—-log(a-x)+C. 


METHOD OF RATIONAL FRACTIONS. 


197 


=»log .*< — («—•'■)+i°g ( a +•'Oil+ c 

= a log ,r — —-~^log (rt —*/■) (« -f a;) + C 
= nlog.r - ^1“^lqg(«»— a-*) + C 


= «log— (,y + A) log (// ’—.* 2 )^ 4- C. 


3a*—5 


296. For a third example, let the fraction be ■——- -d.r. 

tV U*r ■y' o 

•Since we have first to resolve the denominator into factors of 
the first degree, we will observe that if we have an equation 
of the same form, represented by z 2 —(fcr + H = 0, and it be 
satisfied by the values z — 2 and z — 4, we may conclude, 
thence, that it is equal to the product ( z —2) (z—4) = 0. 
But, by performing the multiplication, we see that whatever 
be the value which we give to z, the product will always be 
z a —6z + 8; and therefore, when instead of z we put x, we 
shall have still 


(a—2) (a*—4)=a 2 —6./ 1 4-8; 

consequently, whatever be the value of the polynomial . . . . 
,t 2 — 6x 4- 8, it may be resolved into its factors as though it 
were equal to zero. 

Having therefore found that the roots of the equation 
.t®—6,?'4-8 = 0 arc 2 and 4, we may assume 


3.r —5 , Adx B dx 

ax =-^4- 


«r*— 6a: 4-8 


x —2 ‘ ,r —4 


• ( 22 ), 


and suppressing the common factor dx, which we shall always 
do in future, we shall find, after reducing to a common de¬ 
nominator. 


3x —5 Ax —4A4Br—2B 

>_6,r-f8~ ; 
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equating, then, the coefficients of the same powers of .r, we 
shall obtain tliesc equations of condition, 

—5 = -4A—2B, B = A-t-B, 

whence we shall deduce 


B = l, A=—l ; 

and putting these values in the equation (22), we shall find 
3 a — ."> __ 1 d.e 7 r fa . 

+ 2 ' .r -2 + 2 / ./-4 + ' 

=r-~log(,e ~4)—ilog(,r—2)-h(\ 


297* As another example let m, take 

.rd.r 

,r- -J- Jr/,/' ~ A- 

equating the denominator to zero, and resolving the equation, 
we find 

.*« + 4<i.e—A® = (.*■ +2« + jlip+V 1 ) (.v+2a — jia* + lP) ; 
representing this last product more simply b\ 

(.r I\) (a’ -f- L), 

we will suppose now 

__i_ A B 

( i»2_p4(/.r — A2 .c-f K^tt + L’ 


and reducing the second side to a common denominator, we 
shall find 

.r _ A,r+AL + B,r+BK 

.> 4 + 4 nx^b* ~ — V 1 7 

whence we deduce 

AB=.l, AL + BK —0 
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consequently 


B -_ I — 

K - L’ K-L ’ 


and therefore 


.rd.r K . h , , . 

• / ^4^75=k=X los( ' ,+ K) -i<rL lo s ( ' + L)+t " 


290. In general, let 


1> v „.—\ _J_ Q tA ,m~ 


. -f- Ra’ + S 


d. 


r 


.*•’" +QV -— 1 • • • + RV+S' 

be u rational fraction, in wliicli the simple factors of the de¬ 
nominator are supposed unequal : to integrate it, we shall first 
resolve the equation 

+ 1 . . . +R',r + S =0, 


and having found that it is the product of the factors, a — n, 
x—by ,v—Cy &c, assume 


IV"'- 1 -f Qx> 


B 


C 


■ .... -f Ri/’ -f ^ 

-:--—-———- 1 _ . j _u&c. 

,v H -f Q . . . +RV + S' .v — a x—b ‘ x—c 


Reducing, then, the second side of this equation to a common 
denominator, the numerator of each of these fractions will be 
multiplied by the product of the denominators of all the 
others, i. e. by a polynomial in x of the order m —3 ; and the 
second side of the equation will consequently be a polynomial 
consisting of m terms. It follows, therefore, that if we equate 
the coefficients of the same powers of x on the two sides of the 
equation, wc shall have nt equations of condition lor deter¬ 
mining the m coefficients. A, B, C, &e.; and these coefficients 
being known, we shall then only have to integrate a series of 
terms such as 


Ar/.c 
x—a 


Bf/,r 

, &c. \ 

x — o 
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and the integral required will therefore be 

A log (x — u ) + Blog («r— b) + &c. + constant. 

299. The method which we have followed, when the roots 
of the denominator are unequal, will not serve if, among the 
roots which we will still suppose to be real, some of them are 
equal. For we have seen that, on the hypothesis of the roots 
being unequal, we may assume 

_I V+Q^ + Rjg + S g+ T A B __C_ 

(,r— a) (t— ft) (a. — c) (r — d ) (.r — c) ~ a — a + .r — b + a — c + 

D E 

- -j-- 

x— u x — c 

But if several of these roots should be equal, if, for instance, 
we should have a = b = v, the preceding equation would 
become 

_ P./ 4 + & c-_ A + B+C D E 

(<r— a ) 3 (,r— d) («r— e) ~~ x—a x — d~^,v — c * 

and then, on reducing the second side to a common deno¬ 
minator, A + B+C might be considered as one constant A', 
and we sec that the three constants A', D, and E would not 
be sufficient for establishing the five equations of condition 
which ought to be obtained by equating the coefficients of the 
same powers of ,r. 

300. To obviate this difficulty, the fraction 

P-r 4 + Q* 3 + &c. 

(,r —ay (x — d) (r— e) 

must be decomposed into another scries of fractions, such 
that, when reduced to a common denominator, they shall again 
produce the fraction. 
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Suppose, therefore, 

P^ + Q^ + ftc._A + B.r + Cr* D E 

— a) 3 (a? — d) (.r— e)~~ (,r —a) 3 d^~ x—c 9 

then, reducing the second side of this equation to a common 
denominator, we shall have a polynomial in v of the fourth 
degree, which will contain five arbitrary constants ; and which 
will consequently be sufficient for establishing the identity of 
the terms affected by the same powers of .v. 

We will now show that the term 

A -f Bo? + O 4 

(,r— a ) 3 

may be put under the form 

A' b a 

(,r—ay ay (.r — a ) ’ 

A , B, C, being indeterminate constants. To prove this, let 


wc have then 
and, therefore. 


j — a = z ; 

x — a+z ; 


A+B/-fC/ __ A -f Ba + C ar+ Bz +2C as -f ( 'z* 
(x —a) 3 _ z 3 

A + Brt +Ctt ft t B+2C a _ C 

„3 ” 1 * „p “ 1 " „ * 

A# 4 « 


when, putting the value of z in this equation, wc shall obtain 

A+Bx+Cx* _ A+Bn + C a* B+2C a C 

(<*>—a) 3 —n) 3 (x —— a 

a result of the proposed form, since A', B', C', are any con¬ 
stants. 

This demonstration will apply to an equation of any higher 
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degree, and we therefore conclude that we may suppose, ge¬ 
nerally, 

P.v ,Hr ~ 1 ■+> Qx m ~~ u + . . . R,t’ + S A A' 

(«i*—a)"' flj™"*” (.?•— a) ,H ~ 1 

A" , A" 

“f - , c o ...» d • 
(a*— a ) m ~- ,v—a 

It follows from this, that to integrate the expression 



Pj - 4 + &c. 

— rf) O-O' ' ’ 


we must suppose 


A 



IV 4 + &c. 

(.l —ay (x — </)(.?—»'l 

A' A" 1) _E 

(.r — «)*”*" (.<’ — (.*— (!) -r — e * 


the fractions then being reduced to a common denominator, 
we shall determine the constants A, A', A", D, E, by the pro¬ 
cess which we have already employed, and we shall have then 
to find the integrals of the following expressions : 

E j D ^ A "(ix A'dj’ Ad t v 

l^d dX ’ 7^7i (a— rt) a ’ {^u )»■ 


The three first are integrated by logarithms ; in respect to 
the other two, since (lx is the differential of the expression 
x — a, contained within the brackets, we may assume x—a — z, 
(art. 270), and we shall have 


A'dx 

\x—a) 


r Ada* 
J (x-ay> 


A’dz 

-=/ — A'z 2 dz z 
a ‘ 7 ;g e 

--jAp=fA-~~ : <h=- 



A 1 

“ y 

x —a 
A 

2(,*•-«)" ; 


and consequently 
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P.r 4 -f Q ^ + &c. __ _A__ A 

* (x—«)■* (x— d) (,r — c) ,r—a 2(x— a)~ 

. . . -t- D log (r— d) + E log ( r— c) -f constant. 


301. Let us take, for example, the fraction 

2.-i.r d.i 
(.»■+«)- ’ 

wc shall have 

2 a,c A A' 

(.r+«) 2 ~”(,e-|-rt) <i "^ x+« ’ 

reducing the 1 second side to a common denominator, and sup¬ 
pressing it on both sides of the equation, there will remain 

2ax = A + Ax+A a ; 


whence we shall deduce the equations of condition, 

2(i = A', A + A'« = 0 j 

which give 

A’ —2a, and A = —2a 2 ; 

and consequently 

2 axdcr _ 2 a-dx 2 adx 

(x+a)- - (T+a)- + (x’-f a) ‘ ‘ * 


To obtain the integral, we must observe, that dx being the 
differential of (x+«), we may suppose .v -f a = z ; and therefore 


.. 2a.vd* n jh dz 

J +a * T 


when, integrating the first fraction by the rule of art. 262, 
and the other by logarithms, wc shall obtain 


« 


2 u.fdx 


2d 2 

-1- 2a log «“h 0 ; 
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and replacing the value of z , 


Sr 


2axdx 2a" 


-f-2 a log (a -f ,*•) -f C. 


of 


(.r + o) c « + .r 
302. As a second example, we will investigate the integral 

x"dx 


x 3 — ax" — a*x+a a ’ 


foT this purpose, equating the denominator to zero, we sec that 
the terms all destroy each other, on the hypothesis of .*■ = «; 
and therefore the equation , r 3 —fl.? 2 —rcV-Hi 3 is divisible by 
x — a. Performing this division, we find for the quotient 
x* — a* ; and thus the quantity to be integrated is 


x q d.v 


x~d,r 


(x 2 —a*)(x—«) (<r+«) (x ——«) 

x*dx 


Assume, therefore. 




('V— a) a (x+ a) 


A A B 

H-1-r~.(^4) ; 


(x— a)- (x+n) (x—a) 2 ,r—a .r+a 


then reducing the second side to a common denominator, we 
obtain 


x" _ A(x+a) +A'(a 2 —a 2 ) + B(,r- a)- 

(x—a) y (x-f-ff) (x—a)" (x+ a) 


and, developing and equating the coefficients of the same 
powers of x, we get the equations of condition 

A +B = l, A—2Ba = 0, Aa—A'a 2 +Ba*=0_(25). 

Multiplying the first of these by a~, and adding it to the third, 
wc shall have 

Afl + Brt 2 = « 2 ; 
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this, in its turn, being added to the second multiplied by a, 
we find 

a~ =2 2Aa, and A = ; 

and putting this value of A in the second of equations (25), 
we obtain 

R — 1 • 

D - T- 

the first therefore gives 

A' — 1_i — jl • 

and, by means of these values of the constants, the equation 
(24), multiplied by dx, becomes 


,v~d.r ad a' 3dx d,r 

{.r —«)-(,r+fl) 2(a*— a ) 2 "^*4 {x —a) ~^"4 (.*’ + «)" 

r __ ( ad.r | , 

To integrate -—, we must put x—a — z y when the ex¬ 

pression will become 

adz az~ J dz 
2z~ ~ 2 ~’ 

and we shall have for the integral, art. 262, 


— az~ l 


2z~ 2(x—a)’ 


and therefore 


x~dx a 3. . 

S(x-ay(x+a)~ ~2(x—a) + 4 ° g 

+^ 1°S (*+ a ) + constant. 

303. We shall proceed in the same manner, if the deno¬ 
minator contain several groups of equal roots. For example, 
let the expression be 

adx adx 

(.r*— 1)« = (*—l )2 (, r +l)» ; 
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we shall assume 

« A A' B B' 

(j— l)*(j-+l)«”' (x—l)s + («r — 1) + (-r+l) a .»’+l m{< 

when, reducing to a common denominator, we shall find 


(*-" !)«(*+ l) a 


f (.r— l)-’(*i , + 1) : 

and suppressing tile common denominators, and developing 
the numerators, we shall obtain the equations of condition 

A' + B =0, 

A 4- A' + B—B'=0, 

2A— A'—2B —B'=iO, 

A-A' + B + B' = n. 

The first of these equations reduces the third to 2A—2B = 0, 
and therefore A = B; the second reduces the fourth to 2A 

+2B = «, or 4A = « ; whence A = — = 13; the fourth equa¬ 


tion consequently becomes B' —A' — -a, and this being com- 
bined with the first, we find 

when, by means of these values of the constants, the differen¬ 
tial proposed becomes 


1 ( dx 


" 1+ (l+l)* 


dw dx ) 

x — 1 1 S 


The two first of these expressions must be integrated by the 
rules of articles (270) and (262), and the others by logarithms, 
when we shall find 
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4 i 


_1 _ 1 _ 

.r —1 .1+1 


log(-t —l)+log(.r+l) ^ -fC. 


304. Before we proceed to examine the ease in which the 
denominator contains imaginary roots, wc will make a few ob¬ 
servations on quantities of this description j and first, we will 
consider the equation 

x-+p,r+q =0 .... ( 27 ), 

and investigate the conditions necessary, in order that the 
roots of this equation may be imaginary : for this purpose, re¬ 
solving the equation, we find 






<b 


and the first condition necessary that this value of ,v may he 
imaginary, is that the last term of the equation ( 27 ) be po¬ 
sitive; for if it be negative, the expression — q, which is 
undcT the radical sign, will change its sign, and the surd part 
then involving only positive quantities, x cannot be imaginary: 
this condition being fulfilled, x will be imaginary, if q be 


greater than The excess of q over ^p 2 being then essen¬ 


tially positive, wc will represent it by (3 4 , since a square is 
always positive ; and we shall have 


9=jP s +0*; 

making = a 2 , for the avoiding of fractions, this equation 
will become 

q = a a -j-|3 a , 

and substituting these values of p and q in the proposed 
equation, we shall find 

.r®+ 2aw’+a 2 +j3 2 = 0 . . . (28); 
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an equation which, being solved, gives 

.r— — adbj3\/ — 1 . . . (29); 
and its two roots are therefore 

— a+fl ,/— 1, —a—/3v/—I, 

which shows that its roots are disposed in pairs, so that one 
being known, the other will be given by changing the sign of 
the imaginary part. 

305. Generally, an equation may have several pairs of ima¬ 
ginary roots, and each pair will give rise to a factor of the 
second degree, of the form 

.i" 4 l 2our -f-a 2 /3 J . . . (30). 

306. The imaginary roots are sometimes equal, excepting 
as to the sign ; this happens when a = 0, and one of the roots 
is then 4-/3^/—1, the other — (3^/ —1, and the factor of the 
second degree is reduced to .r* -f /3 a . 

307* To give an example of an equation whose roots are 
imaginary, we will take the equation 

a e —-6a,r-i- 10o 4 = 0; 

resolving it, we find 

a* = 3 —a 2 = 3 ad: a «v/—1; 

and comparing this value of ,r with equation (29), we have 

—a = 3tf, = a; 

in the present case, therefore, the equation (30) becomes 

,r z — 6a.v 4 -9a* 4 - «*. 

308. To conclude, when we have an equation such as 

't*+ 4 * + 12 = 0 , 

• 

whose roots are imaginary *, we may compare it immediately 


* This will be recognised by the conditions of art. S04 being fulfilled. 
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with the formula (30), and we shall have 2a —4, and there 
fore a® = 4; subtracting 4 from 12, there remains 8 for the 
value of /3®, and the equation may be put under the form 

jp* + 4,i?+4+8=0. 

The term 8 is not, in fact, a perfect square, but we may 

consider it as the square of 8. ^ - 

309. Wc will employ ourselves now in the integration o 

rational fractions, the denominators of which contain ima¬ 
ginary factors; and to commence with the most simple case, 
we will consider that in which we have only a pair of ima¬ 
ginary roots in the denominator; suppose, for instance, that 
having decomposed the denominator into its factors, we have 

found 


P +Qr++ S .,- 3 +&c. _ dx . 

(.,—«) (*-i)-O—*) l>+2oy+a i +0*) 

wc shall equate this fraction, as we have done before, art. 300, 
to the series of terms 


Ada' B dx 
,r —a .r—b 


HA#* M-r+N 

+ .'f--/Aa*+2a^ + a*+|3 ft 


and having determined the constants A, B, . . . H, M, N, 

bv the process already employed, all these terms, except the 
last, will be integrated by logarithms ; in respect to the last, 

it will be integrated in the manner following: 

The quantity a a +2ax + a® being a perfect square, the term 

to be integrated may be written thus, 


IMLr+N , 

(J+sfh** 


making = this becomes 

Ms+N— 


»*+/3 i 


V 
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and representing the constant part N-M« by P, it is re¬ 
duced to 

Mz+P , 

an expression which resolves itself into 

M zdz ( Ydz 


To integrate the first, wc must observe that zdz being the 
differential of z 2 + /3®, with the exception of a constant factor, 
we may, art. 271, suppose z® + /3 a = < y, which will give us, 
by differentiating. 



and substituting these values, wc shall obtain 
the integral will be 


Mdy 

2y ' 


whence 


M. M . , _ v M, _ 

2 l °sy = -2 lo S ( 2 + ^ 2 ) = 2 lo §L(■*• ■+ *Y l + 

M 

= 2" lo S + 2ar +a*+/3 2 ) 

= M log («z®+2 oue -t- a® -f /3 s ) 2 
= M log ( j X /.r ft +2ax + a 2 +/3 s - 

* Pdz 

In regard to the expression dividing the two terms 

by j3”, it may be brought under the form 


P 
0 * 
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and we sec that its integral is 


P 



tan — J 


0 


N-Ma .r + a 


lastly, therefore. 


JVLr + N 


N-Ma 


• ^ .r a + 2 ax + ~ot? + (3° tJlV lw £ + a* + P 9 + ft 


tan-*. 


a 1 -|-a 


(31). 


310, Let us take, for example, the fraction 


a + bd‘ 

.j 13 — 1 


d.r j 


the 


denominator having a ’—1 for a factor, wc shall find the other 
factor l>y division, and the fraction proposed may be put under 
the form 


a + bx 

- — // 1* 

(.r-J) (a- + *+1) ' 

when .r 2 •+■ x 1 being the product of two imaginary factors, 
as may be seen by resolving the equation +.**-{-1 =0, wc 
shall assume 


a-\~bx 


M,t? + N 


(,r—1) (^4-a + l) x —1 ,r®+1 


reducing to the same denominator, and proceeding as has been 
directed, we shall find 


A = 


a + b 

IF* 


M = 


a-\-b 


N = 


Z»-2« 


the expression ,i ,2 4-«r + l being then resolved into its simple 
factors, by comparing it with the expression (30), this will 
give us 

2a = 1, a 2 +/3 2 = l, 

and consequently 



i*2 
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substituting these values, and those of M and N in the equa¬ 
tion (31), which gives us the second part of the integral, and 
observing that the first is 


/ 


A dx a + b 
3 


log (.r— 1), 




we shall find 


Ja+bx)dx a + b a + b - 

J — a sZT] — = “3“ lo S (*'— 1 ) 3" log ^jP+x+1 

b—a ,x+i , „ 
H-tan 1 -=+C. 

" a A 


311. When the fraction has in its denominator equal ima¬ 
ginary factors, it will contain one or more factors of the second 
degree, of the form (a a +2ax+a^ + /3®) p , accordingly as it con¬ 
tains one or more groups of equal imaginary factors. The 
factor 

(x* + 2ax+<x* + /3*)P 


will correspond to the series of terms 

H + Kj H+K'x 

( a? + 2a.r •+■ a ft + /3* ) p («r* 2ax + a? + /3®) p ~ 1 

H +Kx _ H+Kx 

(a s +2ax+a?+(3 *) p ~ 3 * * * aP+2ax+a*+(3P 


(32) ; 


and having proceeded in the same manner for the other groups 
of equal factors, we must determine the constants 


H, K, IT, K, H", K", . . . H, K, &c., 

as before. 

Multiplying, then, by dx, we shall have only to integrate 
each term separately, which may always be done if we know 
how to integrate the first term of the series (32) multiplied 
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by dx y since all tlie others are of the same form. For this 
purpose wc shall put the term under the form 

H + K.r 

[(*+«)* + |3*]' r; 

making jp+a = z, it will become 

H— Ka + Kz 

—7 -- tlz ; 

and representing the constant part H — Kct by M, we shall 
have to integrate 

M+Kz 

a fraction which may be resolved into the two 

YLzdz t M dz 

(z 2 + /3 -y + (as« +(3~y' 

To integrate the first, since zdz is the differential of z‘ : 
except as to a constant factor, we shall suppose z* + ft-=y 
(art. 271), when we Bhall have zdz = hdi/ t and substituting, we 
shall obtain 


K zdz l dtj 1„ . 1 

f- -^— — f —K—K f y~ p dy= -K.-,- 

-'(zv + fivjp J 2 y p 2 JJ d 2 1 — p 


1 (/3*+a 2 )~p +1 1 K 1 

2 K l-p -2-T^Tp 


fC. 


Mdz 

It remains now to integrate -—-—— 

(z' i +0^)p 


or M(z*+f3' 2 )~ p dz (33), 


to arrive at which integral, we shall deduce it (note fourth) 
from that of f(z‘ : ~t/3 2 ) p dz, in the following manner : 

To diminish the index p by unity, is to divide by z a 4 - /3 2 ; 
consequently, multiplying at the same time by that quantity, 
we shall have the identical equation 


(z*+j8 2 )rrfs=(»2 + /3 2 )» > - 1 (s 2 + |3 a )rf*; 
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performing the multiplication indicated on the second side* 
there will result 


+ $y>dz - /3"( s 1 + p*)P~ l dz + ( P 1 + z 2 ) p-'rVs, 
and integrating, we shall have 

/(/3 a + z 2 ) /Viz = py( z 2 -!- £ 2 ) "- 1 dz -h/(+ z Q ) ' j ~‘ i Vz . . . (34). 

Of the two integrals on the second side of this equation, we 
shall leave the first under the integral sign ; to the second 
we shall apply the method of parts. For this purpose, mul¬ 
tiplying and dividing the expression (3'z") p ~ ] z'dz by 2, we 
shall put it under the form. 


~ 2 (p' 2 -}- &y-'2zdz -(35) ; 

then (jS* + 2zdz will he the differential of --, so 


that the expression (35) will become 


(jS'+sV 


-d. 


2 p 

and comparing it with the formula 

f'udv = hv — fvdiif 

we shall put 

= (F+* 2 )" 

" = o* v = ~ -■> 

2 p 

when we shall find 


P 


f^(fi‘ l +z*) p - l 2zdz 


s(jS*+i®) v X(3*+z*y dz 

2 p J p 2* 


Substituting this value in place of the last term of the equa¬ 
tion (34), and putting the constants without the integral sign, 
the equation will become 
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y (lS* + z 2 ) p dz - + dz 

+ ^_l±pH-i_ /{ ^ ]rdx . 

transposing tlic last term on the second side, and reducing, 
we shall find 


whence we deduce 

AP+*y-'d* =- + ■AP+*y* > 

putting p — 1 — — p, and, consequently, p = 1 — p. we have, 
lastly, 

-t- na-' 4 z' 2 y >p -^dz ... (3f>). 

^2— 2/>)/3*- MH J J 


By means of this formula, then, the integral of (p 2 + z*)~i'dz 
is made to depend on that of (j3 2 + z®)~' J ' _1) dz, in which the 
numerical value of the index, instead of being p, will be less 
by unity : similarly the integral of (|3 tt z C2 )~ li ^~ l) ciz will be 
made to depend on that of (/£ 2 + -®) —1 [tr ~ 2) dz, and so on ; so that 
the index of the integral part being diminished by unity after 
each substitution, the expression to be integrated will at length 
become 


(/3* + *»)-*rfc 


dz 

( 8 ® + *“ ; 


and we have seen, 
I>rcssion is 


art. 277 , that the integral of this ex- 


1 

a 


tan' 1 


P 
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We do not attempt to make tlic integral of (/3 a -f- *de¬ 
pendent on that of (j 3 2 + 2 9 )°</2: > a quantity which reduces itself 
to dz; for if in the formula (36) we should make p = l, the 
term 


— z 


(|3*+ **)-/'+ 


i 


would become infinite. 

313. It follows from this theory that the integration of 
every rational fraction depends only on the three following 
formula;: 


1 tlmV 

= ; 2°. yi_=l«g (.r+u) ; 

3°. =-tan-‘-. 

J a a + a 2 a a 


And it is therefore we say that every rational fraction may be 
integrated algebraically, or by logarithms, or by arcs of circles, 
or by the union of these methods. 

314. We will conclude this theory by an example containing 
all the cases ; let the rational fraction he therefore 


P^+PV*- 1 +PV w-a -|- &c. 

RR R . . SS ... TT . .. UU .7/ 


in which we have 


T 

T 


R =x — a, 
R' =^’— b, 
R'=^c, 


) 

$ 


factors real and unequal . 


S =(jt’— e) m \ 

S'= («r— d) n >factors real and equal. 


— .t ,: 4- 2 0 L,r -\-a? + j3 s 
=- 4- 2a'.r 4“ a' 2 4- 2 


imaginary and unequal. 
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U ={x*+2a.x 4 a 3 /3=)p 

U' = (.r 9 42 a.r 4 fl , ”4 |3 4 )p S- factors imaginary and equal. 


+ 


B 


+ 


C 


We shall assume then 

P ir m + I>V«- 1 +PVn-2 + & c . _ . 

RR R ... SS . . . TT'... UU'... ~J—a 1 .r—b ' x—c 
E E' E" 

—e) w (,r—— e ') m —' 2 

F p/ p// 

+ 1 ^ 7 )~ + c* + (*-/r~* • • ■ + &c - 

G + Hj* K 4 hr 


4 

4 


x z 4 2 xjc 4 a a 4 |S 2 ^ w 2 4 2 «'.r 4 a ' 8 4 ff 2 

M 4 N,r . M'4 N*jp 


4&c. 


+ 


,4&o. 


(i«+2a/4a 2 +/3 ( £ )P (.r 8 42aa74a a 4j3 ( s ) 

P + Qr P+Q.r 

+ (^42a/4aH P*Y (** 4 2a *4 a * 4 0 ^ ‘ J 

and having reduced to a common denominator, we shall pro¬ 
ceed according to the rules already laid down and explained. 

Integration of irrational functions. 

315. When in a differential expression, which contains 
radicals, we can, by means of any transformation, make the 
radicals disappear, the integration will be reduced to that of 
rational fractions. 

Radicals may always be made to disappear which affect 
only monomial quantities; the process to be employed for ac¬ 
complishing this will be the same with the one we are about 
to make use of in the following example: 

Let the expression be 

*/x—\a x* — -la 
* ^or 3 ’ 


V *— V x i# 3_ x‘~ 
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wc shall first reduce the fractional indices to the same deno¬ 
minator, and having found that the common denominator is 
0, we shall suppose x = z (> ; we shall have then 


i/a.'=z 3 i %/x — z", dxz=6z & dz ; 


and substituting these values, we shall find 


%/x—s/x 



(h b —2(iz' 

1 — s 



this expression we shall integrate by the method of rational 
fractious, and then substitute in the integral the value of z. 

31G. This method will not generally apply when the quan¬ 
tity under the radical sign is a polynomial ; we may, however, 
integrate every expression in «r, which contains A+B.r+Ca a , 
that is to say, every expression of the form 


F(ar, v /A -f- B.r + Cx~)(lx. 

There may be two cases : the term Ca a may be positive, or it 
may be negative; if it be positive, we shall write the expres¬ 
sion thus, 


- /A B 

' /C Jc + ~c x+ri 

but if that term be negative, wc shall consider it as the pro¬ 
duct of + C by —a a , and then the radical may be put under 
the form. 



B 

+ ^ J’ - ,t' 2 


9 


and putting, for greater simplicity, 

A_ B 

C ~ a> C “ 

we shall have to integrate the two expressions 
F(.r, s/ a + bx j ,a ) fix, F(.r, \/ ab.r —, 


■t a )ri. i 



INTEGRATION OF IRRATIONAL FUNCTION*. 


219 


We will now employ ourselves with the first. 

Our aim being to obtain, by a transformation, the values of 

x 3 d,r, and «-+- &*• +j; 2 , in a rational function of a new variable 
z, we will suppose 

a-\-0u.'+.t A = 2 + *’ *.(37), 

because on raising to the square, the terms in .?•* will destroy 
each other, and there will remain between z and x an equation 
of the first degree, from which we shall be able to deduce the 
values of ,v and dx in rational functions of z. Raising, there¬ 
fore, equation (37) to the square, and suppressing the terms 
in a; 2 , we obtain 

a +■ bx = 2.rz -f- z® .... (38), 
whence we deduce 


,i* = 


z~ — a 
h^2z 


. . - , (39) ; 


and by means of this value the equation (37) become? 




a 


>/ n + l>x + x'-' = 2 - + ~ ; 

or, reducing to the same denominator. 


-5- - U 2 — bz -+- a) 

n/ + * ■ • * (^)‘ 

It remains now to determine d.v in terms of z, for whieli pur¬ 
pose differentiating the equation (38), wc shall obtain 

b d<r — 2.rdz -f- 2 zdx + 2 zdz, 

whence we shall deduce 

(b —2 z)dx = 2 (.»’ 4 - z) dz> 


• We might also equate the radical to z—x, because on squaring the two 
sides the terms in .i 2 would equally vanish on either hypothesis. 
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and eliminating the radical betwixt the equation (37), and 
the equation (40), we shall have 


*= — 


a®— bz+a 
b—2z 


when, substituting this value in the preceding equation, wc 
shall find 


( b—2z)dx 


and therefore 


2(z&z + 
6— 2z 



, '2(r ? — bz+a) 

*=- . ( g =Sj —A. . . ( 41 ). 


317* Let us take, for example. 


dx 


x hJ A -}• BiP*f 


A B 

putting —=o, and-^7 =B, the expression may be written 

V V 

thus, 

dx 


n/C x x a+bx + x* 


The equation (41), divided by the equation (40), will give us, 
after reduction, 

dx _ 2dz 
a + bx+x* b — 


and dividing by the equation (39), we shall have 

dx 2dz 

x»/ a+bx + x* z% — a 

multiplying the denominators by C, this equation will be¬ 
come 
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dor da? 2dz 

—= - - -or — _ .- — —-=, 

■s/Cxx*/a-t-bx+a A A -f- B.r (a*— a^y/C 

a fraction integrablc by the method of rational fractions, since 
•s/C may be considered as an ordinary constant. 

318. As a second example, we will take dx*JnP-\- x 9 j com¬ 
paring the radical part with that of the formula (40), we have 
a = nfi, b = 0, and putting these values in the equations, (40) 
and (41), we shall find 

_ z* -4-i»* z® -f- »n 2 

/ ro*+.r* = q-—, <*x _ g ’jp~~ dz> 


whence 


—-- (a« + *n®)*^__ 

dxy/ in® -f- z® = —- ^ dz , 


and having integrated this rational expression, we must sub¬ 
stitute for z its value in terms of «r. 

319. The preceding method cannot be employed when Cx 2 is 
negative; for, on proceeding as above, we should have 

%/ A+ Bx— C a®= 

= C °+ bx —.**, 

and if we should suppose s/ a+ bx —«r® = x-{-z, on squaring the 
two sides of this equation the terms in a:® would not vanish, 
but we should have a term 2x 2 , and the value of x in terms of 
z would result irrational. To treat this case, we must observe 
preliminarily that the polynomial a-\-bx — x* may always be re¬ 
solved into real factors of the first degree*. 


• To demonstrate this, let the polynomial be written thus, 

—[x^—bx—n ); 

we shall find then the factors of x*—bx—a by equating this expression to 
zero, which will give us 
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Let a. and oC be the roots of the equation ,t A — hx —«—0 ; 
we shall have then, from the property of equations, 

,j»2— jj X — a — (.v —a) (.*■—a'), 

and, consequently, by changing the signs, 

— j:’ = — (.r—a) (t— at!) = (</'—a) (a—<r) ; 

substituting this value in the radical, we will suppose 

—a) (a—,r) = ( ,r —ct)z .... (42), 
which being squared, gives us 

(.r—a) (a—.»■) = (.**—a) 4 z 2 , 
and suppressing the common factor, we have 
a'—.r = («/*—a) .... (43), 


whence wc deduce 


therefore. 


CL + OLZ 1 

' 2*+l ’ 


a, + as 2 

■r—«= „ -a. 


and reducing to the same denominator, 

a'—a 


— a = 


s*+l 


, (44), 



and, therefore, by the property of equations, 


» + ^ +- ) + „), 
and since, by hypothesis, a represents a positive quantity, the factors which 
compose this product cannot be imaginary. Besides this, without resolving 
the equation .r*—&r—a=0, we may conclude, from the sign of its last term, 
that it has its roots real, (art. 304). 
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which value being substituted on the second side of the equa¬ 
tion (42), we obtain 


a —a 


v' (a — a) (a -.(■) = -q-j 


(45). 


In regard to d.r, we have only to differentiate the equation 
(44) to obtain its value in terms of z , and we shall have 

320. Applying this process to the example 

r/.r 


y/ a-\- b.v —a** 


we must divide the equation (46) by the equation (45), when 
we shall have 


d.r 


2(a— a)z 


.dz = — 


2 dz 


(22 + 1 )Ss .«Z^'"' * + >’ 


and, therefore. 


f 


da: 


= — 2 tan —l . 2 +C, 


y/a + b.v — a * 
or, putting for z its value, given by equation (42), 

d,r 


/—===== = C — 2 tan-’ 
y/ a ~\~ b.v — a- a:— ol 


— C — 2 tan 


\/a— x 

V or —cl 


321. Let us take also, for example, dxy/2ax —,r 2 ; com¬ 
paring this radical with that of the equation (42), we shall 
have a = 0, a =2a, whence the equations (45) and (46) 
become 
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2 az 


Aaz 


v'J-) = -j-pj, dx = — ; 

and these equations, being multiplied one by the other, give us 


-- 8 a*z*dz 

dx V 2 ax-x»=- 

an expression which is integrablc by the method of rational 
fractions. 


Integration of binomial differentials. 

322. We have seen that a method, very extensive in its 
application, for the integrating of irrational functions, is to 
transform the functions into others that are rational, so as to 
be able to apply the rules for rational fractions. 

The difficulty is to determine the transformation which 
ought to be employed in each case; we have already stated 
the one that is applicable when the surds are trinomials, in 
which the variable does not rise above the second degree; aud 
since expressions of this sort occur very frequently in analysis, 
the knowledge of the transformation necessary for rendering 
them rational will be of great service. We have also given a 
general process for rendering functions rational which contain 
only monomials raised to fractional powers; and we will now 
proceed to examine whether, by means of any transformation, 
binomials affected with fractional indices can be rendered 
rational. 

323, The general form fur binomials is 

r ?n—i( fl b.v n y > dje*. 


* The binomial expression Ax> -j-Bi 1 being a particular case of the one 
(Arr-4-Bx*)p, it is to the latter form that we shall refer the binomial dif* 
ferentials : it may be written thus, 

[,v> ( A —,v>'P(A 
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If p be a whole number, this formula will be integrated by 

J) 

art. 269; but when p is equal to a fraction -, we shall have 

r m—i (a -h b,r n ') dj' .... (47)- 
To render this expression rational, we will put 

a + fi,**" = 3'/ . . . (48), 
or, which comes to the same thing, 

i 

(a + bx n ) q = z, 

and, consequently. 


^ = -(49). 

Then the equation (48) being differentiated, gives us 
bnu. n ~~ ] fLi’ — qz q ~' dz .... (50); 
the same equation being resolved in respect of ,e, we have 


i 



and therefore, raising the two sides of this equation to the 
power m, we obtain 


m 



differentiating the two sides, putting the constants in front, and 
dividing by m, we find 


and making s— r=«, rp—vi—l, it becomes 

•r>n-q A-fB.r’O''. 

Wc have replaced rp by m— 1, rather than by m, because, as wc shall see, 
the conditions of inlegrability arc more readily expressed on that supposition, 

Q 



22G 


i nt !•:<;iiai- r a ncui. us. 


. , ti /z’>—a \ « ' , , 

.r r, - , r/.r = -M —- - ) ^-V/r ; 

miA 5 / 

and substituting this value in the equation (47). a.< ulso that 

n 

*>f (a 4 given by equation (49), we have lastly 

a?, (-r-)“ '^'-^•••■(51). 


This expression is rational when — is a positive whole 


number, for then in raised to an integral power, and we 

(• 

may reduce the expression (51) to a limited number of mono¬ 
mial terms, each of which will be integrablc by art. 2G2, or by 

III 

art. 2G8. If — be a negative whole number, the expression 

H 

(51) becomes also rational, and may be integrated by the me¬ 
thod of rational fractions. 

324. Let us take for example the expression 

,i h (a + b.r*y i dj‘; 

in this case we shall have 

p = 2, ([ — 3, m —I =5, or m = G, n = 2, 

and consequently tlie condition of integrability is satisfied. 
Substituting, therefore, these values in the expression (51), 
we shall have to integrate 

3 . . 3s 10 7 3o . 3« ft 

2*T (* s - aYz'dz = — <k —fc*dz + ^z'dz ; 


, V .7 oJj : >2" 3«Z« ,, 

/ 6.r a ) a.r — -a ,, -- 1 -i-C * 

’ ' 226 3 - 8 &* ^ ' 


whence 
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and we must substitute in this result the value of.z in terms 
of x. 

325. To obtain another condition of integrability, we will 
write the expression (47) in the manner following : 

‘ d ‘i 


and, raising the factors of the product f ^ \.r u to tlu* 


power —, we shall have 


tip , 
m -h.— 1 


”P / a \p ' e 

it .m— i iV 7 4- b J y y (tlx 


But, according to the preceding demonstration, in order 
that this quantity may be integrable, we must have 



n 


whole, number, 


or, performing the division. 


— whole number . 

n q 

326. Let us take, for example, the expression a + Ox 3 , 

writing it thus: 

x 6—1 (a -f- bx 3 y^d.v. 


we have 


W =5, M =: 3, P = 1, </ “3, 
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consequently 


m p 5 1 

—+ -«=5 + o = 2 - 
ti q o .5 


ami the quantity, therefore, is intcgrable. 

In this case we shall have, (art. 825), 

a: 5 — 1 (« bu s ) V<r = tr 5-1 + b j *.»’</«£’; 

and adding together the indices of t, this expression will 
become 

x * (ad*— 3 -\-b) ^d.r; 


making ax~ 9 -\-b — z^ t we shall find 


{ax'— 3 -f by = z, x 3 = 


* 3 —6 


/a , \ | 1 s s — h 

' .i 3 f x 9 a 


the latter of these equations gives us 




z*—b’ 


whence we deduce, by differentiation. 


x 2 dx = — 


az*dz 


{z*—by’ 

multiplying the two last equations together, wc have 


.r b dx = 


a z z*ds 

X^-by ; 
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and this value* of y j da>, and that of ( a,v— n + b) Jj being sub¬ 
stituted in the expression (52), we find, lastly, 

, a"z H dz 

•’("' r +l>) J d.r = - 

an expression which is intcgrable by the method of rational 
fractions. 

Formula of reduction of binomial differentials. 

327- When the equation xm—irf.r (« -\-b.m)p does not satisfy the condi¬ 
tions of integrability which we have just laid down, we may apply to it the 
method of integration by parts, in the manner following: 

Comparing the formula fx m ~* fix (a -f- bx ,n )p with the first side of the 
equation 

fudv —uv —J'vdu, 

we may assume 

(a-\~bx u )p=u^ #>»»—i dx—dxi. and therefore v ——, 

m 

and we shall have, putting the constants without the sign of integration, 

j'tn pub 

Jbrm—ldx(a+bxn)p=.(a+bx n )i>-^ — fx m (u-\-bx n )li—ix n —*dx, 
or, 

fx**— 1 da.’(a-J-6j’ n )?' — (a-j-&x»r)--^^yi , «»+n--i^a+6j? n )P~ 1 d.i (53); 

mm 

on the other hand, we have the equation 

and, multiplying out, this equation gives 

(ff+6.i M )j>=a(<r-f-&3»)p—i -\-bxn(a-\-b< «)p— * ; 
whence multiplying the two sides by .■»<»—i,/,, W e find 

Jx ,n —i dx(a -\-bx» ) p 

=zajx m — 1 dx(a-\~bx* t )p — 1 -\-bfx»*+n —i .... (o l). 

By means of this equation, we may eliminate the last term of the equa- 

pH 

tion (53) ; for if wc multiply the equation (54) by -- , and add it to the 

m 

equation (53), we shall find 
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\ m r in 


m 


and, multiplying by m, and dividing then by the constant factor on tlie first 
side, we shall obtain 


Jx m —'</1 ( a -f - b i " )p 

= — --(d-+-Zu /i ) p -J— » l —idx(a -Ww" ) i — 1 .... (55). 

(tn-\-pny m ~\-pti 

By this formula, therefore, the integral of i m — 1 fii(n-4-£u tl )i' may be made 
to depend on another in which the index of the part within the brackets will 
be diminished by unity. 

If now we put in this formula p — 1 in place of p y the integral of 
i•»—1 di (a J.i » ) P— 1 will depend on that of .i»«— *//i (« —|-&i —* ; by the 
same process, this, in its turn, will depend on that of 3 ’ 

and so on ; so that the exponent of the part within the brackets will be sue- 

cessively p, p — I, p —2, p —3. p — n (by n representing the greatest 

integral number contained in /», which we suppose fractional). 

If, then, we can obtain the integral of x m ~ l dx(a-\-bxn')i>— n t we shall have 
that in Which the index of a~\~bx is greater by unity, and so on, up to the 
integral of ,r»*— 1 rfi(a-|-6a»)p, which we shall thus obtain in a finite number 
of algebraic terms. 

327- If p were negative, the equation (55) would give 


, _ —.J wl («4-/ir M )/'4-(»«4-»») /1»* — I>»*)/' 

fx>*-tdi(a+b i«)l'- J =- 5 --— 

pita 

and making/* — ] —p y we should have 


jx>n —i d i ( a + bj. ■> ) i> 
(p + l)na ~~ 


(5C); 


a formula in which, if we make p negative, the integral proposed will de¬ 
pend on another in which the index of the part within the brackets will be¬ 
come more nearly equal to zero by unity. 

82H. We may also diminish the index of i without the brackets. For 
this purpose, the first sides being equal, we shall equate to each other the 
second sides of the equations (53) and (54), which will give 

iv , pnb , 

-}/'-At'"* * - <(a-|-Ai«) j'-'iji 

m m* 

—A* )/’ 1 4 bfirii + »- /»(*');>—itf», 

whence wc shall deduce 
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— (rt-j- Ai«) l>. - afi f >*~idt(a+bi>')r-i. 


consequently 


fa:'” + n—*(a-\-brn)l>—i(U ——L_L-:- -1 - V _L-'-• 

and making m+n — vi, and j) — l—j>, this equation will become 

r , , , , , . .r»i—n(a-\-bx» )."+ i—(nt — n)tij!r m —n—\dx(a~\-b.v n )P 

f x m —i(Lt\a 4-i.r**)/- —-1— -i-—-1__L L- 

• * • (57)- 


lly means, then, of this formula, the integral will depend on another, in which 
the part x m —*, without the brackets, will become ■ this second inte¬ 

gral will, in its turn, depend on a third, in which the part without the brackets 
will be .!•»*—-»—>; and continuing the process, the indices of .r without the 
brackets will be successively in —1, in —n —1, m —2«— 1, m — An —1, . . . - 
m — ni — 1 ; rn being the greatest multiple contained in m. 

In the last of these operations, therefore, the index of x without the 
brackets, on the second side of the equation of reduction, will be in—nt — 1 ; 
and consequently on the first side of that equation, will have for its index 
in —(r—1)//— 1 ; thus making m~m — (r —1)«, in the formula (57), and 
representing the part integrated by X, that formula will give us 


/ j-m—(i—- i)m— irfr(a-H . , .» , ») 11 = 


X — (m— rn)(tfx m —'*>»— 1 /f,-» (fl-J-fiavO 

m — (r — 1 Jw+jm] 


(5C). 


If rn be equal to w, the coefficient m — t n becomes 0 a-id consequently the 
part affected by the sign of integration, on the second side of the preceding 
equation, will vanish, and there will remain 

X 

fj-m —(r—l)«—l ftf(a -j-6j>< l« —- 

* 

This integral being determined accurately, all the others will be so likewise, 
and the proposed formula is therefore in this ease integrate. 

329. Tn the formula (57), which reduces the index of x witliout the 
brackets, m was supposed positive; to obtain the one which applies to the 
case in which m is negative, we derive from the formula (57), 

v a -f -bx> 1 * t 1 ~ K -- l>( ni -\~pn ) fx b/.f t,/ -{ b >“) > 

f A m— w—lrf. r («-f/u") , ‘— - 7 - , '- - 

f v ' 9 in* —mV; 
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whence, making m —w=m, we have 


fx m —idx(a -\-bx n ') p: 
• • • » (59), 


(a-\-bx n )p+ ix m — b(^m-\~n-\-np\fx m + n ~ m * dx(a -j- bx n )l> 

ma 


and by means of this formula, when the index of x without the brackets is 
negative, the integral will depend on another, in which the value of that 
index will be diminished by n ; for the index of x, without the brackets, on 
the second side of the equation (SO), being m-\-n —1, if we replace m by its 
negative value, which we will represent by m, that index will become .... 
—(*»'— n) — 1, whilst that of x, without the brackets, on the firsL side, will 
be — m —1; and considering only the numerical values of these indices, it 
is evident that —(to 1 —«) — l will be greater than —m 1 — 1 by ?i. 

330. To give an application of these formula 1 , let the expression be 


.i n, dt 

s/\ — 


this being put under the form and compared with the one 

I"-—i<f»(a-f-6.i»)p, we shall have 

m — \ =m, or m=wi+l, a = l, = — 1, «=2, p = — ^ ; 

£ 

and the index of the part within the brackets being less than unity, we must 
diminish the index without the brackets by substituting the above values in 
the formulu (57), which will change it into 


- x (1— m —1 —» 

/i (! — »*) * = -J.m-1 > —- 1 - —fxm- 2 J.t (1—1*) * 


m 


m 


or 


X”>dl __ lT n—-I V /1 — .13 | w-l dx 



If now we make successively 


9/i—m —1>, we have 
mzz m —4. 


/ 
/ 


x m —%dx 
y/r~.x* 
X m — l tlx 
— J’ 


_r».-8 N/l — 3 a | rn — 3 r x m —*dv, 

m —2 m — 2'* _ x*' 

■ ”» —5 x nt r >dx 
w—4 — 
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- ®. S _ _- - ^ —- *•}’ ' " ../ 1^. 


i^/1 —* 


0 m -° y/1 —a? 


and so on. 


x m ~ 2 dx 

The first of these equations will give us the value of f w * uc ^ 1 

being put in equation (GO), we shall find 

j. ‘T™dx _r.x’m—1 jn—\ x m —3 j 7>i — 1 m—3 ,— 4 Ac 

J —~ =—v/1 — or a S-h-•-: > H-•— f — ~ » 

>/l —.r* ^ l w» >« ?«—2 S wt «* —2 ^/l 


. .r max _ r 


in m ■ 


and substituting successively the values of 

a .w-1 dje 

f —==yf —===, 

y/ 1 —4 3 yj 1 — 4 ,J 

the last integral which we shall obtain, if m be even, will be 

if.r 

f VT^ t=Mn ~' Xi 

but if m be odd, this last integral will be 

- •vrf.r 

J ■ — > 

s/\ 

and since x&x is the differential of a- 2 , except as to the constant, we shall put 
1 —x‘ J =z, which will give us 

, Xdx .If lz _ 1 -l . £ yi -r, 

f — —,=r f -— =/- z Jz— — y/z= -vl-.T J ; 

J yjl—,x 2 J 2 s/ z 2 

the last integral being thus found, it follows that when in is an integral 
number the expression may always be integrated. 

331. Let us take also for example 

dx 

r'” v /l — jr« * 

this expression being written thus : 

,r—m( i —x 2 ) ^dx y 

and compared with the formula (50), in order to diminish the index without 
the brackets, we shall have 

m — a — 1, b~ — 1, «=2, p ~— 

4 af 

by means of which values the formula (59) will become 

1 / | 2 MW 

f x—»*dxt\ —.i 3 ) * —- .i-l—»n_}---/\r— M1 +2rf.r( 1—.»■') 

1 — w 1 - w' 
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or 


/; 


dx 


*'Vi—*® 


s/l—i 2 


m-2 _fL 

J -vm—2 


(in — 1 )x m ~ i vi — 1 J a ' m ~\/l — x 2 


• .( 01 ). 


anti if m be an even number, for example 8, the integral of- .. ■ will 

i*s/ 1 — 

tlx 

depend on that of -— ; this, by virtue of the same formula, will do- 

tXf a/ 1 —— it'® 

dx 

pend on the integral of -^====;, and we shall come at length to m=2; in 
which last case the formula (01) will give 


/ 


d.r 


_n/1 — 


rVl 


+C; 


so that, by these successive substitutions, we obtain the integral when in is 
even. 

In the case in which m is odd, for example 7, the values 7. •% 3* being 
successively substituted for m in the formula (01), we cannot proceed to 

fn —2 

m—\ ‘ for, on this hypothesis, the coefficient-- of the second integral 

m — 1 

will become — ~= —oo; the least value, therefore, that can be given to m 
will be m=3; and on this hypothesis the formula (61) will become 


/ 


_ 

13^1— a* 


</*-■»• -.-I /•_±_ 

si'* 2 


To integrate the expression 

wc shall put .i =—, which will give us 


and consequently 


, _ s/^ 1 - 1 

= x/i->*=—-—> 




dz 




Hut wc have found. ,u t. JUB 
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s = fog (*+%/■»•--1 )• 

uml, therefore, changing .1 into we bhall have 

f ~ = ~ log < 3+ ''“ nrt >’ 
ami putting for its value —, we obtain 



ili 

'i'hu*. tile formula ~ may be integrated, whether we take m even 01 

odd. 


Integration of functions of sines and cosines . 

332. The integration of quantities involving sines and co¬ 
sines depending ou the possibility of developing cos 2 or, cos 3 #, 
cos 4 ./’, &c. in functions of the expressions cost, cos2t, cos3#, 
&c.; we will proceed first to show how this may be accom¬ 
plished by trigonometry alone (note fifth). 

If, in the formula 

cos(n + 5) =cos«. cos5—sin a. sin £ . . . (62), 
we make a = b, we shall have 


cos 2 a =cos a a—sin*a = cos 2 <*— (1—cosV) 

= 2cos u «— 1; 


whence we derive 


cos a « = A 4*icos2ff, 

and multiplying this cquatioii bv cos a, it becomes 
cos ;, </ =. .lens a + \coset eos2« . . (63) 
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But if to the equation (62) we add the one, 

cos(6— a) =cos a . cosft+sina . sin6, 
we shall obtain 

cosa . cos6 = £cos(a-b&)+ Xcos(i— a ), 
and making b=2a, we shall have 

cos a . cos 2 a = -* cos 3a + \ cos a; 

eliminating, therefore, cos a. cos 2a betwixt this equation and 
the equation (63), we shall And 

cos 9 a = ^cos a *+-J-cos3a; 

and by the same process may be calculated the higher powers 
of cosa. 

333. This being premised, when we have to integrate the 
expression cos m a , dw > in which m is an integral number, we 
must put for cos m ,r its development, which, according to what 
has preceded, will contain only terms of the series 

constant , cos x, cos 2x, cos 3#, cos 4 jr, &c.; 


so that the whole will be reduced to the knowing how to inte¬ 
grate the expression cos mxdjr. 

For this purpose, we must observe, that if, in the equation 

d sin z = cos zdz, 

we make z = mx , we shall have 


and therefore 


d sin nw = cos m&.mdw ; 


_ . sin mx 

J cos vi.vax =-, 


m 


and, similarly, we should find that 
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_. , cos »»x 

/sin mxd.v =-. 

u m 

Taking, for example, cos 2 xdx, and putting for cos 2 x its value 
J + lcos2.r, wc shall have 

f cos 2 xdx — 4- ^ cos 2,?*) dx = ~ -p \ sin 2«r+C. 

334. If wc wished to integrate sin m xdx, we might proceed 
in a similar way ; or, otherwise, representing the comple¬ 
ment of x by z, we should have 

x — \it — z, dx — — dz, sin x = cos 2 , 

which would therefore change the formula sivFxdx into the 
one —cos™ zdz, and we might integrate as above. 

335. Taking the most general case sin”\r cos^f/j;; if m be 
even, wc will put m — 2 m, when we shall have to integrate 

sin 2Tn, .r cos'* xdx = (1—cos 2 x) TO ' cos n xdx ; 

and developing (1 — cos 2 x) m ', and multiplying by cos n xdx, wc 
shall obtain a series of terms, each of the form cos k xdx, which 
we shall integrate as above. 

If m be odd, we must put m=2m' + l, when we shall have 

sin TO .r cos u xdx — sin 27 ”' 'x cos 7 *.?’ sin xdx 

= (1 — cos 2 <r) w cos’* x x — d cos x ; 

making cos x—z, we shall change this expression into 

-(1-2 *) m 'z n dz; 

and in 1 and n being, by hypothesis, integers, we may develop 
and integrate. 

336. Applying this process to the expressions 

cos n xdx sin” x dx 

sin n x 7 cos m «r 

since the second comes under the form of the other, by making 
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x = z, wc shall consider only the first: and if m be even, 
we shall assume m = 2ml, when we shall have 

cos m xdx _ (1 — sin 2 .r) w c/a; 
sin” x ~~ sin" ,t 


m 


1 — m sin 2 ,r +in 2 sinV* -f* &c 


sin" x 


ih, 


an expression, the integral of which will depend on those of 


sinJxdx and — 


d.v 


sin*x 


If m be odd, making m — 1, we shall have 

cos m xdx (1—sin®x) m 'cos xd.v , . „ cosxtfx 

——— = •- ~ -= (1 — m sinn + &e.)—r—:—, 

sin”x sin”.r 7 sin"x 

an expression, the integral of which will depend on those of 

. , , , dx cos x 

sin' a' cos xo> and — t—t —- 

sin*x 

The integrals of sin l wdx and sin^r cosxc/x have already been 

treated of; to integrate ^ C ° S ? 

b sin* ,r 

dx cos x = dz y and consequently 


we must put sin x = x, whence 


r.- k+ | 


cos x_ jflz r 

rfs= -T=T +c - 


In respect to the integral of ———, the same transformation 

sin* x 

dz 

will change this expression into-, a formula which 

**(1— *2)£ 

we know already how to integrate. 

337. If, lastly, we have to integrate —-we must 

cos " ,r sin” x 

multiply the expression by cos® x -f sin® x, a quantity equi¬ 
valent to unity, when we shall have 
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dx 


(h ■ 


dx 


cos m iV sin" x — cos ”' -2 .r si n" x eos m x sin n—2 x 9 

by which the sum of the indices of the denominator will be 
diminished ; and repeating the operation, and setting apart 
successively all the fractions, wliich, in their denominators, 
contain powers of the sine alone, or the cosine alone (since wc 
know how to integrate these fractions from what has pre¬ 
ceded), at the last operation we shall meet with terms still 
containing powers of the sine and cosine, or which will be of 
the following forms : 

fix dr tlr 


cosa sina ,J cos.r* sin.** 


To integrate ——, we must multiply the numerator by 
cos.r sin 

cos 12 .? sin-.?’, and we shall have 

dx cos.r sin,*’ r/.sina 1 d. cos x 

-.— = ax. . -t-a.r-=—:-—-, 

cos x sin x sinj’ cos,?’ sin,?- cos,?’ 

the integral of which is 

log sin x —log cos x +log C = log C tang ,r. 

d*v 

To integrate ——, we must put cos x = z, and we sliull have 
sm x 

j _ dz dx _ dz _ dz 

Cl A •— ^ ) "• — • A f ft f 

sin a: sm*’ sin®* 1 — z* 
an expression intcgrable by the method of rational fractions. 

dtV 

In regard to——, we shall suppose sin x = z, and we shall 

OOS il* 

find 


dx 

f —= f 


dz 


cos x " l_ 2 a 

338. In general, we may always transform expressions con- 
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taining sines and cosines into others which do not contain 
them, by simply equating sin a? or cos# to a new variable z. 

For example, if in the expression sin” 1 # cos n xdx , wc sup¬ 
pose sin x—z, we shall have 

_ ^ dz 

coax= s/\ —z 2 , dx = j __ 

v and substituting, we shall had 

sin m .r cos n xd.r — z m ( 1 — z*'y* (1 — z 2 ) ^ dz = z w (l — z*) “ dz, 

an expression which comes under the form of binomial dif¬ 
ferentials. 

The method of integration by parts may also be applied im¬ 
mediately to the expression* sin m a?cos T’.rdx. 

339. Lastly, trigonometrical formula; also may in some cases 
be employed with advantage. To integrate, for example, 
sin m# cos n*dx\ since Trigonometry gives us 

sina .cos&=-£smfa + 6) + £sin (a — b ), 

by comparing the expressions sinw?,r cos nxdx with this for¬ 
mula, we shall find 

sin mx cos nxdx = \ sin [(w+n)x] da' -f ^ sin [(w?—w)«r] d.r, 
and the integral will be, art. 333, 

^ ,cos[(m-}-w)#] t cosQ(»n—»)#] 

4 --. 

m + n “ m—n 

On the integration of exponential and logarithmic quantities. 

340. It has been demonstrated, art. 37, that, taking the 

* To compare the expression with udv, we must decompose it thus; 

cos’<+it 

sin»»—i.r cos*ar sin xdx = — sin 1 1 ft. -——. 

w+1 
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logarithms in the Napierian system, we have da x —a J dx logo, 
and therefore, reciprocally. 


J' a 1 dx — 


a r 

log a 


a form which will serve to integrate the general expression 
a^'Kdx, in which X is a function of .r. For this purpose we 
must write the expression thus: X. a x dx; and integrating by 
the method of parts we shall have 


f X .a'd.r — 


X.«’ 


n 


log a ■' log a 


f\ -dX-(64), 


the function X and its derivatives being then differentiated 
successively, we shall deduce dX = X'dj*, dX' = X'dar, &c.; 
and therefore 


y,— rfX or f.—a‘dx= 


X 


logrt 


log a 


flogfl) 1 




a 1 


(log »y 


:rfX'; 


whence, substituting this value in the place of the last term 
in the equation (64), we shall obtain 


rv xa _ X>qr X - a? , r—?l_ 
f a lV log a (logo)* ^ (logo)® 


dX'. 


This operation being thus continued, we shall arrive at length 
at the development. 


f'Xa r d t r = a{ ~ 


X' 


Vlogfl (logfl) <2 ~^ (logfl) 3 (logo) 4 

a r dX^ 


X 


x<») 


(logo)" 


■+ i 


/ 


(logo) 


M+l 


and if, taking the series of the differential coefficients. 

X', X", X"' .... X<»>, the last of these coefficients be constant, 
we shall have dX (n) =0, and therefore the part under the in¬ 
tegral sign -will vanish. 
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341. Let us take, for example, X = ^ J ; we deduce thence 

X =3.r 9 , X'=2.3.r, X" or X^=3.2; 
and therefore. 



If we make a equal to the number e, which is the base of the 
Napierian system, log a becomes loge, and since ]oge = l, by 
virtue of the equation e = e 1 "*", the preceding scries will become 

J x*e r dx =e r ( f * 3 —-3.it 9 4- 2.3.r—2.3). 


342. We may arrive also at another development of j'a T X.dar 

in the following manner : making. 

J"X.d.r =P, fPd.r = Q,/Qd.r = R, &c., and integrating by the 
method of parts, we shall have 


Ja*yLd.v = <zP— fa x log a P d.v .... (65), 

J/t r logo .Pdjr =:a* logr/.Q —fa 1 (logff) 8 Q djt; 

substituting in the equation (65) it will become 

Ja r .yLd,i' = P— a r log a . Q + fa* (log n) 9 Qd.r; 

and continuing to integrate by parts, we shall have generally 
Ja w Xdj?=.a*\JP— -Qloga + ROogfl) 9 — &c.] ±./Za T (\oga) n d.r. 

343. If we apply this formula to the case in which X = 

a A 

we shall find 


p = _I_ q — * 

4a* 1 3.4i s * 


R = — 


2.3.4^’S , 


Z = 


I 


2.3.4.r 


and therefore 


s a 'd.r , 


1 


logo 


4.i 4 3.4a* 


2.3. 4x*i 


(log«) 3 t a r d,v 

lOfX-'T - 
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The integral of —-■- is a transcendental function, the exact 

x 

value of which has never yet been determined. 

344. We see, generally, that whatever negative and in¬ 
tegral value we give to the exponent of <r, we shall always 

come at last to the transcendental f -; for the exponents 

of x in the functions P, Q, R, &c. being successively dimi¬ 
nished by unity, the last of these functions must be of the 

-, and consequently the last integral will be 


form 


x 


Ac* a*dx 

J~dx = A/^ 


since A is constant. 


A a*dx 


To obtain an approximate value of the integral of 

iV 

we have no other means than to substitute in the expression 
the development of a* t which, as we have seen, is 

1 + x log a + —(log a) 2 + ~g-(log *) 3 + &c > 


and then to integrate each term separately. 

dii 

345. If in the equation -— = d. log a, or du = ud log u, we 

make u = x y , we shall have 

dx* = ,**«/ log x v ; 

thus, whenever we can decompose a differential into two parts, 
one of which may be represented by x'', and the other by d. 
log.**, the integral will be ,r y 4 C. 

346. The integration by parts may be applied also to the 
expression Xdx( log a?)*; for if wc represent the integral of 
Xdcr by X,, we shall have 

J'Xd.r (log .r) n =X,(log x) n —nf^dx(log x )*' 1 ; 

a 2 
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and this last integral may be made in its turn to depend on 
another of the form "Kjlx (log and so on. 


Bcrnouilli & series . 


347. We have seen that differential expressions are fre¬ 
quently not integrable until they have been reduced into the 
form of a series, and that, for this purpose, representing by 
Xrf.r a differential in which X is any function whatever of x , 
we have first to reduce the function represented by X into the 
form of a series, and then to integrate, after having substituted 
the development thus obtained in the formula Xakr. 

The series of Bernouilli has the advantage of reducing/'Xr/.r 
into a scries, even before we have given the form of X, and is 
in the integral calculus what Taylor's series is in the differen¬ 
tial : it is proved in the following manner : 

Proceeding first to integrate Xcfo by the method of parts, 
we shall compare J'^Kclx with the first term of the formula 

fudv = uv—fvdu, 

when we shall have 

X = ?/, dx — dv; 


the integration by parts will therefore be effected by making 
t f^dx = 'SLv—JxdH .... ( 66 ) ; 
and the integral being taken in respect to x, we have 


and consequently 


</X = ^-rfx, 

ax 


JxdX=S-^-sdx. 
ax , 


Integrating again by parts, u will be represented, in this case, 
by and dv by xdx, so that we shall have »=-jjy and we 
shall find 



beanouilli’h sbhiks. 


245 


fix , (IX x* _ jl 2 d*X 

—. t vd.v = ——. -=— / — 7 — ; 

dtr dx 2 J 2 d,r 

or, putting the fraction A before the sign of integration, 


jfX 


rfX x* 


dOC 




rf.r 2 


da; 


, , . d*X . . . . 

and replacing — by -— —dr, and replacing the process, we 


d.r 2 


shall obtain 


r ,d 2 X d®X j d*X 

fop .- 7 — or f-—.x'dx = A.r J -j-- ■ 
47 dir dx* T dx~ 


d’X 


•^*T. 


( 68 ); 


whence, substituting in the equation (06) the value of the 
first side of the equation (67), and in the result substituting 
the value of the first side of the equation ( 68 ), and so on, we 
shall obtain 


v dX .r 2 d*X .?» 

fXdx = Ax ——. 7-7: + -r-r-. vtto ~ &c. + constant. 

J dx 1.2 dx 2 1.2.3 


On the quadrature of curves. 


348. Let s be the area ABMP (fig. 51)’ of a plane curve ; pip. 51. 
if the abscissa AP — .r become AP' = r -f h, the area a will 
become 


ds. h m . „ 

area ABM P =« + -.—A + -j- ,~o +&e.; 

dr dx* I .2 


and we shall lia\e tlieieforc 


ds , d 2 s h 2 

curvilinear area PMM P = // + -— —--f &c. 

(/.1 dr- 2 


Now this area is comprised between the two rectangles PM', 
and PM, for which we easily obtain the analytical expressions 




246 


INTEGRAL CALCULUS. 


rectangle PM' = P'M' x PP' ~JX* + h)h> 
rectangle P'M = PM x PP' = fv . h ; 

the ratio of these rectangles therefore is 

f(x+h)h J{x+h) 

' fx.h ~ fx 

and, in the case of the limit, this ratio is reduced to 


f* 

f* 


= 1 . 


But the curvilinear surface PMM'P', being comprised be* 
tween the two rectangles, must differ less from the rectangle 
P'M than the rectangle PM ; does; and consequently, if, in 

PM' 

the case of the limit, we have p^- = 1, much more will unity 
be the limit of the ratio 


area PMM'P' 
rectangle P'M* 


Replacing therefore the terms of this ratio by their analytical 
expressions, we shall have 


ds d?s 7t 2 

+ &C - 

fx.h 


ds d*s h 
fa+dx* 2 +&C ' 



and, passing to the limit, by making h= 0, we shall find 



whence ds =:fx.dx ; and putting for fx its value, we shall have 

ds—ydx .... (69). 

Fig. 69. 349. We might also determine the differential of the area 

of a curve, by the method of infinitesimals, in the manner fol¬ 
lowing (fig. 59): 
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, dtittui™ PM + P'M' 

trapezium PMMT* = ---X PP 

40 

„ y+Ly+dy)., _, dxdy 

= — 2 — dr y d,r — 2~ ’ 

and rejecting dxdy as an infinitesimal of tlic second order, 
there will remain ydx for the differential. 

350. As a first application, we will determine the area of 
the portion BMP (fig. 52) of a parabola. *‘8* 

Let y- = mx be the equation of the parabola, and B the 
origin ; we find then, by differentiating, 2 ydy = mdx ; there¬ 
fore dx = j and consequently ydx — ^~dy j whence, in¬ 

tegrating, we have 

• • • {i0) - 


in 


To determine the constant, we must observe that when y — 0, 
the integral which expresses the area sought is also 0; this 
hypothesis, therefore, reduces the equatiou (70) to 0 — 0-fC, 
and 


J'ydx 


3 m 3 in 


. 2 y 2 

*=3 Tn^r* 


351. We have now some important observations to make 
respecting the determination of the constant; and for this 
purpose we shall solve the same problem, taking the parabola 
whose equation is 

y*=M+»x .... (71)* 

m 

In this case the origin of the abscissa: is no longer at the ver¬ 
tex of the curve; for on making y — 0, the equation (71) gives 

x=z——; and since this abscissa must terminate at the point 
n 
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Fig. 63 . B, in which y = 0 (fig. 53), if we draw from B the line . 


m 


BA=—, A will be the origin. 


n 


This being premised, on proceeding as before, wc shall find 

2v 8 2 y 3 

2 ydy — ndj’yydx = —dy } and fydx =-. -— bC .. ( 72 ), 

W t> 71 


and to determine the constant, we must observe that the area 
ADMP, which here represents the integral, must become 0 
when the ordinate MP coincides with AD. 

Now AD being the ordinate which passes through the 
origin A where the abscissa .r=0, the equation (71) will 
give us, on this hypothesis. 


y or AD= </m; and making, therefore, fydx =0, and \j— 

2 tu' 

these values will reduce the equation (72) to 0 = r> -(- C ; 

on 


whence we deduce C= — - —, and consequently the integral 
sought is 


Jy< t *= 


ay 

3 n 



— area ADMP. 


352. In what has preceded, we have deduced from the 
equation of the curve the value of dx, in order to substitute it 
in the formula ydx, and then integrate. We might proceed 
otherwise, putting in that expression the value of y instead 
of that of dx; for to obtain the integral, it is sufficient that 
the differential proposed contain only one variable ; thus, in 
making the substitution, we may choose the one which re¬ 
quires the least calculation. 

353. An integral, such as ffxdx, may always represent the 
area of a curve, the equation to which hy—fx-, for this equa¬ 
tion being given, if we substitute tin* value of y in the for- 
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mula fydx y we shall ha vefifiauLr for tlie area of that curve. It 
is on this account that when a problem conducts us to the in¬ 
tegrating a function of only one variable, tlie problem is said 
to be reduced to quadratures. 

354. Let X be a function of x, and suppose that by in¬ 
tegrating Xdx wc have obtained 

fiXdx =F«r + C ; 

this integral, in which the constant C is not yet determined, 
bears the name of the general indefinite integral, or, more 
simply, of the indefinite integral, and it is complete when it 
contains the arbitrary constant C. 

355. If, by any hypothesis, we determine this constant C ; 
if, for instance, wc suppose thatfiXdx ought to vanish when 
.r — a, the equation (73) gives, in this case, 0=F« + C, whence 
C=—Fa, and tlie equation (73) becomes 

fXdx = Fx—Fu ; 

this integral F.r— Fa is then a particular integral, and wcsec 
that a differential expression has an indefinite number of par¬ 
ticular integrals, since wc may make an infinite number of 
hypotheses respecting the constant. 

35(i. In making the hypothesis of the integral: being 0 when 
,v = a, we suppose that taking an abscissa AB = a (fig. 54), the Fig. 
surface is comprised betwixt the limit BD and the indefinite 
limit MP, which corresponds to AP =; the operation, there¬ 
fore, by which we determine a particular integral is the same 
with that which would fix the position of the limit JJD, from 
which we reckon the integral. The second limit MP will, in 
its turn, be fixed invariably, if we give to x a determinate 
value f>; and then the particular integral /yrf«r = F.r—F u 
will become 


fydx — Fb — Fa, .... (74), 

and the surface BDMP will be no longer arbitrary. In this 
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case, the integral bears the name of definite integral , and is 
said to be taken from x=o to ar=-b. 

357* We will now investigate the definite integral of x m dx, 
presuming, of course, that we have given the two valueB a and 
6 , which satisfy the indefinite integral 


*ii+l 


+ C . . . (75). 


Suppose that the first corresponds to fydx—^S; we shall have, 
then. 


a m+l 

f+ c =0, 

m-f- 1 

and the particular integral will be 

- a,ru+ 1 />»!+] 

Put now ,r = b, and we shall have for the definite integral 


i m + 




i-TTr 


358. We might arrive also at this integral by making 
successively x = a, and x = b in the indefinite integral, and 
subtracting the first result 


from the second 


a ^ 1 
»* + ! 


+ C 


^m+I 

ira-f-1 


+ C; 


observing only that, in taking this difference, the part sub¬ 
tracted must be the value of the function of x at the origin of 
the integral. 

359. As a third application, we will determine the area of 
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a right-angled triangle ABC (fig. 55): in this case the equa¬ 
tion of the straight line AC being y—ax t on putting this 
value of y in the formula ydx, we obtain axdx, whence 

fydx ss/ajtdx =-f C; 


and the area being 0 when .r=0, the constant is equal to 0, 
and therefore 


area ABC = 


ax' 1 x xu 
— =2 xflx “y 


SCO. If in the formula ydx we put the value of y, deduced 

from the equation of the circle, we shall find fdx — x* for 
the expression of the area of the circle ; and we saw (art. 
282) that this integral had for its value 


~ sin*“ , --fC. 

2 a 


The part sin -1 - cannot be determined except by supposing 

Of 

that the ratio of the diameter to the circumference * is known ; 
and we see, therefore, that the integration of d.ty/ a 2 —.r* can¬ 
not lead to the solution of the problem of the quadrature of 
the circle ; which is likewise the case with the quadrature of 
the ellipse, which depends on 


~Jldx s / a 2 —«**-. 

If we compare these two expressions, we shall derive the pro¬ 
portion 


* If, for example, a = we have 


and we must proceed as in 


art. 278, to determine the corresponding arc. 
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area of ellipse : area if circle :: -fdxfa <1 — x* : fdu.y/a? — a: 2 . 


or, 

area of ellipse : area of circle 
whence we have 

area of ellipse — —, area of circle — ^-na^ — nab. 

a a 

On the rectification of curves. 

361. To rectify a curve is to obtain a straight line equal to 
an arc of the curve. Now we found, art. 159, that tlic dif¬ 
ferential of an arc of a curve had for its expression 

ds — y/ daP+dy* . . . (76); 

if, therefore, an equation be given between two variables, «r and 
y> and we wish to rectify the curve to which it belongs, we 
must differentiate the equation, and substitute the value of 
dx or dy, thus determined, in the expression (76) ; the quan¬ 
tity under the root will then involve only one variable ; and 
if we can obtain the integral, the curve is rectifiable. 

362. Let us take, for example, the curve* found art, 165, 
the equation to which is y 3 = n,i~ ; this equation, being dif¬ 
ferentiated, gives us 

3 fdy = 2 nxdv ; 


* It bears the name of the semi-cubical parabola. This equation, as well 
as that of the common parabola, is only a particular case of the general 
equation y m which, for that reason, is called the equation of the para¬ 

bola of all orders. 

Wc may also consider the equation xy ~a of the hyperbola between the 
asymptotes, as a particular case of the equation t»»//» = «»«+», which is 
therefore called the equation of the hyperbola of all orders. 
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whence we deduce 

*■=2 pL, d** = l iU's* »'-dy* JUif 

2«.r 4 «®^' 2 4 n^ 3 ^ 4» J 

and substituting, we have 


✓a=+^=y(|*+i)^--,y|.e + i. 

To integrate this, since </y is the differential of the expression 
under the root, except as to the constant, wo shall put, art. 

271, 


whence we deduce 


9 • v , 
4 n 


d y = ty d ~ j 


and substituting, we shall have 


___________ 4// 

dy' 1 — 2 * dz i 


and therefore 


= g.* + c, 

¥ 

or, replacing the value of 2 , 

A/3S+^=|(|*+1)*+C. 

To determine the constant, we see, from the nature of the 
equation of the curve, that, at the origin of the abscissae, y is 
0; whence, supposing that the integral also is 0 at that point, 
we have 

0=g+C,C = -g; 
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and consequently 




8« 

27 


If a 1 = a, the arc s comprised between the limits x = 0, and 
.e=a, will be 


s 


8/i 

27 


jm 


9 ' a '«+iT- 



ipdy* 

303. The equation of the cycloid, art. 200, gives Ax ' 1 
value, therefore, being substituted in the formula (76), we shall find 


this 



and since —Ay expresses the differential of the part under the root, we shall 
put (art. 271 ) 2o— y= 2 , when we shall have 

dy j — — (2u)^ z ~Az, 

N/ 2a —y 

an equation which, being integrated, gives 

fdy ^ J?L_ = - (2a)*2a*+C = -2,/2^+C ; 

or, restoring the value of y, , 

y a„ ________ 

2 ~a~~y = “2^/2<i(2<i —y)+C .... (77)- 

To determine the constant, we will take the integral so that it shall vanish 
when y=2a; on this hypothesis, the equation (77) is reduced to 0—0-f-C> 
which shows that there is no constant to be added, and the arc of the cycloid 
5 7* will extend from the point B (fig. 57), where y — 2a, to the point M, 
whose coordinates ore x and y. The absolute value of the arc MB being 
2jy/2a(3 «—,y)» it will be observed that BE =2#—y, and therefore 
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2 y/2a(2a-y) =2^/DD X BE =2BO ; 

whence it follows, that the arc MB of the cycloid is double of the chord BG, 
consequently are AB=2BD. 


On the determination of the surface of a solid of revolution. 

364. If a curve BC (fig. 51), lying in one plane, revolve 
about the axis AX, it will generate a solid of revolution. We 
will now investigate the expression for the differential of the 
surface of the solid which is thus generated. 

For this purpose, let AP = «r, PM = y, PP' = h, and con¬ 
sequently 


PM = y 

jr«r-/*,+A)=,+g»*g g,+ & c.: 


then the ordinates MP and M'P describing, in the course of 
their revolution, unequal circles, these circles will be the 
bases of a truncated cone, of which the chord MM' will be 
the side; and the expression for the surface of this truncated 
cone will be 


circ. PM -f-cue. P M' 

2 


X chord MM, 


or, representing by 1 : it the ratio of the diameter to the cir¬ 
cumference, 

2ir.PM+2gPM ^ chord MM' = ir(PM+ P'M')cAordMM ; 

whence, putting for the ordinates PM, P M', their analytical 
values, we shall have 

surface (tf truncated cone MM' 

=* ( 2 *+It* + Si o + &c ) cWMM ’ 
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and, dividing by chord MM', 


surface of cone MM’ 
chord MM' 



d?y A 2 
dx % ].2 



If now we represent by s the arc MM’ of the curve, and by n 
the surface generated by that arc; since, on diminishing h, the 
arc tends to coincide with the chord, the first side of the pre¬ 
ceding equation must be replaced in the case of the limit, by 

~; and the second side being at the same time reduced to 

2 Tty, we shall obtain 

du 

i5 =a ** 

whence du — 2ityds; and pitting for ds its value found, art. 
159, we shall have, lastly, 

du = 2ity\/d,r" -f -dyf . . . . (78). 

365. By the method of infinitesimals we should have con¬ 
sidered the element of the surface of revolution as that of a 
truncated cone generated by the revolution of the elementary 
Fig, 59. trapezium MPP'M' (fig. 59) about PP' ; and this truncated 
cone would have for the expression of its surface 

. (PM + PM) ww , x , _ , 

circ. - 5 -- x MM = it {2y + dy) ds = ryds + ndyds, 


whence, suppressing itdyds as an infinitesimal of the second 
order, there would remain, for the element of a surface of re¬ 
volution, 

2 ityds = 2 ity t/djfidy*. 

366. As a first application, we will take the surface of a 
paraboloid of revolution, which is the solid generated by the 
Fig. CO. revolution of an arc AM (fig. 60) of a parabola about its axis: 
the equation of the parabola if =p.r gives 
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, 2 udy 

d,r = — - and dt ® = ; 


/> 


this value being substituted in tlie formula 2 ity\/daP-^dy 9 -, it 
is reduced to 


^Jl V ^/^l-±!L-)df= ^jLydy'/if+p', 

and ydy being the differential of the quantity under the radical 
sign, except as to the constant, we must put (art. 271) • . - • 

dz 

= 2 , when differentiating we find ydy ——, and sub¬ 
stituting and integrating, we obtain 


,2* -- 


) 

• t 




A 

+C 





(v +p-) 


+c. 


The constant is determined b\ supposing that the integral is 
O when y is 0, which reduces the preceding equation to 


0 =-^C, whence C = — —p' 2 ; 
o o 


and supposing that the integral is taken from y — 0 to y — b, 
the definite integral will be 

367. As a second application we will find the value of the 
surface of a sphere. This curve surface being generated by 
the revolution of the semi-circumference about its diameter, 
let ,r i +y' 2 = a* be the equation of the circle : this being dif¬ 
ferentiated, we shall find * 

<vd.v+ydy=. 0, 

3 
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whence 


, trdv , „ a a dx z 

d v =— d r=~r> 


y r 

and substituting this value in the formula (78)» we shall 
obtain 


da & —f2itdx,far+y i 

= f2ttada'=.2itax -f C... (78) • 

To determine the constant, we will take the integral to com- 
Fig. Cl. mence from the point A (fig. 61); and since the origin of the 
abscissa? is at the centre, wc shall suppose the integral to be 
0 when j* = —a, an hypothesis which will change the equation 
(79) into 

0=—2ffa l -j-C, and therefore C=27ta 2 , 
and substituting this value in the equation (79), we shall have 

f2itadx — 2if (nj’+a®). 

Taking now the definite integral betwixt the limits .r = — a, 
and x=a, wc must change ,r into a in the preceding formula, 
and we shall obtain for the surface of the sphere, 


f2itadx—2it (2'/-) =47ta 8 . 

368. We may also find the surface of a cylinder; for this 
surface lieing generated by the revolution of the rectangle 
Fig. 02. AD (fig. 62) about the axis AB, let .A^^ — a, .AC j ■— b , then 
the equation of the straight line CD will be y~b, and there¬ 
fore dy = 0. Substituting these values in the formula (78), it 
is reduced to 2itbdx, and integrating we have 


J2tbdx = 2ifb,r -f C ; 

whence, taking the definite integral betwixt the limits x = 0 
and t v = a, we find for the surface of the cylinder 

2 t xha-=.2rtb x a — circumference of base X height. 
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In regard to the surface of the cone, this solid being generated 
by the rotation of the right angled triangle ABC (fig. 55) Fig. 55 
about the axis AB, let AB-«, CB=£; then the equation of 

AC will be y — and this being differentiated, gives 

b b°~ 

dn — - ilv, dip — ~—dx 9 , 

J a a~ 

These values of y and dip being substituted in the formula 
(78), we have 


bx 


bx~ 


f 2 ity */ dJ L + dy* = f2ir~ 2 dxy/ a 9 + 6« = * 77 V a* + L* + C > 

C4 U 


and taking the definite integral betwixt the limits «r = 0 and 
.r — a, we obtain 

_ AO 

area of cone = 7 lb*/ <P + b z — 2ifb x — 

J 

. AC 

— circumference BL x -g-. 


On the cubaturc of solid# of revolution. 


309. Let v be the volume of the solid generated by the 
revolution of the curvilinear area ABMP about the axis AX 
(fig. 51). Fig. 51 

If the abscissa AP=.r become AP'= .?■+//, this volume will 
be augmented by the part generated by the revolution of the 
mixtilincar trapezium PMM P' about the same axis; and 
since the volume generated by ABMP is a function of a', for 
it increases or decreases at the same time with ,r, the volume 
generated by ABM P' will be a function of .r-f h, and will 
have for its expression 


dv, dH h 9 „ 
n + —h + 7-7, + & C ., 

(Lr d.r" 1.2 


o 
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whence, consequently, subtracting t>, the volume generated by 
A BMP, we shall have 

dv, d*v h c 

tJ' + dT*T2 + ‘' c ' 

for the volume generated by PMM P'. 

But this volume being comprised between the cylinders 
generated by the two rectangles MP and M'P, must differ 
less from cither of those cylinders than the cylinders differ 
from each other ; and if, therefore, it can be proved that, in 
the case of the limit, the ratio of those cylinders is unity, still 
more must this he true for the ratio of the volume described 
by PMM P' to one of the cylinders. This being premised, 
we have, evidently, 

cylinder described by PM' = ir[[ t /'( ,#, + ^)T^» 
cylinder described by P M = < jr( ; 

the ratio of those cylinders is, therefore, expressed by 

uu+m 

ifir- ’ 

and since, on making h — 0, this ratio is obviously reduced to 
unity, the same will be the case with the ratio of the volume 
generated by PMM P' to that of the cylinder described by 
MP'. But this last ratio being represented by 

do d a v h 8 _ dv (dv h 0 

-T- h + -T- a « + &C. 1 +-TT.S+&C. 

dx d.i* 2 dx^du*2 


we have, in the case of the limit. 


7r(fry 


dv 

dx 

*(»' = 1; 


whence wc deduce 
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dv 

d.r 


7r(/V) a =7ryS 


and lastly 

dmvtfdj' .... (80) 

370- Wo might arrive at the same result by the considera¬ 
tion of infinitesimals ; for the volume MON (fig. 64) may be Fig. 04 . 
conceived to be divided into infinitely thin slices, by planes 
perpendicular to the axis of revolution; and one of these 
slices, which will be the element of the solid, may be con¬ 
sidered as u cylinder, the base of which is the circle described 
by y, and its height the thickness ah of the slice represented 
by d.v ; this element will consequently be expressed by ity* d.v. 

371. Applying this formula to the determination of the 
'olurne of the predate spheroid, which is the solid generated 
by the revolution of an ellipse about its major axis, since the 

equation of the ellipse referred to the centre is. 

fr 

y 1 — - q (u 2 — ./ ■'), we must substitute this value of y 2 in the 
formula it if d.r, when we shall have 

b* 

xifd.r — r—(fi° — ,v q )d,v ; 


and integrating, we shall find 


b* 


Jrt K fdx=ir~ (aV— ~ )+C . . . (81). 


Supposing that the integral is 0 at the point A (fig. 56), pjg 
where ■?’ = — a, we shall have 


C = x ^a 5 , 


« 9 "3 


and substituting this value of C, the equation (81) becomes 
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r oj ^ / o A 3 2 \ 

fityHx^K—[a*#—g +3 a )' 

Making, then, x—a, in order to have the definite integral 
comprised between the limits ,r=—a, and x= +«, we shall 
obtain 


6® 4 4 , 

which is the volume of the prolate spheroid. 

If b — a, this volume will become that of the sphere, and 
will have for its expression 

4 2 2 

gita 3 = ^r'a 51 x 2« = - of the circumscribed cylinder . 

We may also determine the volume of the paraboloid of re¬ 
volution ; for which purpose, taking the general parabola as 
the generating curve, its equation will give 

ft 

y — ax" 1 , 

and substituting this value in the formula (80), we shall 
obtain 


■2ti+ni 

!l' mita*x m 

u=/#aW*=2^-+‘'- 


To determine the constant, we shall suppose that the volume 
is 0 at the origin where «r=0, whence we shall have C = 0. 
In the case of the common parabola, m =2, n = 1, and therefore 


Qp pp ^ 

v = ita*-^ = t ra*x. ^=7ty a . ^ 


Fig. 65. Now ity* being the area of the circle of which PM (fig. 65) is 
the radius, the expression . x represents the half of the 
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cyiindcr described by APMB about the axis of the abscissae; 
and therefore the volume of the common paraboloid is the half 
of that of the circumscribed cylinder. ( Note seventh ). 


On the vubaturc of bodies bounded by curve surfaces, by means 

(f double integrals. 

372. Let % E1)CB (fig. 05) be a solid contained within the angle of the Fig. 85. 
coordinate axes A.r, A//, Az, and terminated by a plane DCG, parallel to 
the plane of yz ; if a- become ^ -\-h , the volume of this solid will be increased 
by a slice I)D'CC', whose thickness is h j and representing by V' what the 
volume then becomes, we shall have 



The two methods of limits and infinitesimals have already been fully ex. 
plained, and we shall not scruple, therefore, to introduce here certain con¬ 
siderations, derived from the latter, which place the subject before us in a 
dearer light; after wliich we can again recur to our method of limits. The 

dX . 

equation (81) then shows us that —— is the differential coefficient which dc- 

04V 

dX 

termincs the volume; the differential consequently is -~-dx ; and this dif- 

* d.r 

fercntial is no other than the indefinitely thin slice PD'CC'Ffi, of which dx 
is the thickness. If in this slice we make y vary, it will become indefinitely 
thin in respect of y, as it is already in respect of .1 ; and consequently it will 
be reduced to an elementary prism ID'KF, the height of which is z, and its 
base the parallelogram F(«KL —dxdy ; we shall have therefore 


. z- dxdy —~ <h dy ; 
d.r ay 
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whence 


<FV 

dxdy 


and replacing z by its value derived from the equation of the curve, this 
value will be, generally, a function of j and y, which we may represent by 
M, and we shall have 


dxdy 


=M. 


373. To determine the volume from this expression, we shall put it under 
the form 


d- 

dx 

dy 


dy ~ Mdy ; 


when the notation of the first side shows us that the expression for the dif- 
dV 

ferential of —- has been arrived at by considering y as variable and 1 as 
dj 

constant. The same hypothesis, consequently, must hold good when we 
come to the inverse operation of integrating; in which case . 1 , being con¬ 
sidered as constant, may be found in the constant which is to be added to 
the integral. We shall therefore consider this constant as, generally, a 
function of r, and representing it by X, we shall have, for a first integration, 

dV 

— =r/Mrfy+X . . . (112). 


To effect the second integration, we must observe that the notation 


dV 

di 

intimates that the differential of the surface has been taken, considering .1 
alone as variable; the same hypothesis consequently must be adhered to in 
the inverse operation of integrating; so that, representing by Y the function 
of y which replaces the constant, and multiplying first by dx, in order to 
change the differential coefficient into the differential, we shall find 


V = /*dx(/Mdy+X)+Y. 

374. The order of the integrations is evidently arbitrary; and the pre¬ 
ceding operations may therefore be indicated thus: 

V = ffzdidy . . . (83). 

375* To give an application of this method, let it be required to find the 
volume of the sphere; the equation of the sphere be'ng 
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■ ,t +y , +^=r 9 ; 

we must from this equation deduce the value of 2 , and substituting it in the 
formula (83), we shall have 

ffsdxdy arfdyfzdi=fdyfdr,jT*— .i a — if . . . (84); 

y then being considered as constant, and the difference r* — »/*, which is es¬ 
sentially positive, being represented by A*, we shall find, integrating in 
respect of t, 

J(h y/r a — x ,J — y* = fdi y/A* — 1 4 : 
but, from art. 282, we have 

Jilxs/A* >/A r ^i ; + g-A s sin-'. ~+V ; 


whence, replacing the value of A% we find 


ft*s/r-t-S-y*=- 2 -y/r'- ,- y 2 -f g «n-'~=j + y . . 


To obtain the definite integral, wj must observe that the constant value of y 
being represented by IP (fig- 8 ( 1 ), all the points determined by this equation Fig. 8 (i. 
must have their projections in the direction of the line PM : for any one of 
these points having the variable z for its ordinate will have AQ, Q\, for its 
other coordinates, and QN will be equal to the constant AP, whilst AQ, in 
the direction of x, may be replaced by PN , so that measuring the values of 
x along the line PM, the values of y will be constant; taking the integral, 

therefore, from P to M, that is to say, from x~ 0 to y*, we 

must substitute successively for x, on the second side of the equation (83). 
the values ,r=^/r*—~y*, xrrO, and subtracting the second result from the 
first, wc shall find, fin the definite integral, 


1 

2 


(H—?/ a ) sin— 1 ,. 1 . 


Now the arc whose sine is 1 is equal to the fourth part of the circumference, 
represented by 2 w, and the definite integral therefore becomes 


which value of f —y 2 being substituted in the equation ( 84 ), we 

shall have 

1 ** 

ffzdxdy = ~/( r 2 - y>) dy = \ ( r *V ~ j) + X; 
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and integrating from y—O to y—r, we shall find 

, n / f3\ 2»T7 - 3 I 

= j(rt - _)=_ = - „3. 

This will be the volume resting on the quadrant of the circle BAG, and will 
consequently be the eighth part of the sphere. (Note sixth). 

On the quadrature of curve surfaces, by means of double 

integrals. 

Fig. 85. 37C. Let EDCB (fig. 85) be a curve surface=S, and suppose that the 

abscissa x is increased by h ; the surface then will become ......... 

S 4- — h4- —- ——h &c.: and in the case of die limit, the ratio of the in- 
Ac 1 <te*1.2 

dS 

crement of the function S to that of the variable x will be reduced to — ; 

ax 

dS 

the differential therefore will be — dx ; and this differential will be repre- 

dx 

sen ted, in the figure, by the indefinitely narrow strip DD'CC'. 

If now y be made to vary, and be taken infinitely small, the strip DD'CC' 

will be reduced to DD'II', and will liave for its expression \ -dxdy. 

dxdy 

But the surface DD'II' being indefinitely small, it may be considered as a 
plane ; and, consequently, when multiplied by the cosine of its inclination y 
to the plane of xy, it will be equal to dxdy (note seventh ) ,• and we shall have, 
therefore, 

DD'II' cosy —dxdy. 


or 


d“S , . , . 

— ——dxdy cos y—dxdy, 
dxdy 


whence we deduce 


d *.S 


1 


dxdy cos y 


To determine the value of y, let A.r-(- By + Ca+DirO be the equation of 
the plane tangent; we know then that this plane makes with the plane y, 
an angle which is given by the equation (note eighth). 


cos y- 


considering, therefore, A*4~Dy _0 as the equation of the tangent 
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plane at the point of the curve surface whose projection is dxdy, we shall 
have 

-^=J x+ (%) + (s)— (86) - 

To determine the differential coefficients which enter into this expression, we 
must observe that at the point under consideration the tangent plane coincides 
with the curve surface, the equation to which we shall represent by ~ =/(<*■,//); 

dx dx 

and, consequently, the values of —— and , which enter into the expres- 

dy dx 

sion for cos y, must be regarded (art. 7o) as the same with those deduced 
immediately from the equation z—f{x, y). Before making these substitu¬ 
tions, the equation (HO), multiplied by d.vdy, must be integrated twice in 
order, an operation which we shall indicate, as before, by the double sign of 
integration, and we shall have 


SOT ,y 1+( -)V(£)’. 


377. To give an application of tins formula, we will determine the expres¬ 
sion for the surface of the sphere. 

Its equation being 

• • • • (87), 

we must differentiate it, and we shall find, after dividing by 2, 

xd.v +ydy -f-dc =0, 


whence we deduce 


and consequently 


X 


y 


dx~ - dx - dy ; 


dx x dz 

dx z’ dy~~ 

Substituting these values in the expression 


V 


J~+ 


(£) 


+ 




we shall change it into 
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and consequently 


■*“%/ ,+ (£)’+( 0 ^r' J 


and putting the value of z, we shall have 


W‘ + (^)' + (s)'=^fc.- 


37«. To ciiect these integrations we shall put 
JfMy ^ frihjf dx 


y/f l — x* — y~ 


s /r l —x A — y i 


. . (fill). 


marking thereby that we are to commence with integrating the expression 
dx 

— -- considering x as the only variable. 

y/r *— ,t u — y 1 

Making, therefore, as before, r a — J/ 2= A 2 , and integrating, according to 
art. 274, we shall have, adding a constant function of ?/, 

dx . —J 1 x 

J — - -sm ; 

y/A*-X~ A 

putting, then, for A its value, and taking the definite integral from .v— 0 to 
x=y/r’ 1 —y-, there will result 

dx 


f- 


-1 1 . *■ 

= sm . \——circumference= — ; 


y/r^—x -—?/'■' 4 

and this value being substituted in equation (JUS), will give us 

rdxdy t 1 

ff— 7 —==-• =/; 

y/r--x* — y 

where X represents the constant which must be considered as a 1 unction of 
.r; taking, then, the definite integral between the limits y—0 and r/ = r, we 
shall find, lastly, 

rdxdy i 
/ /— ■ ■ 

y/r*—x*—y- 2 

The surface thus determined will be the part comprised within tiie angle 
formed by the axis of the rectangular coordinates . 1 , y, 2 . that is to say, one- 
eighth of the surface of the sphere. 
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On the integration of Junctions of two variables. 

379. The two principal methods employed for arriving at 
the integration of differential equations, which contain two or 
a greater number of variables, consist, 1st, in the separation of 
the variables, in order to apply to them the usual processes for 
a single variable ; 2d, in the investigation of factors proper to 
render a differential complete. Wc shall proceed now to the 
discussion of these two methods. 


On the separation of the variables , the linear equation of the 
frst order , and the properties of homogeneous Junctions. 


380. It will be seen that every differential, to be integrable 
by the rules already given, must be of the form y.vd.r ; so that 
we should be at a loss how to effect the integration, should the 


equation contain terms such as fd.r, .ryd.r, 



&c. 


We are 


not, however, to conclude that the integration is impracticable ; 
for if, by algebraical operations, the expression can be so trans¬ 
formed that each term shall contain only one variable, the in¬ 
tegration may still be effected. The equation ,rilt/-\-ydx = 0 
comes under this case; for by dividing this equation by jy, 
it becomes 


y 


+ 



which, being integrated, gives 

lo g.y+log •*’=£, 

and representing by A the number of which C is the logarithm, 
wc have 


log^ + logx = logA ; 
whence, consequently. 


log ,r y — log A, 
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and, passing to numbers, we have 

,r i y = A. 

381. Let the expression be the general equation 

<$x.dy-\-Fy.dx=zO ; 

to separate the variables, we must divide each term by <p,r. Fy, 
and we shall find 

dy d,r n 

- - -i-= 0, 

Fy^<px ’ 

an equation in which the variables arc separated. 

382. To give an example, let it be proposed to integrate 

(1+A fl ) dy = dx> s /y : 
dividing by (1 +.* a ) N /y, we shall have 

dy dx 

and integrating this equation, we shall obtain 

2 = tan— 1 x +C. 

383. The variables may be separated also by division in the 
formula 

<px . Fy . dx + <p'x . F 'y . dy = 0. 

For this purpose wc have only to divide by Fy . <p\v, when we 
shall have 

<px F'y t 

—;— da* +vf —d y — 0. 

<px Fy J 

This process is applicable to the equation 

st A ydx +(3 y +l)^v/,i 3 = 0, 

for, if we divide by y s/,t s , we obtain 
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s/ x* 




dy = 0. 


384. The integration may also be effected, if the proposed 
equation involving two variables can be so reduced that each 
side shall contain only differentials of which the integrals are 
known; as, for instance, the functions 


yd.r — xdij 


xdy + yd.r, &c.. 


the integrals of which are respectively — and xy. 

885. There is an important equation in which the separa¬ 
tion of the variables is effected in a manner particularly in¬ 
genious. 

This equation is 

dy + Vydx = Qdx .... (89), 

where P and Q arc functions of x, and it is integrated thus : 
y is assumed equal to the product of two indeterminate quan¬ 
tities, X and z, which gives 

y = Xz, dy — Xdz + zdX j 

these values being substituted in the equation (89), it is trans¬ 
formed into 

zdX + X (dz + P zd.r) = Q d.r; 

and the function X being arbitrary, it is determined by equating 
to each other the terms without the brackets; which resolves 
the preceding equation into the two 

X (dz + P zd.r) = 0, zdX = Qd.v. 

The first of these gives 

dz 


— P dx f whence log z — —JVdj’, 
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or, observing that log c is equivalent to unity. 


log z = — yP fir log c — logc - ■ f Vdr y 


and, therefore. 


z = e-r™ T : 


from the second wc deduce 


dX = = Q. e , v,i ' iLr ; 

z. 


whence 

X — fQe- rv,lx d.r -f C; 


and putting these values of z and X in the equation 

y = zX y 


we obtain 

y = c -f^ (JQc n '< u da‘ -r C)-(90). 


This equation bears the name of the linear equation of the first 
order; the reason will be seen, art. 445. 

386. The separation of the variables may always be effected 
in differential equations of the first order and betwixt two 
variables, when the equations arc homogeneous. An homo¬ 
geneous equation is one in which all the terms, considered in 
respect to the variables, are of the same dimensions ; thus the 
equation 

+ bxy K -f- cy s u 2 = 0 

is homogeneous, since the sum of the indices of x and y in 
each term is equal to 5, and the products a®^ 3 , xjf, y 3 a*, are 
each of five dimensions. 


The equation 

a,t 6 y* — bx h if cy H = 0 


is also homogeneous, since the sum of the indices of the vari- 
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ablcs in each term being 8 . The variable -r docs not appear 
in the last term of the equation, but it may be considered as 
having an index 0 . 

387. Let, generally, * be a function of x and y, composed 
of homogeneous terms, such as A <r p y q , , C.r ^ y 1 , &c. If 

we represent by n the sum of the indices of x and y, in one of 
these terms, we shall have, by virtue of their homogeneous 
nature, 


p 4 . q = », p + q =n, p" + q — w? 

If now we divide all the terms by this equality will still 
subsist, and the term Ax>‘y' J will in this case become 

Ax } ’y 11 __ Ay * _ Ayr‘i _ n/\ q 

x n ~~ x u ~ p ~ y* * 


and since wliat has been said of this term will apply to all the 
rest, we shall have 


- = r('-Y 

,r }l \xS 


or, making ~ = i p 


.r n F<j=z, 


and the function F</ being represented by Q, this equation 
may be written thus: 

Qx w =s. 

388. We shall now take into consideration the differential 
equation 

Me/x ■+■ N dy =0, 


in which the coefficients M and N are homogeneous functions 
of two variables x and y, and of a dimension n. 
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This equation being divided by x n , it will, as we have seen, 
result under the form 

H->+ F 0^ =O: 

and making - = z, this equation will become 

dx<pz 4 . dyFz = 0, 

or 

az + Fs d -^=.0 ... (91). 

a it- 

• V 

In order to eliminate y by means of the equation -=z, or . . . 

y = zx, we must differentiate this latter equation, when we 
shall obtain 

du adz 

' 7 - - _ 1 __ 

dor + dx’ 

which reduces the equation (91) to 

^ + F =(=+_)=0; 

from this we deduce 

xdz oz (<pz+zFz) 

~dr~~Fz~~ Z F~ ' 

and, separating the variables, 

dx dzFz 

x — <pz-\-zFz * 


log *=-/■ 


dzFz 


<pz+zFz 


4" C. 


and consequently 
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The integration being completed, it will remain only to sub¬ 
stitute in the result the value of z. 

389. We will take, for example, the equation .• 

.x^dy—tf-dx + xyd.r; when, making y = z.r, we shall find 

dy — zdse+jedz, 

and substituting these values, the equation will become 
jf-zdx -f- x :i dz — z*aPdx -f- zx*dx; 

reducing and dividing by the common factor x Q , we shall 
obtain 

xdz — z-Jj', 

which equation being divided by z '.r, gives 

d.r dz 

x z' J ’ 


and integrating, we shall have 

logx = — - +C = — —hC =-1- C. 

B - ;/ it 

X 


390. Our second example shall be the equation 


gV+y.r 

x—y 


dy=ydx , 


the denominator in which being made to disappear, we see 
that all the terms will be of two dimensions, and wc must, 
therefore, assume y—zx; when, being reduced, the equation 

will give us 

dy _ ., (1—~) 
dx~~\ l+^y 

and putting for its value derived from the equation y—zxj 

t 2 
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- , *** _- (*-») . 

~ + dir ~ (1 + *)' 

z being then transposed to the second side, and that side re¬ 
duced to a common denominator, we shall find 


and, lastly. 


d.r 

,r 


(1 + s) 

2z 2 


dz, 





=rr^< +c - 


391. When the proposed equation, besides the terms Ax P y q , B&c. 
contains polynomials such as 

(Ma»-j/*+Ni r V'+&C‘)Arfi, ( Px / J/ U 4-Qj f, 2/ M '+&C. )ldy, 

the variables will be still separable if we have 

p+q=p'+4={r+s)k=(r'+ 8 ')k=(t+u)l=(t'+u')l . . . (9S). 

To prove this, let 

(r-j-s)A,=n, (r-\-s')k—n . . . (93), 

and divide all the terms of the polynomial by 

when it will become 


^ Mx r y s - \~Nj r'ys -f&c. 


n 


y=^ 


Ny/ 




-&C. 


A* 



but the equations (93) give us 


and, therefore, substituting these values in the preceding expression, we sh all 
find 
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C^+ N £- +&c.)‘=[M(^)*+N(P"+&=] 


k 


which proves that when the equations (92) ore satisfied, the polynomials 
raised to any powers, reduce themselves, as the other terms, to functions of 

y y 

—; and, consequently, making—or y—xz, the equation may be reduced 
to a function of z. To give an example, let 

■idy—y<lxz=.(lx'J.\*—y* .... (94). 

This equation being written thus, 


u l y*tly ——eh (j' J i/ c — 

we see that the equations (92) are satisfied; we shall, therefore, assume 
■ij—xz, and consequently 

dy __ dz 
— ; 


substituting these values in the equation (94), and reducing and dividing by 
the common factor, we shall obtain 



whence 


dr _ dz 

““n/TT. 

and integrating, we shall find (art 279), 

log x =sin—1 a -f-( 

or, replacing tlic value of e, 

log i =sin—*. --f-C. 

j 


392. Generally, when we have an homogeneous function 
of the variables <v, y> z, &c., we may always separate one of 
the variables, for instance, x, by making y = t.r, z = u,r, &e. * 


* Let Mrf 1 +N eh/-\~Vd.: ~0 he an homogeneous function, in whuh 
M, N, P, arc functions of the three vuiiablc. », y, ; these function" 
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393. We sometimes employ indeterminate indices for the 
purpose of rendering an equation homogeneous ; let the equa¬ 
tion, for example, be 

ay m x"dx -f- bx v dx + cx q dy = 0; 

we shall assume y = z k ; and since the index k is not a variable, 
but an unknown constant, we may differentiate by the art. 18, 
when we shall have 

dy = kz k ~~ l dz, and y 1H = ; 

and substituting, we shall obtain 

az km x n dx + b.r v dx -f- ckxfl&^dz — 0, 

fin equation which will be homogeneous if we have 

kmq+k—\—p. 


M, N, P, will contain terms such as A#P>/ , iz r i HxP'y'j'z 1 ', C xv”yfi':: r , and 
we shall have -\-q'—n* If in one of these 

terms, for instance, in Axpifiz*, wc substitute the values y=ix, x=ux, tliis 
term will become 

Axvtniqurxr — XP + V+r X A&U, =»*»AMk'' i 

and the qgtT>p being the case for the other terms, if we substitute the values 
of y and z, the equation Mdr+Ndy+Pdz=0 will have,T« for a common 
factor, which, being suppressed, the equation will take tlic form 

f(t, u)x -j-F(t 9 v)d.ti w )d-ux—0: 

and, performing the differentiations, we shall have 

<p(f, u)d-i~l-F(t 9 «) {id i s) (udx -}-J du —0 ; 

whence we shaU deduce 

■ [£(#, w)+*F(f, *)+#/('» «)]dx= ~Jr[F(<, w)d<+/(<, ; 

and consequently 

dx __ F(<, n)dl-\-J (t, n)du 

t <P(<> m)+<F(<i «) •+■ *0 
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Now eliminating the indeterminate k, we shall find 


p—n 
m 


=p+ 1 — 7 , 


and this, therefore, is the equation of condition that must be 
satisfied in order that the proposed expression may become 
homogeneous by the substitution of y — z k — z T + l ” y . 

394. There is an important theorem, in respect to homo¬ 
geneous functions, which we shall proceed to demonstrate in 
the manner following: 

Let Md/r+N dy be the differential of an homogeneous func¬ 
tion z betwixt two variables x and y, in which n is the sum of 
the indices of the variables, in one of the terms composing the 
function ; we shall have then the equation 


INI cLv -j- N dy = dz . . . (95) ; 


7/ 

and making -=< 7 , wc shall find, art 307, 

x 

Qj " = z ; 

replacing, in the equation (95), y by its value qx, and repre¬ 
senting by M and N' what JM and N then become, the equa¬ 
tion (95) is transformed into 

Mdx+TXd.<jx = d.Qx K . . . (90), 

or, putting for d.qx its value, qdj'-\- t r d<]> 

(M'-j-N q)d.f+ N adq = d{ Q.e > 

But (M' + N'q)^’ is the differential of Q.e w , taken in respect 
of x, so that we have 

M'4-N'y = wQ,?-"” 1 ; 

and putting in this equation y in place c»f qx, and consequently 
hi, N, in place of hi', N', it becomes 

hi -f N— = mQ./’""" 1 , 
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or, 

Ma? + Ny = bQa" = m. 

395. This theorem will apply to homogeneous functions of 
any number of variables; for if wc had, for instance, the 
equation 

Mcfa? 4 - Ndy + P dt = dz, 

in which the dimension of each term is w, we should only have 

to make — = q, ~ — r, to prove, by reasoning analogous to 

what has been just employed, that we must have z =A:"F( 7 ,r), 
and of course 

M> + N y + Vt = nz. 

The conditions of integrability of functions of two variables — 
Integration of functions which fulfil those conditions. — In¬ 
vestigation of factors proper to render equations integrable 
which arc not immediately so. 

39 6 . When we have a differential M 4 - N dy — 0 , we can¬ 
not conclude that there is always some equation, which, being 
differentiated, will give the proposed one ; for if, for instance, 
we had differentiated the equation ,v, y) = 0 , and derived 
from it mdx 4 - ndy = 0 , wc might multiply this equation by a 
function of «r, and so obtain an equation Md.r 4- N(/// = 0, in 
which the coefficients M and N are different from in and n ; 
and consequently the equation 

M da' 4 - N dy = 0 

would no longer be the result of simply differentiating the 
function 

•/(•*’> J0 = 0. 

The same would be the case, if we should combine arbitrarily 
mdx 4 - ndy = 0 with the primitive equation f(x, ;//)=0 : for 
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example, by eliminating one or more terms betwixt mdx+ndy 
= 0 and f ( x, .v)=o, we might obtain an equation 


Wd.v +N dyzz 0, 


in which the differentials M' and N' differ from m and n. 

397. An equation which, like mdx + ndy = 0, has been 
obtained by the process of differentiation alone, is named a 
complete differential; as is also every differential function 
which has been found by means of differentiation only, though 
it be not equal to zero. 

When a differential equation MdxNdy = 0 is not a com¬ 
plete differential, we must not think of integrating it, until 
by some preparatory operation it has been rendered complete. 

398. Euler first resolved this important problem : 

1°. A differential equation being given , how can it be dis¬ 
covered token it is a complete differential ? 

2°. TVhal are the means of integrating this equation ? 

Before giving the solution of this problem, we shall call to 
mind that, according to the notation agreed on, art. 52, the 


dz 


expression ^ indicates that the function ~ of x and y has been 


differentiated in respect of .r, and divided by dx * ; if, then, 

this function is differentiated in respect of another variable 
dx 


y and divided by dy, the result of this operation is written 


• Jjct dz=:Adi~{-Jidy-{-Cdt be the complete differential of z ; the ratio 
dz 

— is no other than the differential coefficient A. If, therefore, we were 
dx 

asked the ratio of Ada -\-T\dy-\-Cdt to da, it would not be right to represent 
dz 

it by , ; in this case, the ratio of the complete differential to dx might be 
dx 

written in one of the following ways : 

l . «/(-) 
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d*3 


thus: - 7 —=-. If, on the contrary, we had taken, first, the 
d.rdy 

differential coefficient of z in respect of y, and then in respect 
of .v, the result of these operations would have been written 
d?z 


thus: 


dydx 


When z is a function of three variables .r, y, u, an expres¬ 


sion such as 


d 3 z 


indicates that we have taken first the dif- 


dxdydu 

ferentiai coefficient of r. in respect of ,r, then the differential 
dz 

coefficient of ~ in respect of y, and, lastly, the differential 
coefficient of — in respect of u. Similarly the expression 

rfb z 

, ■■ . - indicates that we have effected five successive differen- 
dx 9 dy s 

tiations of z, the two first in respect of x, and the three others 
in respect of y. 

399. This being premised, Euler's theorem rests on the fol¬ 
lowing proposition, which has been demonstrated, art. 172 . 

v we have a Junction z <J two variables x and y, and we take 
first the differential coefficient of z in respect iff x, and take 

dz 

then the differential coefficient <J ^ in respect (f y, toe shall 

have the same result as if we had taken first the differential 
coefficient of z in respect of y, and then the differential coeffi . 
dz 

dent eff ^ in respect <ff x, a proposition which we express by 
saying that 

d^z _ d^z 
tlxdy dydx 

400. If wc have, for example. 


z—x 2 -\- wy. 
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we find 


and, consequently. 


dz dz 

~j-z=2x+y, — = w, 
da* dy 


d*z _ j _ d?z 
dxdy dyd.v 


401. This being premised, let z be the function of which 
the complete differential is Ndy = 0, we have then 


M = 


dz 
dx* 



The first of these equations, being differentiated in rcs 2 >ect to 
y, will give 


dM d 2 z 
dy d.vd tj ’ 


the second, being differentiated, in respect of ./*, will give 


dN 


u 


ss-. 


dx dydx 9 


and the second sides of these equations being identical, it fol¬ 
lows that 


dM _ dN 
dy dx 



whenever therefore this equation of condition is fulfilled, the 
differential proposed will be complete. 

402. We recognize, for instance, that the expression .... 
(2.i— y) dx—xdy is a complete differential, because 

dM dN 

dy dx 

The expression 


<//* + 3.1*) dx+ (3y* -f 2 ju) dy 
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is also a complete differential, for 

</M dN 

~df ^ 


dx 


403. The equation ydx—xdy = 0 is not a complete differen- 

. . . </M , rr.1 • . • . - , 

tial, smcc ——=1, and —-—= —1. This equation, in fact, 

ay da' 

is derived from the one. 


n 

y* 

found immediately by differentiation, and in which the common 
divisor ?y 2 lias been suppressed ; restoring it, wc shall have 




x 



and the condition —— = —— will be fulfilled. 

ay ax 

404. Let it be proposed now to integrate a differential be¬ 
tween two variables, when it has been found that the dif¬ 
ferential is complete. For this purpose we must observe, first, 
that when a function z of x and y lias given, by differentiation, 
the term M<£r has been obtained by considering 
y as constant. Consequently, when we integrate the part M dx, 
the constant added may involve y, and representing it there¬ 
fore by Y (admitting at the same time that, if requisite, Y may 
be considered as an ordinary constant), we shall write 


M==/*M</*r+Y = 0 .... (98). 

This equation being the one which, by the differentiation, 
ought to give us Mfl£r+Nfl[y = 0, it follows that N is no other 
than the differential coefficient of /Mrfj+Y, in respect of y. 
Differentiating on this supposition, we shall have 

d/’Mr/.r dY 

" ~ <ht + <*>/' 
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from this equation we deduce 


dY _ dfMdv 
dy~ dy J 


and integrating. 


v 


)«(y; 


and this value of Y being substituted in the equation (98), 
we shall obtain 


« =fMdx +/( N -... 


(99). 


It may be observed that N— — does not contain x. since 

<*.y 

this expression, multiplied by dy, must give for its integral a 
function Y of the variable // alone. 

400. To demonstrate that the expression N — is not a function 

dy 

of r, we shall take its differential coefficient in respect of .r, when we shall 
have 

dN d(dfMdi) 
dx d/jdx "" ^ l00 ^ 

and changing the order of the differentiations, the second part of this expres¬ 
sion will become 

Sd/Mdx^ 
d(dJ'Mdx) _ \ dx ) 
dxdy dy 

But the integral J'Mdx having been taken in respect of x, the differential of 
fMdx, relatively to the same variable r, will be M dx y and consequently 

d /dfMdr\ 

d/Mdx M ... , . .V dx J dM , , 

—-which reduces the expression--- to —— ; and this 

dx dy dy 

value being substituted in the expression (100), we shall have 

dx dy 

a quantity which, according to the condition of integrability, is 0; it follows. 
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therefore, that the differential of N — in respect of x is 0, and tliih 

dy 

proves that the expression does not contain x. 

406. By means of the formula (98), we may integrate every 
function of two variables which satisfies the condition of in- 
tegrability. 

Bet us take, for example, 

(dry— -y v )djr+ (3«* ,a —2 xy)dy . . - (101). 


Comparing this expression with the formula M dx + N dy, we 
have 


6xy — ?/ 2 = M, 3.* s —2a:y = N ; 


and the condition of integrability is consequently fulfilled, 
since we find 


dM 

dy 


= 6*r—>2 y = 


dN 
dx ; 


integrating therefore the expression (6xy — y~)dx on the sup¬ 
position of y being constant, we shall have 


J'm.dx —f(6jry — y^dx — 3x*y — y q x ; 

and substituting this value and that of N in the equation (99), 
we shall obtain 


u =3 «r a y— y*x + 


— 2 xy 



The differentiation being performed, the part affected by the 
sign of integration in this expression is reduced to 

/(&**— 2xy— 3**+ 2 yx)dy ; 

in which the terms within the brackets destroy each other; 
and it follows, consequently, that the expression represented 
by 
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is constant, since every quantity, whose differential is 0, is 
constant; the integral sought, therefore, is 

3,*“*^—^^'4- constant. 

407* Without employing the formula found in the preceding 
article, we might arrive directly at the same result in the man¬ 
ner following: 

Integrating the expression (101) on the supposition that y 
is constant, we shall have 


f'M.dx —f(i$.vy — y’ i )d.t‘ 4- Y, 
or, 

u == 3& A y —+Y . . . (103); 


and, differentiating this equation in respect of y, wc shall ob¬ 
tain 


flu tlY 

— = 3«a? 2 — 2 ,rj 4—-— . 
dy J dy 


(104). 


But — being no other than the coefficient of dy in the ex¬ 
pression (101), we have also 


du 

d !t 


=3.? a — 2xy, 


and comparing these two values, we shall find 


and consequently 



Y = constant; 

which value being substituted in the equation (103), wc shall 
have 


u = 3a*y — y*x 4 - constant. 


408. Let the function be 


(2//#4- 3y 3 yix 4- {2a''y-\r 9 xif 4* 8y 3 )dy ; 
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if \vc compare this expression with Mt&r+Nrfy, wc shall find 
M = 2y*x + 3y 3 , N = 2*<t ,z y + 9.ry"+ Si/ 3 ; 
and since we have 


rfM _ o dN 

= 4 V .r + Oj,* = 


dx ’ 


the proposed function is a complete differential. 

Integrating therefore in respect of x, wc shall have 

J'M dx=y~x~ + 3y 3 x + Y, 
or, 

u =^ ft .r a +3 ) y 3 jf + Y ; 

and differentiating this expression in respect of //, wc shall 
obtain 

du + 3y 3 x) dY 

dy~~ dy + dy' 

iiu 

On the other hand, being the coefficient of dy in the pro¬ 
posed equation, we have also 

du 


dy 


= 2 afiy + 9 dry* + Sy J ; 


du 


and, equating these two values of wc deduce 

d(i/ z x^+3y^x) dY n . n n a 

— 1 — qjr — 9x u + % • 

whence, performing the differentiation in respect to y, wc have 

dY 

2x l y+2y z x+ = 2x z y + Oy z x + Sy 3 ; 

an equation which reduces itself to 
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anil therefore 

Y=/8yV y = 2y 4 +C; 
and consequently the integral sought is 

u = y®r 2 -|- 3y*.r 2y 4 -f- C. 

409. We saw, art. 403, that the equation ydx—xdy — 0 was 
not a complete differential, because it had lost the common factor 
,y 2 ; it appears, therefore, that there may he equations which, 
like this, arc not immediately integrable, but may become so 
if the common factor that has been lost can be restored. 

410. Let, generally, Fd.r -f- Qdy = 0 be the equation which 
is a complete differential, and z the common factor, which, 
for greater generality, we shall suppose a function of x and y : 
we shall have then 

P = Mz, Q = N z; 

and if we substitute these values in the preceding equation, 
the common factor z will disappear, and we shall have 

Mc&r+Nrfy=0 . . . (105). 

Now the equation P dx+Qdy =0 being, by hypothesis, a com¬ 
plete differential, we must have 

( fP dQ 
dy dx * 


putting for P and Q their values, this equation will become 


dM.z dNz 



and, developing, we shall find 


M dz zdM N dz zd N 

Hf + ^-=-^ + -dT • • ' (106) - 

411. When the common factor z is constant, and 


dz 

dx 


i i 
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being 0, the equation (106) becomes 


dM cfN 

dy ~~ dx * 


and, consequently, the condition necessary that the equation 
(105) may be a complete differential is fulfilled. But when 
z is a function of x and y t the determination of z depends on 
equation (106) ; and this equation is more difficult to integrate 
than the proposed one, which contains only the single dif¬ 
ferential coefficient whilst the equation (106) contains three 

ttfdC 

dz 

variables, x, y, z, and the two differential coefficients — and 


dz 

dy 

412. If the equation be homogeneous, it is very easy to 
determine the factor; for let Mrftf+Ne/y =z0 be an homo¬ 
geneous equation which becomes integrablc when multiplied 
by an homogeneous function z of .r and y ; representing the 
integral of the equation Mt/.r-f Nr/y = 0 by «#, we have 


:sMd.r-f" zNdy = du . . . (107), 


and this equation being homogeneous, we deduce, art. 394, 


sMa:-|-»Ny = nu . . . (108). 


If now the dimension of M be represented by m, and that of 
z by //, the dimension of one of the terms :Ma: or sNjy will be 
wi + Ar + 1; this value, therefore, being put in place of w, in the 
preceding equation, we shall have 

zMif-f sNy = (/« + k-f -1 )«, 

and dividing the equation (107) by this, we shall find 
M djr -f- N dy __ du 1 
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The second side of this equation is a complete differential, 
and the first must, therefore, be so also; whence it follows 

that jyj jfy ' is the factor proper to render the homogeneous 

equation Mdx + "Ndy = 0 integrablc. 

413. If the common factor 2 , which ought to render the 
proposed equation homogeneous, be a function of x alone, we 
dz 

have — = 0, which reduces the equation (106) to 


dy 


whence we deduce 


zdM _ Ndz ,/N 
dy ~~ dx **" dx * 


N dz_ sdM rfNs 
dx v dy dx s 


and consequently 


Ml f/N, 


dz ( du d.t | , 

- = - Jflr . . 


(109); 


integrating, therefore, we have 

,dM dN 


log 2 : 


/dM 


UN 




N V dy d 

and multiplying by log c, mating the coefficient of log c the 
index, and passing to numbers, we find 


l r dM <fN\ , /llm 

-/nvd^-d^Y 1 ' • • • (110) - 


x=e 


We have oidy, therefore, to multiply the proposed equation 
by this factor z, and it will become a complete differential. 

v 2 
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414. Let the equation, for instance, be 

ydtV—xdy- 0 ; 

we obtain then 

rfM dN _ 

dy da * * 

which reduces the formula (109) to 

~dz _ 2 da 
' ~z 

whence we derive, by integrating. 


C 


log z = — 2 log x 4- log C = —log H- log C = log — ; 

i) * ^ 


and passing to numbers, we find 

C 


the expression 


C( t yd«r— x’dy) 


will consequently be a complete 


differential. 

415. We may find an infinite number of factors which 
possess the same property. For let z be a factor which ren¬ 
ders the equation Mzdjr+ Nzdy — 0 complete; representing 
the integral of this equation by u, we shall have 


MzcL?-\-Nzdy = du; 

multiplying the two sides by <pu, we shall obtain 


— (pudu; 

and <pu being arbitrary in its form, we may assume for it any 
function of w, for instance, 2 u", and then 2u 2 du being a com¬ 
plete differential. 


2u~ (Ms da- + N zdy) = 2 u 2 du 
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must Ik* so also; so that the factor 2 zu Q will have the pro¬ 
perty of rendering integralile the expression 

Mda'+'Ndy = 0; 

and we sec that we may make an infinite number of similar 
hyjjotheses respecting <pn. 


Conditions of integrability offunctions if three and a greatei 
number of variables. Integration of equations of three va¬ 
riables which satisfy those conditions . The equation of con¬ 

dition necessary that the integration of differential equations 
between three variables may depend on a common factor, and 
the means tf satisfying the proposed equation, when this 
equation of condition is not fulfilled. 

4l(i. lid Jt be proposed to determine the conditions of integrability of the 
differential of a function of three variables ?/, 

This function being represented by w, we shall have 


where 


flu =Mrf.i:-J-Nr/y-f-J\/*: . . . . (Ill), 




tin 



and these equations may be combined two and two together in the tluce fol¬ 
lowing different ways: 


. d" .. du 

H'.-r- =M,-~=N, 
fir thf 

. dtt du 

3..±= N ,it=P. 

ay d~ 


417- Liy a demonstration similar to tlic one which has been ulreudv given 
(art. 172;, we shall, from these equations, deduce the following : 

dM dN (IM dP r/N dP , lt ^ 

— = =- r , --=—. .( 112 ); 

dy dx nr. dx dz ay 

and, generally, if there he « variables, we shall have as man> equations ot 
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condition as these variables, taken two and two, can give distinct products, 

n(n—1) . „ ... 

i. e. —— equations of condition. 

£ 

418. When the differential du is 0, tlie equation (111) is reduced to 

Mrf.T-i-N<iy® i 

and this may be put under the form 


by making 


dz—mdx+ndy .... (113), 


M - N _ nu^ 

p — OT, p-— H ... * (114). 


If now z be considered as a function of x and y, we may treat the equation 
(113) as though it contained only these two variables ; and the condition of 
integrability will consequently be reduced to the one of art. 481; that is to 
say, the differential of m, taken in respect of y, and divided by dy, must he 
equal to the differentia] of n, taken in respect of j, and divided by dx. To oh. 

dtn 

tain these expressions, we must observe that the first will not be simply — 

y 

but must have a second term arising from the differentiation of z, considered 
as a function of y, and which term, therefore, will be represented, art. 20, by 
dm ds 

—-—. What has been said of the total differential, taken in respect of»/, 

dz ay 

wiU apply also to the total differential, taken in respect of j, and the equation 
of condition (97), art. 401 will be, in the present case, 

dm ^ dm dm dn ^ dn dz 

dy dz dy dr dz dr' 

dz 

whence, transposing and observing that, according to equation (113), — ~?n, 

dx 

and we have 

dy 

dm dn , dm dn 

- --—(-« J - m-—=0 .... (115). 

dy dr dz dz 


Hut by differentiating the equations (114), according to art. 16, we have 


dm_ 

dM dV 

r-r-M— 

dy dy 

dn 

dx dx 

dy~ 

P* * 

dx 

pa ’ 

dtn 

p“-m" 

N dz flz 

dn 

_ , P~ — N- 

M- dz 
* . 

M ~dZ 

P I*® 

' dz " 

P I** 


dP 

dz 
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and those values being substituted in the equation (115), the two lost terms 
reduced, and the common denominator P# suppressed, we shall find, by 
changing all the signs, 


JM 


M 


4P 


dy dy 


r S +N S- N ^+ M f=o • •••(>'«)• 


This, then, is the equation of condition necessary that z may be considered us 
a function of the two independent variables x and y; L & that there may be 
a determinate equation between the three variables; and if, consequently, we 
take at hazard an equation MrfT-f-Ndy4'Pdaf=0, between three variables, 
before knowing whether the equation (110) Is satisfied, wc are not at liberty 
to assume that one of the variables is a function of the other two; i. c. that 
the proposed differential equation necessarily infers the existence of some equa¬ 
tion between a-, y, and z ; or, in other terms, that this differential equation 
has some single equation for its integral. 

410. A differential equation between three variables, for which the equa¬ 
tion (110) is not fulfilled, was for some time considered us absurd, or at least 
as unimportant; Mange, as we sludl shortly show, proved that this idea was 
erroneous. 

120. When the equations (112) arc not satisfied, if we represent by a the 
fiictoi proper to render MJ.tf-f-NJy-f-Pd* a complete differential, the equa¬ 
tions of condition (112) will become 


i/xM _ ./aN _ d aI* ,//.N _d, P 

dy dx * rfar tit ’ rb ~ dy ’ 
and performing the dijiennuatious, we obtain 


,, <ix 
M-- 

N--+ a( 


d N\ 


dy 
.. d* 

di ' 

_.(Ia . 

< dy 

sdto 

dV\ 

i 

>=«f 

M-- 

(I? 

P 57+ A ( 

\ dx 

dx / 


dx j 

sd N 

//!*> 

k * 


P T,+'( 

k. ds 

dy) 

>=oj 


If now we multiply the first of these equations by P, the second by — N, 
and the third by M, and add, the terms without the brackets will destroy 
each oilier; and the equation being then divisible by A, that factor will dis¬ 
appear, and there will remain 


m 


.(IN 


Ax 


N 


4M 

ds 


dV 




riP 


H-N— +M--M - - =0; 

’ dx dz dy 


a result the same with equation ( 110), and which agrees with what we have 
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said at the end of the art. (410); for, in order that the equation proposed 
may become intcgrable by means of a factor x, it is necessary that, as in all 
other sorts of integration, it should conduct us to a single equation between 
a 1 , y y and c, a condition expressed by the equation (HO). When this equa¬ 
tion has been satisfied, the determination of the factor X will depend on only 
two of the three equations of condition (117)? since their combination with 
the equation (116) will produce the third*. 

421. We will inquire now how we can determine the integral, when the 
equation (116) is satisfied; and for this purpose, considering one of the va¬ 
riables, s for instance, as constant, the proposed equation represented by 

Mdr-}-Nrf//-}-Pdc=0 .... (118), 
will, on this hypothesis, necessarily reduce itself to 

Mdi+Nrfiy — 0 .... (119). 

If this last equation be not immediately intcgrable, this may arise from 
some common factor having disappeared from the equation (11 8). De¬ 
signating it by x, and restoring it in the proposed equation, we shall have 

xMd.r+xN//y-j-xP</s=0 . . . (120), 
and making z constant, this equation will become 

xMrf.r+xNJy=0 . . . (121). 

If, now, by any process, we find a factor which renders the equation 


* This is easily verified ; for if we had, for example, the two equations 


HI ^ M 

M—-N— 

ay di 




_. dX d\ /dN dP\ 
* dT~ 


by adding the first multiplied by P to the second multiplied by M, and sub¬ 
tracting from tills sum the product of the equation (116) by x, we should find, 
by reducing and suppressing the common factor N, 




rZP 

dj 



which is the second of the equations (117)- 
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(119) intcgrablc, we shall consider it as being what we have represented by 
X; and the equation (121) becoming then a complete differential, we shall 
be able to obtain the integral, which we will express by V. This integral 
will be genet ally a function of the variables x , y, and of z f treated as con¬ 
stant; it will consequently be rendered complete by the addition of an arbi¬ 
trary function of £, which we will dcsignutc by ; so that we shall have 

V+pz=0 . . . (122); 

and differentiating this equation in respect of z alone, we shall Obtain 



But this quantity must be identical with the multiplier of dr. in tlie equa¬ 
tion (120), and consequently we shall have 



and since the function which has been given by the integration, can con- 

tain no other variable than z, it will be the same with - - ; and by virtue. 

12 • * 


ft V 

therefore, of the equation 124, xP-— must also reduce itself to a function 


of the variable z alone. 

It follows, from what has*preceded, that having ascertained that the equa¬ 
tion (110) is satisfied, we must consider one of the variables, ; for instance, 
us constant, which will reduce the equation (119) to the equation (lit)): 
we must examine then whether the two terms Alr&L’-J-Ndi/ can become in- 
tegrablc by being multiplied by a quantity which we have designated bj 
X ; and having arrived ut this factor, we must determine V. The values of 


and P being then substituted in the equation (124) will give us 



and consequently by integrating — 

dz 


wc shall obtain the value of ip~; and 


this, along with the value of V, being substituted in the equation (122), will 
give us the integral required. 

422. For example. Id the equation proposed he 
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yzdx — xzdy-\-yxdz—0 . . . (125). 

This satisfies the equation (11C), and we must therefore proceed first to in¬ 
tegrate yzdx—xzdy—O, considering s as constant; for which purpose, writing 
the equation thus. 


s(ydx—xdy)=0, 

we observe that the port within the brackets becomes a complete differential 
when multiplied by and we recognize, therefore, that, in the present ease, 

y 

we have 

1 tx 

x =—, and V =- 

-.4 7 




y 


This last equation being differentiated in respect of z alone, the expression 
dV x 

— becomes — ; and this value and that of X being substituted in the cqua* 

* y 

tion (124), it becomes 

dtps _ P x 
dz y 1 * tf" 1 


anil since 1* i.*» no other than the multiplier of d' hi ilie equation (125), il- 
storing its value, we shall liuvc 


dtps .* J 

~v ?/’ 



tlz 


=0; 


and tlicreforc 


<pz =. constant. 

This value and tliat of V convert the equation (122) into 


ix . „ 

—f~c —o, 
y 

which is consequently the integral of the equation proposed. 

423. As a second example, we will take the equation 

zydx -{~xzdy -\-xydz -l-as a dz=0, 

which equally satisties the equation of condition (llti). Integrating, there- 
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fore, zyd.i -\-xzdy, considering s as constant, we shall have 

ixy-\-q>zx=.\l . . . (120); 

and this integration having been effected without being under the necessity 
of restoring a factor, we see that, in die present ease, a. may be considered as 

dV 

equal to unity. The expression -y— will thus be obtained by simply differen- 
tiating the product zxy in respect of c, which will give - —xy ; and by 

Uw 

means of this value und that of P, which is a y-{-az 2 , the equation (124) will 
become 

tUpz 


or 






whence, multiplying by and integrating in respect «• f we shall obtain 


<Qz =— 4-C=0 ; 


and we conclude, therefore, that the integral sought k 


'//= + --+C. 

,1 

424. When the equation (11CS) is not satislicd, u cannot be assumed that 
there exists an equation which, being differentiated, will produce the pro¬ 
posed equation; and, consequently, the equation (121'), which rests on that 
hypothesis, con no longer subsist ; as will appear evident in the following 
example : Let 

J v«/j —— y-)dz —O 

be an equation which does not satisfy the equation of condition (llt»). We 

dV 

will examine how, in this case, the part xP-, which would form the sc- 

dz 

cond side of the equation (121), did that equation bold good, is composed; 
and, for this purpose, considering z as constant, we shall have 

iydx —Exdy — 0 , 

jii equation which becomes in teg ruble when divided by ty ; so that 
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A — —, V =* —s log 1 / ; 

X'lf " 


dV 

and consequently XP-— has for its value 

dz 


&—y* 

ay 


log y. 


Now this quantity being a function of the three variables .r, y/, cannot be 
reduced to a function of z alone, as the equation (124), did it hold good, 
would require; and therefore the equation (124) cannot, in the case before us, 
subsist. 

425. Let now Mdx-\-tidy-\-Vdz—0 be a differential equation, for which 
die equation of condition (110) is not fulfilled ; designating by x die factor 
proper to render only the part Md.r-j-Ndy integrable, and multiplying the 
proposed equation by this factor, we shall have 

xMd.r-f-xNdi/+xP<i;r=0 . . . (127); 


and integrating the part xM tlx xN<%, on the supposition of z being con. 

stant, the integral thus obtained may be represented, as in art. 421, by 

V + fz = 0. 


If the differential of this equation be taken in respect of the three variables, 
we cannot thence assume it to be identical with the equation (127); for the 
cquadon of condition (110) not being fulfilled, it follows that the equation 
( 127 ) cannot be considered as arising from the differentiation of sonic single 
equation; and since it is on this hypothesis that the equation (124) rests, 
we see that in this case it can subsist no longer; but though, when the equa¬ 
tion (116) is not fulfilled, wc are precluded from supposing that die equa¬ 
tion proposed arises from the differentiation of some single equation, we may, 
however, change out hypothesis, and consider that equation as the result of 
some two equations. Let V -f- = 0 be taken for the first; wc may then 

assume for the second any arbitrary reladon whatever betwixt ,r, ?/, z, pro¬ 
vided always that, conjoindy with the first, it destroy all the terms of the 
equation (127)* Suppose, therefore, that this relation be the one given by 
the equation (124), an equation which could not subsist when it was re¬ 
quired to satisfy the proposed equation, but which, on the present hypothesis, 
is admissible, since it is easy to sec that, combined with the equation (122), 
it may satisfy die equation (127)- For, differentiating the equation (122), 
in respect to the three variables, the equation (121) will furnish us first with 



FUNCTIONS OF THREE VARIABLES. 


301 


ihc terms which arise from the differentiation taken in respert of .1 and y ; 
since we have seen that the equation (122) was the integral of the equation 
(121), taken in respect of those two variables. Adding, then, to the terms 
xM</.r+>iNrt»/ thus obtained those which arise from the differentiation of the 
equation (122), token in respect of 2 , we shall have 

z/V {2<x>z 

f-—~ dz — 0 ; 
tiz dz 


and if, in this equation, we replace the two last terms by their values derived 
from the equation (124), we shall obtain 

an equation in which we recognize the proposed one, and which, consequently, 
will be satisfied altogether by the two equations 


V+fs=0, 


dV dtps 
~dz'~dz~ 


=XP . . . (120) 


employed simultaneously. 

426. Let us take, for example, the equation 

ydy+ztlx—dz ; 

it we consider z as constant, the factor proper to render the part ydy -j- zd 1 
intcgruble is 2, and consequently we shall have 


2y dy-\-2zdx —2<fe=0 .... (120) ; 

an equation which will be satisfied by the system of the two following 
equations 

.v s +2s*+93=a, 2*+-^+2=0 . . . (130). 

as 

For the first being differentiated in respect to all the variables, will give 

2 ydy -\-2zdx +2 xdz -|— ~Z-dz =0; 

and deducing from this equation the value of 2ydy +2zt£r, and substituting 
it in the equation (129), that will become 

das 

—2xdz - ~—ds —2 dz =0, 

dz 
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an equation which is also satisfied, by virtue of the second of the equations 

(iso;. 

427- The equations (130) show us that the form of the function <fs is 
altogether arbitrary, and that, consequently, if we make (par=~3, for instance, 
the original equation will be equally satisfied by the system of the two 
equations 

y a -l-2£a;4'i 9 = : 0; 2ar+3s«-l-2=0 . . . (131). 


428. By means of these two equations between three variables, wo may 
construct (note ninth) a curve of double curvature, which, at all its points, 
will satisfy the proposed equation ; and if, instead of taking $z ==3, we 
should assume for some other function of a, we might determino another 
curve of double curvatures, which would equally satisfy the proposed equa¬ 
tion ; it follows, therefore, that the equations (130) represent a scries of 
curves of double curvature, all of which satisfy the proposed equation, and 
are connected with each other by the common property that their equations 


differ from each other only by the terms represented by <pr and 



Theory of arbitrary constants. 

429. An equation V = 0 between t, y, and constants, may 
be considered as the complete integral of some differential 
equation, the order of which will depend on the number of 
constants which V = 0 shall contain. These constants are 
termed arbitrary, because if one of them be represented by a, 

and V or one of its differentials be put under the form. 

J' = «, we set! that a will be no other than the arbitrary 
constant introduced by the integration of d ./’(.r, y). 

This being premised, if the differential equation in question 
be of the order n , since each successive integration produces 
an arbitrary constant, it follows that V = 0, which is supposed 
to be given us by these integrations, must contain at least n 
arbitrary constants more than our differential equation *. 


* If an equation between x and y should not contain n arbitrary constants 
more than the differential equation of the order «, it could not be considered 
as the primitive equation. For example, the equation which by two 
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Let now 

F(,,*)=0,F(*,*g)=0, F(,, y ,g J g)=0...(132) 


be the primitive of a differential equation of the second order, 
and its immediate derivatives; betwixt the two first of these 
three equations, we may eliminate successively the constants 
a and b, and so obtain 



o^ssO .... (133). 


If, without knowing F(.r, y) = 0, we had arrived at these equa¬ 
tions, we should only have to eliminate between them in 


order to obtain F(.r,^)=0, which would be the complete in¬ 
tegral, since it contains the arbitrary constants a and b. 

430. If, on the other hand, we eliminated these two constants 
betwixt the three equations (132), we should arrive at an equa¬ 
tion, which, containing the same differential coefficients, might 
be represented by 



dj 


!)=0 .... (134); 


but to this cither of the equations (133) would also lead us. 
For the constant contained in one of these equations and its 
immediate differential being eliminated betwixt them, we 
should obtain separately two equations of the second order ; 
and these could not differ from each other or from the equa- 


succcssivc differentiations conducts us to 


—- =.Ga.v. is only a particular in. 
ax'* 


tegral; and is obtained by making 6=0 and r=0 in the complete integral, 
which is y=zax*-\-l#+c. 

It must be observed also that several constants attached to the same powi r 
of x are to be considered only bb one; thus in the equation yz=.(a+b)r+c. 
we reckon a+ 6 but as one constant. 
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tion (134), or otherwise the values of x and y would not be 
the same in the one and the other. It follows, therefore, that 
a differential equation of the second order may arise from two 
differential equations of the first order, which are necessarily 
different, since the arbitrary constant in the one is not the 
same with the arbitrary constant in the other. The equations 
(133) are what we call the first integrals of the equation (134), 
which is unique, and the equation F(.r, y) = 0 is its second in¬ 
tegral. 

431. Let us take, for example, y = (w + h, which, on account 
of its two constants, may be considered as the primitive of an 
equation of the second order. 

We deduce from it by differentiation, and the consequent 
elimination of a. 


dy 

da? 


= «, 


du 


and these two first integrals of the equation of the second 
order which we are seeking, being each differentaited in turn, 
conduct equally, by the elimination of a and b , to the same 
d } y 

equation —^ = 0. 


In the case in which the number of the constants is greater 
than that of the arbitrary constants required, the additional 
constants, being connected by the same equations, do not in¬ 
troduce any new relation. Let us investigate, for example, 
the equation of the second order, the primitive of which is 

y = \aa?~ + ba? + c =0. 

Differentiating this, we obtain 

~¥- = ax+b, 
da? 

c and b being then eliminated successively between these equa¬ 
tions, we have the two first integrals 
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dy , , du 

Tx=a*+!‘,y='f r -la* 


A. 


(135); 


and combining each of these with their immediate differentials, 

» • d^u 

we arrive, by two different ways, at the same result —^ = o. 

(1<V 

If, on the other hand, wc had eliminated the third constant a 
lictwixt the primitive equation and its immediate differential, 
the result would have been in no way different; for wc should 
have arrived first at the result that would be furnished us by 
the elimination of a betwixt the equations (135), and found 

— b, an equation which we reduce to = n, 
ax dx* 

by combining it with the first of the equations (135). 

432. Applying the same considerations to the differential 

equation of the third order, if we differentiate the equation 

F(ar, y) =0 three times in order, we shall have 


then x — 




and these equations admitting the same values for each of the 
arbitrary constants which F (x, y) = 0 contains, we may in 
general eliminate these constants betwixt this last and the 
three preceding equations, and so obtain a result which wc will 
represent by 



dy 

tlrl’ dj A * d.i s ) 


. (136). 


This equation, from which the three arbitrary constants are 
eliminated, will be the differential equation of the third order 
of F(,r, y) = 0 j and conversely, ¥(x, y) = 0 will be the third 
integral of the equation (136). 

433. If we eliminate each of the arbitrary constants succcs- 

x 
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sively between the equation F(«r, i/)=0 and the one imme¬ 
diately deduced from it by differentiation, we shall obtain three 
equations of the first order, which will be the second integrals 
of the equation (136). 

Lastly, if wc eliminate two of the three arbitrary constants, 
by means of the equation F(«r, y)= 0, and the equations de¬ 
duced from it by two successive differentiations ; i. e. if we 
eliminate the constants between the equations 


F(^y)=0, F^a:, y, 



wc shall retain, in the equations arising from the elimination, 
one of the three arbitrary constants successively; and con¬ 
sequently shall have as many equations as there are arbitrary 
constants. 

Let a, b , c, be these arbitrary constants; the equations of 
which we speak, considered only in respect to the arbitrary 
constants they contain, may be represented thus: 

4>c = 0, (pb =0, £« = 0 . . . . (138) ; 


and since the equations (137) contribute each of them to the 
elimination which gives us one of the last, it follows that the 
equations (130) will be each of the second order ; they arc 
called the first integrals of the equation (136). 

434. Generally, a differential equation of an order rt will 
have a number n of first integrals, which will consequently 

a mm 1 y 

contain the differential coefficients from —- up to —=—— inclu- 

dx 1 dx u 

sively, i. c. a number n —1 of differential coefficients; and we 
see that when these equations are all known, we have only to 
eliminate the differential coefficients between them to obtain 
the primitive equation. 


On the particular solutions of differential equations of the first 

order . 

435. We have seen, art. 355, that a particular integral may 
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always be deduced from the complete integral, by giving a 
suitable value to the arbitrary constant contained in the latter. 
Suppose, for instance, that we have given the equation 


.rdx+ydy = dy K /x' 2 +y' — a", 
the complete integral of which is 


;y+C= v /a. a +y‘'— 

if, for greater convenience of operating, we get quit of the 
roots, the proposed expression will become 




(139), 


and we shall have for the complete integral 

2 cy + c 2 —,r s: -t-rt a = 0 . . . (140); 

when it is evident that by assuming for c a constant arbitrary 
value c = 2ft, we shall obtain the particular integral 

2 cy -f- — j ,l ~ = 0, 

which will possess the property of satisfying the proposed 
equation (139) equally well with the complete integral. 

For we deduce from this particular integral 

.r~ — 5a~ du x 

n —_ -if. -__ - 

™ 2c J dp v 7 


by which values the proposed equation is reduced to 



,r v 


=-v (•*'*+ 


and this becomes satisfied by substituting on the second side 
the value of c®, which is furnished us by the relation c = 2a, 
established between the constants. 

For a long time it was supposed that this property of the 

x2 
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complete integral was general, and that when a differential 
equation between jc and y was given, wc could not meet with a 
finite equation between the same variables, which was not a 
particular case of the complete integral, by giving, as wc have 
just done, an arbitrary value to the constant; but it was at 
length discovered that this was not always the case, and Euler 
himself, in a memoir published in 1756, regarded as a pa¬ 
radox of the integral calculus the singular fact of the equation 

■» B + y* = a li . . . (141), 

which possesses the property of satisfying the differential 
equation (139), and yet is not comprised in the complete in¬ 
tegral. For the equation (141) being differentiated gives 
.rdx — —.?/«///, and this value and that of - -f y" being sub¬ 
stituted in the equation (139) cause all the terms to disap¬ 
pear, and consequently satisfy the equation j nevertheless the 
equation (141) is not comprised in the complete integral; for 
whatever be the constant value we give to v in the equation 
(140), that equation can never lead to the equation (141), 
since* the first, being that of a parabola, can never in any case 
become the equation (141), which is the equation of a circle. 

This equation (141), which satisfies the one proposed with¬ 
out being contained in the complete integral, is called a par¬ 
ticular or singular solution of the equation proposed. Clairault, 
about the year 1734, had remarked this fact, and it was for a 
long time supposed that equations of this sort were not con¬ 
nected with the complete integral ; Lagrange showed that 
they were dependent on it, and on this subject laid down the 
theory which wc shall proceed to develop. 

436. Let Mr/.j -p Nt/y=0 be a differential equation of the 
first order of a function of two variables ,r and y ; this equa¬ 
tion may be conceived as arising from the elimination of some 
constant c betwixt an equation of the same order, which we 
will represent by mdx-\-ndy=. 0, and the complete integral 
F(.r, y, c ) =0, which we will designate by «. But since all 
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that is required is to take the constant c, so that the equation 
Mf/a- + N dy— 0 may be the result of the elimination, we sec 
that, provided only the equation Mefo-f- Ndfy = 0 be satisfied, 
we may make the constant c itself vary; in which ease the 
complete integral F(*r, y, c) = 0 will assume a still greater 
generality, and will represent an infinite number of curves of 
the same species, differing from each other only by a para¬ 
meter, i. e. by a constant. This hypothesis is evidently ad¬ 
missible, since, when the equation Mr/.r + Ndy=:0 is given, it 
is in the true spirit of analysis, not to reject any of the means 
by which this equation can be produced. 

437. Suppose, therefore, that the complete integral being 
differentiated, considering c as variable, we have obtained 


1 dx dc 


(142). 


For greater simplicity we will write this equation thus: 
dy=pdx + qdr . . . (143); 

and it is evident that if, whilst p continues finite, qdc become 
O, the result of the elimination of c, considered as variable, 
between F(jr, y, c)=0 and the equation (143) will be the 
same with that of the elimination of c, considered as constant, 
between F (.r, y, c)=0 and the equation dy —pdx *, for the 
equation (143), when qdc becomes 0, will not differ from 
dy—pdr. But that qdc may be =0, wc must have one of 
the fuctors of this equation 0, i e. we must have 

dc = 0, or <7 = 0: 

in the first of these cases, dc = 0 gives e = constant., which is 
what takes place for a particular. integral; and it will therc- 


* This, result in by hypothetic Mdt -J-Nrfy —0. 



310 


INTEGRAL. CALCULUS. 


fore be the second case only that can answer to a particular 
solution. But q being the coefficient of dc in the equation 
(142), we see that y=0 gives 


4=0 

dc 


(143); 


and this equation may contain c or be independent of it; if 
it contain c, two cases may happen: the equation q—0 will 
cither contain c along with constants, or will contain c along 
with the variables. In the first case, the equation y = 0 will 

still give c = constant; but in the second it will give. 

c—J\x t y) *, and this value being substituted in the equation 
F(«r, y, c)=0 will change it into another function of .r and y> 
which will satisfy the equation proposed without being com¬ 
prised in its complete integral, and will consequently be a 
particular solution : we shall, however, have only a particular 
integral if the equation c=J\.v, y), by means of the complete 
integral, be reduced to a constant. 

438. When the factor y = 0 of the equation qdc = 0 does 
not contain the arbitrary constant c, we shall know whether 
the equation q =0 gives rise to a particular solution by com¬ 
bining it with the complete integral t. For example, if from 
</=0 we deduce .r=M, and substitute this value in the com¬ 
plete integral F(.z*, y, c) =0, we shall obtain 

c=consiant= B, or c—Jy. 


* Tt being observed that this equation embraces, as particular cases, those 
in which we may have c=fa y or c-fy. 

■f In the latter case, in which q does not contain r, it may be asked how 
wc have a right to equate g to zero. To this we shall answer, that the value 
given to c in the complete integral determines the equality of g to zero. For, 
when we deduce the value xz=.fy from the equation ?=0, to substitute it in 
F(.r, v, r), and obtain F(i/,/v, r), it is the same thing with deducing a from 
F(a, y, 0 =0, and substituting its value in q; and consequently the result 
oi* this last operation will still be F» ). It only remains now to prove 
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In the first ease, q = 0 gives a particular integral; for, changing 
c into B in the complete integral, we shall merely be giving a 
particular value to the constant, just as we do when we pass 
from the complete integral to a particular one. In the second 
case, on the contrary, the value fy, introduced in place of c in 
the complete integral, will establish between x and y a rela¬ 
tion different from what would result, were wc to replace c 
merely by some constant arbitrary value ; and in this case, 
therefore, we shall have a particular solution. What we have 
said of y, will apply in like manner to x. 

439. It happens sometimes that the value of c presents it¬ 
self under the form ^: this indicates a factor common to the 

equations u and U which is foreign to them, and must be made 
to disappear. This results from a demonstration which, on 
account of its length, has been reserved for the notes (note 
tenth J. 

440. We will now apply this theory to the Investigation of 
particular solutions, when the complete integral is given. 

Let the equation be 

yiljc — vdy—n^/ d<t■* + dy z .... (144), 

the complete integral of which is determined in the manner 
following: 

Dividing the equation by fix, and making —p, wc obtain 
first 

y—px — ay/ L+p* • • • (145) ; 
differentiating in respect of x, ;/, and p, we have 

that this result is equal to zefo, to establish the same thing in respect to q ; 
and this is done by considering F(v,/./, 0 as having arisen from the first 
operation, i. e. from F(«, </, <0=0, in which wc have put for , its value. 
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dy — pdx—xdp = ^ ■ ; 

-s/l +/>* 

and observing that dy = pdx, this equation is reduced to 


xd p + 



which is satisfied by making dp = 0. 

This hypothesis gives us p — constant = r, a value which, 
being substituted in the equation (145), gives ns 

y—C.v—a .... (146) ; 

and this equation containing an arbitrary constant c, which 
does not appear in the proposed equation (144), it is conse¬ 
quently the complete integral. 

This being premised, the part qdc of the equation 
(143) will be obtained by differentiating the equation (146), 
considering c as the only variable ; an operation from which wc 
shall have 


xdc -f- 


aedv 


\/l +< 


= 0; 


and consequently the coefficient of dc, equated to zero, will 
give us 


lV — 


ac 


\/1 + 


. (147). 


r lo disengage the value of c; raising this equation to the 
square, wc shall find 


(1 + c 2 ).*'“ = aV' ; 
whence wc shall deduce 


c* 


.v 


A 


«*—a? 2 


l + 6 a = 






4 

*/i +c 2 = 
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and, by means of tliis last equation, eliminating the surd 
quantity from the equation (147), we shall then obtain 



This value, and that of 1 4- c®, being substituted in the 
equation (14(>), wc shall have 


.V+ 


.v 




V'tf®— JC® V a*— 


whence we shall have 

y= 


a®— 




mj — a .*® 

an equation which, being squared, will give us 

y 't^ar— ; 

and we sec that this equation is really a particular solution ; 

«y (/ >r 

for, by differentiating it, wc obtain r/y= — ‘-; and this value 

y 

and that of being substituted in the equation (144), 

reduce it to a® = «®. 

442. In the application which we have just given of the 
principles demonstrated, art. 437, we have determined the 

value of c by equating the differential coefficient ~~ to zero. 

This process will sometimes prove insufficient; for the equa¬ 
tion 

dy —pdx -f- qdc 


• We have nut affected ^/l -j-c- with the double sign, because at and < 
being of contrary signs in the equation (147), the same must necessarily be 
the case in the equation (140). 
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being put under the form : 


A dx -f- Bf/y -f- C dc— 0, 

where A, B, and C, are functions of x and y, we shall deduce 
from it 



dx = 


4-rf* — ^dc ... (149), 

IS Jo 

dc . . . (150) ; 


and we see that if all wc have said of y, considered as a func¬ 
tion of x, be applied to x, considered as a function of y, the 
value of the coefficient of dc will not necessarily result the same, 
since it is wanted only that some factor of B should destroy 
in C a factor different to what a factor of A could destroy in 
it, for the values of the coefficient of dc, on the two hypotheses, 
to result entirely different. Thus, though very generally the 


equations 


— = 0, and 


C 

A 


= 0, give the same value for c , this 


does not always happen ; and, on this account, when we have 

determined c by means of the equation — = 0, it will not be 

dc 


altogether useless to see whether the hypothesis of 


dx 

dc 


0 


produces the same result. 

443. Clairaut first remarked a general class of equations 
susceptible of particular solutions: they arc comprised under 
the form. 



an equation which wc may represent by 

y=jjx+Fp .... (151) ; 
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and differentiating, we shall find 


dif = pd<r-\- xdp + ~~ —dp ; 

since dy=pd<r, this equation is reduced to 

dFp 

rd t ) +~df d P ’ 

and dp being a common factor, it may be written thus : 



This equation will be satisfied by making dp = 0, which gives 
y> = constant = c ; and, consequently, substituting this value in 
the equation (151), we shall find 


i =- fc/* ■+• Fc i 


which equation will be the complete integral of the one pro- 
posed, since an arbitrary coustant c has been introduced by 
the integration. 

If we differentiate this equation in respect to c, we shall 
have 



and, consequently, by equating the coefficient of do to zero, 
we have the equation 


dFc _ 
•H——=<b 

dv 


which, by the substitution of c in the complete integral, will 
give the particular solution {note eleventh ). 
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Linear equations • 

444. A differential equation between two variables x and y is linear, when 

the expressions y, ——, ^ do not rise in the equation above 

" dx da' 9 da 3 dx n 

the first degree; thus, supposing that A, B, C, D, . . .. N, X, are func¬ 
tions of x, the linear equation of die «th order will be 


A.+B^+c'^+D^ 

dr di* dx» 


+ n£“=X. 

dxn 


. . (152)- 


445. When this equation is of the first order, it is reduced to 


A » +B ^= Xi 


getting quit of the denominator, and dividing by B, wc may put this under 
the form 

dy-f-Pydi =Qdi, 

and we have seen, art. 305, that this equation has for its integral 

y =c-/Ptf-[ fQe/Pd’dx -f-C]. 

440. When the term X in the equation (152) is 0, if u number n of pai- 
ticular values, jt, y, r, &c., substituted successively in place of ;u, have each 
the property of satisfying the equation, we have only to multiply q, r, Ac., 
by the arbitrary constants, a, 5, c, &c., to conclude dmt the finite complete 
integral is 

y zzap+hq-\-cr + &c. 


The demonstration of this proposition being the same for all orders, we shall 
consider only the equation 


a v+b ^+c^+d^=d 

‘ dx di 9 di » 


(153); 


in which substituting successively for y the hypothetical values jj, y, r y Ac., 
wc shall have 
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*'+*£+«£+“2=* 


*+ 4 +<C+»S' 


0, 




and multiplying these three equations, the first by n, the second hv and i li. 
third by r, anil adding the results, we find 


A(,, P +h, l+ rr) +b(«^+^+^) 

-(-or ‘¥+£l+£ r -) + B(ap!+£Z + e+) =0 . 
v di® v. ’ </i3 


Now it ib evident that this expression, which is identically 0, is the same that 
would have been obtained by making y —ap-\-bq-\-cr^ in the equation (153); 
this value of i/ therefore satisfies the equation (153), and since it contains 
three arbitrary constants, it is the finite complete integral of that equation. 

4 47. When X is not =0 in the equation 


Ay+11 


dit 


r/l 5 th 3 


(164), 


if we can find three particular values p, 7 , r, which, substituted successively 
for 1 /, eacli of them satisfies the equation 


Ait 



d 1 it , _rf3« „ 

-+ 7 +D-- =0 

di- d i3 


. . (155), 


the finite complete integral of the equation (154) will be 

i/=ap+&y+cr . . • . (150); 


but in this case a, b, c, instead of being constants, will be functions of .r, 
which we shall shortly sec how to determine. 

440. To demonstrate this theorem, we shall differentiate the equation 
(156), and divide by rf.r, when we shall have 


djt 

dx 


- 4 + 4 + 


dr , da , db dc 


We shall now dispose of the three indeterminate quantities </, b, by three 
conditions; and by the first we shall make 



INTEGRAL CALCULUS. 


31 ft 


da , dh , dc 

p dl +t d7 +r d7=° 


(167), 


when there will remain 


d ?/_dp dq dr 

d7- a d7 +k d7 +c lT' 


and a new differentiation will give us 

d* v d*p ,d*g . d 2 r da dp , db dg , dc dr 

— a— —-4-6—1-4-c-}--1--4---— . . . . 

dx? di* dx 2 dx^'dx dx ' di di dr d\ 

For the second condition we shall assume 

**+• &+***« .... (159), 

dx dx dx di dx di 
whence there will remain 

d*g d*p . <l*q , d‘*r 

——~a——-4-» 4-c— ; 
dx 2 dx* dx* dx* 

and differentiating again and dividing by dx, there will result 

d3p_^d3p J ^d*q tfrr da &p db d*g dc d*r 

dii dx 3 dx 3 dx 3 dx dx* dx dx' 2 dx dx* 


(15H). 


Asa third condition, we shall suppose 

da d*p db d*g dc d*r _X 

dx~ dr 2 dr dri ~^~dx dx* 


D ' 


. ( 100 ), 


and the preceding equation will become 

d3 V d-ip dig dsr X 

dx 3 ° dxi dx 3 +C dx 3~*~ D' 

We may say now that the value y —ap-\-bq-\-cr satisfies the equation (154) ; 
for putting in this equation the value of y, and consequently those of its dif¬ 
ferential coefficients, which we have just determined, and effacing the terms 
in X, which destroy each other, we find 

A^+Sj+crJ+B (a^+bil+c£) | 

r’ ■" ■ " " m 

449. Since wc do not yet know whether the value given to y makes all 
the terms of the equation (101) mutually destroy themselves, wc must now 
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proceed to demonstrate that this equation is identically 0. 
pose, p t q, r, satisfying the equation (155), we have 


AH- b *--k£+D*=* 


Ar + B 57+ C £ + U £= 0i 


For this pur- 


and multiplying the first of these equations by a, the second by ft, and the 
third by c, and adding the results, we shall find an equation identically 0, 
which will be the same with the equation (101). 


450. To determine o, ft, r, since the differential coefficients 

da db dc 
dx* d. r* dx ’ 


enter into the equations of condition (157), (130), (160), only in the first 
degree, we may eliminate two of these coefficients, and so find the other in n 

function of the expressions &c., which are determinate functions of 

dx dx 

x; y, r, \c. being known; whence, therefore, we shall have equations 
of the form 


da _ db __ dc 

dT~ 7lx~ dl' 


:X 


or, 

da—'X dx, db^XJr, dc=X ( „rf.r, 

and integrating, we shall determine o, ft, c. 

451. This theorem is applicable to the ease in which the linear equation is 
of any order whatever; and consequently the integration of such equations 
is reduced to that of the equation 


du d?u 

A.v+B^+C-^ 


dx 1 


. . +N~"-~ = 0 . . . . (162). 
dx» v 


452. When the linear equation of the order n has constant coefficients, it 
is easy to determine the integral. For if, in the equation (162), we makt 
i/=£»**, we shall find, by differentiating, 


dy d a y . day 0 

——=ze»”m. —- r ^-=c w w*/i3 t &c.; 
dx dx * dx 3 


and substituting these values in the equation (162), we shall obtain 
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. . . -J-N»i«) — 0 . ■ « (163). 

Let m\ m'\ m'", &c., be the roots of the equation 

. . . +Nm«=0 . . . (164), 
the equation (1G2) will then be satisfied by the values 
y y~c m V —C m '”- r , &c.; 

and since we have v values of u, the finite complete integral of the equation 
(162) will be 

453. When »»' =»«", the terms oc ,,,,/ and be »•"■* reduce themselves to 
; and since a + b must then be considered as only one constant, 
we no longer have a number w of arbitrary constants in the expression for y. 
In this case, it is easily demonstrated that if y — c m '- satisfy the proposed 
equation, the value y — ic-»' r must also satisfy it. For by differentiating this 
last equation, we find 


—— =.xc ni ' J ?u' 4-e m ‘ J t —- ~xe m '• m n +2e (> ' in \ 
tU dx* 

dr3 

&c. = &c. : 

and these values reduce the equation (1G2) to 

i«™' J (A +Bt»' +Cm' i +D»i 5+&c.) 
-fc»^(B+2Cw*'4-3Dra^+ic) . . . (1Gb). 

But the equation (1G4) having, by hypothesis, two equal roots, we know, by 
the theory of equations, that the expression B -f- 2Cm -f 3Dm“ + &c., will 
contain one root less than the proposed equation, and will vanish when we 
put m—m', whence it follows that the expression (165) is identically 0. The 
equation (162) will consequently be satisfied by the value y ~xc m>J ’, and will 
have for its complete integral 

y =zae™'* -\-bxe m * 

454. If there were three roots equal to tn, we might prove, in like manner, 
that equation (162) would be satisfied by making 

y —C m '* ; 


and so on. 
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465. When the equation (164) contains imaginary roots, if one of these 
roots be h+ky/ — 1, the other will be h—k*J — 1, and we shall have, in the 
value of v, the two terms 

a hx +a-.i - k *V - i 7 

or 

. . (166). 

But we know that we have generally (note fifth) the formula* 

e* V * =cos<p 4-sin $ *J — 1, c * » cos (p—sin <Q^/ — 1 ; 

the expression (166) therefore being compared with these formulae, we may 
replace 

ftXy/ — 1 cos kx 4-sin kxtf —), 

* by cosfri —sin Au,/—1 ; 
whence the formula (166) will become 

eh*(a cos ki + a sin kx — 14-6 cos kx—b sin kitf— 1), 
an expression which may be written thus: 

e Aj [(a4-&)orafr I +(“—&) Bt n 1] • * • (167)* 

'When X is 0, in the equation (152), a, b, c, being arbitrary constants, 
art. 446, wc may suppose o-|-6=c, a — b—c'sf — 1, and then the imaginary 
part in the expression (167) will vanish. 


On the integration of simultaneous equations. 


456. Let it be proposed now to integrate at once two or more differential 
equations. Let 


M.v+Nx+P^+Q^T ) 

m' v +n' i +p'|!+q£=t' ^ 


. . ( 168 ) 


be the most general equations of the first degree between j, y, and the dif- 

Y 
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ferential coefficients ~; and in which the coefficients M, N, P, &c., 

at at 

are functions of the independent variable t. 

These equations may be written thus : 

(My+NOA+Prfir+Qrfx=T<ft, 

(M'i y +N'r>ft+P d V +Q'dx-T'dt ; 

if we multiply the second of these by a function i of t, and add the results, 
we shall obtain 

[ (M +M'0)?/ +(N +NV)i W +(P +F*Rv -KQ +Q'0* 1 =( T + T'0^ 5 

and representing the quantities within the parentheses by single letters, this 
equation may be written thus: 

Hydt+Kidt+Kdy +Srf.i —Tdt; 

whence we derive 

. . . (ICO), 

an equation which will be of the same form with the one 

dy -\-Vydx =Qcfx . . . (170), 
which we have integrated, art. 385, if 

• • • (HI); 

since then, by making 

y-f--—-i =2 . . • ( 172 ), 

the equation (lfiO) will become 

Hzdt —T lit, 

or 

dz+~zdt=^-dt . . . (173) { 

and we see that this equation is of the same form with the equation ( 170 ), 
H T 

since - 5 - and are certain functions of the independent variable t. 
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457- To satisfy the equation (171), we require only to have 


or, differentiating. 


d 





K 

if 


di + *</ 


iv 

H 



and in order that this equation may Ik- satisfied, the multipliers of di must, 
in general, be equal, and consequently the term irf.~ beO; i. e. we must 
have 


K S 

IT “IT' 


4 #=° 


(174 J. 


Having substituted in these equations the values of the expressions. 

H, K, II, S, and performed the necessary differentiation, we must then 
eliminate 0 contained in these equations, and we shall have the relation that 
must subsist between the coefficients, in order that the equation of condition 
may be satisfied. 

458. In the case in which the coefficients of the first sides of the equations 
(188) are constants, the differential of a constant being equal to zero, there 
will remain only the first of the equations (174); this will suffice for de¬ 
termining the f actor 0, which will then be constant, since it will become 
equal to a function of constants. Replacing K, H, R, S, by their values, 
wc have 

N + N'0__Q-|-Q’0 
M+W'6“P+l»'fl' 

and getting quit of the denominators, we see that 0 will be determined by an 
equation of tlic second degree, and therefore have two values. 

Representing these by 0', 0", and supposing that on substituting them suc¬ 
cessively in the equation (173)* the coefficients of zdt and of dt become, in 
the first case, p' and (/', in the second case p" and q ', we shall have 

dz -f -p’zdt —qdt , 
dz+p"zdl~'/'dt; 

whence, integrating according to the formula (90), art. (385), we shall find 

z =<r-/p'dt( fq'eJWdt) +C', 
s z= ( r-/p''it(Jq"r/p^dt) +C"; 

and substituting in these values that of i, deduced from the equation ( 17 * 2 ), 
we shall have two equations in t, y t and i . 

y 2 
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459 . If, excepting T, T', T", which we shall always consider as functions 
of /, the coefficients M, N, P, Q, &c. be constants, and we have the three 
equations 

rf v +(My + Na + P z)dt =Tdt, 
dx +(M'y + N'a- -+■ P 'z)dt = Tdt ., 
d=+(M>+N"j +V”z)dt=T"dt ; 

multiplying the second and third by constants 0, & respectively, and adding 
the results, wc shall have an equation which may be represented by 

dy+ 0di+0'd=+Q( ? /-f Rx +Sz)dt =Ud/. 

That this equation may be of the form 

dy 4-P ydx =Q d <, 

it is necessary that, considering »/-|-R.j -J-Sz as a single variable y\ the dif¬ 
ferential dt/ of this function Bhould be equal to dy-\-9d.i -|-0'rfz, which re¬ 
quires us to have the equations of condition 

0=R, 0'=S; 

and since R and S arc functions only of 9 and 9', by virtue of the preceding 
operations, it follows that these equations will suffice for determining the 
different values of the constants 0 and &■ 

460. This method is general, and applies equally to differential equations 
of higher orders, since those equations can be reduced to the first degree. 
I f we had, for example, the equations 


g+U,+M.+lA+Qt=I. 

^+M',+N',+P^ + Q^=T-, 


or rather 


-f- Nx)**+(P< V + Qdi)dt=Tdt* ) 
d*r+(M'y+WT)dt*+(P , dy+Qdx)dt=T'df*S ' ' * 

wc should make 

dy—ydt , dx—qdt . . . ( 176 ); 
and observing that dt is constant, our equations would become 

dp-f(My +Nz +Pjp -\-Q(/)dt=Tdt, 
dq+{M'y+Wz+Yp+Qq)dt=rTdt : 

these two equations, with the equations (176), form four equations of the 
first degree, to which we may apply the preceding processes. 
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Integration of' differential equations of the second order. 

461. The general form for differential equations of the second 
order between two variables is 



da* 


)=0...(177). 


We shall not attempt to integrate this equation in its utmost 
degree of generality ; but shall proceed to examine how the 
integral can be found in certain particular cases. 

462. We shall consider first the hypothesis on which we 
have 



<ty 

dx* dx" 



• (178). 


To integrate this equation 


i ii fly 
we shall put ~ = p. 


da.’' dx 


when it will be reduced to 



d P\ 
d.r J 


. 070); 


and if this equation can be integrated, and we deduce from it 
p = X, we shall readily obtain the value of if, for the equation 


—— = p giving us if — fpcLv, if we substitute in this equation 
dx 

the value of p, we shall have y ~fXd.r. But if the equation 
(179), instead of giving us the value of p in terms of .r, should 
give that of .v in a function of p, so that wc had x = P, in¬ 
tegrating dy— pdx by the method of parts, we should have 


y=.p.v—fxdp, 

and substituting in this equation the value of .r, we should 
find 


y=pa — fYdp. 

463. We will now consider the case in which we have 
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,, (f v 

dx d,7* 


) = 0 . . . ( 180 ): 


making =p, we shall find = *— ; and replacing dx by 


dx 

<b 


its value this equation will become 
P 


d* l f _ p*iy 

dx* dy ’ 


dy 

Putting these values of ~ and 

(IX 


d*y 

d.r* 


in the equation (180), 


we shall transform it into 


JXy> V> <(V, dp) = 0; 


and if this equation give p = Y, we must substitute this value 

dy 

in the equation dx = —, when we shall obtain, by integrating. 





If, on the contrary, y results as a function of p, and we have, 
consequently, y = P; to obtain .r, we must integrate the equa¬ 
tion dx = — by parts, when we shall have 


x 


=*+,■/*■ 

p ''p 1 * 


and substituting in this equation the value of y, wc shall find 


-?+/p^= 


P 


P 


having integrated, we must then eliminate P by means of the 
equation y = P. 

404. When the equation (177) contains, along with 

dx - 
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lilt 

only one of the three quantities — 9 x and y, we have, in the 
first case, 

/(S’S) =o -< i8j); 

and making ~ = p, and consequently and substi¬ 

tuting these values in the equation (181), it will become 

From this equation we deduce 


and consequently 


^ = P .... (182), 

a.r 

■r=s4£ -(183). 


On tlic other hand, the equation —p gives us 

y -J'pd* ; 

and substituting in it the value of dx, given by the equation 
(182), we obtain 


y=f~~ .... (184); 


having integrated the equations (183) and (184), we must 
eliminate between them the quantity p, to obtain an equation 
between .?■ and y. 

465. In the case in which ~ appears combined only with 
a function of x, we have 

<&!! v 
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multiplying by dx, and integrating, we find 


d H_r 


dx 


=/Xda-+C; 


representing i /'Xf£r by X', we have 


dx 


= X' + C; 


and multiplying anew by dx, and integrating, we obtain 

y^fX'dx + C. 
dPy 

466. Lastly, when is given in a function of y alone, we 
have only to integrate the equation 


d\y _ 


daP 


= Y. 


To accomplish this, we shall multiply the equation by 2 dy, 
which will give 

2— f^=2Y dy 
dx d.i* J ’ 

and the first side being composed similarly to the differential 
of x*, we shall find, by integrating, 

g=/2Yrf, + C; 

extracting the square root of this, we shall obtain 

dy _ 


tr^ y 4r+Q, 

and, by a new integration, wc shall deduce 

dy 


*=J- 


s/c + 2/Ydy 


. -f C. 
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Partial differential equations of thefirst order. 

467. An equation which subsists between differential co¬ 
efficients, combined, according to the case, with variables and 
constants, is, generally, a partial differential equation, or, as 
it was formerly denominated, an equation with partial dif¬ 
ferences. These equations are thus denominated, because the 
notation of the differential coefficients which they contain in¬ 
dicates, us we have seen, art. 52, that the differentiation can 
only be effected partially, i. c., by considering certain of the 
variables as constants. This, consequently, supposes that the 
function proposed contains more than one variable. For greater 
simplicity, we will first admit only of two, and consider the 
partial differential equations of the first order, i. e., those which 
contain oidy one or more differential coefficients of the first 
order. 

468. We will commence with integrating the following 
equation : 



If z, instead of being a function of two variables ,r and y, should 
contain only x, this would lie no more than an ordinary dif¬ 
ferential equation, which, being integrated, would give .... 
z =ax-\-c; but since, in the present case, z is by hypothesis a 
function of x and y, the terms involving y in the function c 
must have disappeared by the differentiation, since in dif¬ 
ferentiating in respect of «r, y has been considered constant. 
We must therefore, in integrating, adhere to the same hypo¬ 
thesis, and suppose that the arbitrary constant is in general a 
function of y; whence, consequently, we shall have for the 
integral of the equation proposed, 

£ = flit 1 + <py. 

469. If we have also the partial differential equation 
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dz 
d# 



in which X is a function of x; multiplying each side by d.i , 
and integrating, we shall find 

s =/Xrf.r+<py. 

470. For example, if the function represented by X should 

be -f- a a , the integral would be 

Z ~3 +«*•*’+ 

471. We shall find no greater difficulty in integrating the 
equation 



for which we shall have 

z = Yx+<py. 

472. We may in like manner integrate every equation, in 
dz 

which — is equal to a function of two variables x and y. 

djp 

If we have, for example, 

dz x 

d# “ Jay+x* ’ 

considering y as constant, wc shall multiply by d.v , and in¬ 
tegrate according to article ( 271 ); when representing by <py 
the constant which ought to be added to the integral, we shall 
have 

z=^/ay+x*+yy. 

473. Lastly, if we have to integrate the equation 

dz 1 
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// us usual being considered constant, wc shall have (art. 274), 


| 

z — sin - \-0(f- 

y * 

474. Generally, to integrate the equation 

(l z 


we must take the integral in respect of and adding then a 
constant function of y to complete it, we shall find 

z-fF^r, y)d.r+?y. 


475. From what has been said, we sec that, excepting the 
hypothesis of one of the variables being constant, and the in¬ 
troduction, in the integral, of a constant function of that 
variable, we follow the same process as in the integration of 
ordinary differential equations. 

470. Let us consider now the partial differential equations 
which contain two differential coefficients of the first order, 
and let the equation be 


dz dz 

M—+ N- r =0, 
(Lr ay 




in which M and N represent given functions of x and y : we 
deduce from it 


dz M dz 

dy N dx 1 

and substituting this value in the formula 


dz — ~.—dx-\- —j-dif .... (105), 
da’ dy 


which expresses nothing more than the condition that ~ is a 
function of .?■ and ?/, wc obtain 


dz 


(.1 ~ 


JU 
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or 



Ndx — Mf/y 
N 


Let A be the factor proper to render N dx —M dy a complete 
differential ds; we shall have then 


A(Nrf.r— Mdy}=ds _(186), 

and, by means of this equation, eliminating N dx —M dy from 
the preceding one, we shall obtain 


1 dz 

dz — —— - -ds. 
aN dx 


dz . 

Lastly, observing that the value of — is indeterminate, we 

1 dz 

may assume it such that . — -ds shall be immediately in- 

dx 

m 1 dZ 

tcgrablc, which requires that — be a function of s; for wc 

know that the differential of every given function of s must be 
of the form F# .ds. From this therefore it follows that we 
must have 

JL ± v 

aN rf* 


which will change the preceding equation into 

dz = Fsdi>; 

whence we shall deduce 


z = <j>.? . . . . (187). 


477* If we integrate by this method the equation 


dz dz 
dy ,7 dx 



we have in this case M = — y, N = .r, and the equation (186) 
will consequently become 
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dszz.X^jedjp+ydy). 

It is evident that the factor proper to render the second side 
of this equation integrable is 2; substituting therefore this 
value for A, and integrating, we have 

whence, putting this value in the equation (187)* wc shall have 
for the integral of the equation (188) 

478. Let now the equation be 

p £ + qS + k =° • • • • < 189 >’ 

in which P, Q, R, are functions of the variables sc, y, 7.; di- 

O R 

viding by P, and making ^ = M, — = N, we may put it under 
the form 


^ + Alt +N=0 . . . . (190) ; 

d,r ay 


and making 


dz 

d,r 


dz 

=}), = q, it will become 

1 dy 


p + My+N = 0 .... (191). 


This equation establishes a relation between the coefficients p 
and q in the general formula 

dz qdy .... (192); 


without this relation, p and q would be entirely arbitrary in 
the formula, since, as we have already observed, it does no 
more than indicate that z is a function of and y, and that 
function may be any whatever. Thus in the equation (192) 
p and q must be considered as two indeterminate quantities; 
and eliminating p by means of the equation (191), we shall 
obtain 
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ffc + N da* = q(dy —Mr/,?) . . . (193); 

in which q will still remain indeterminate: hut we know 
{see note third ) that when an equation of this sort holds good, 
whatever be the value of y, we must have separately 

dz + Nda;=0, dy—McLv = Q . . . (194). 

479. If P, Q, and R do not contain the variable 2 , it will 
be the same with M and N; in which case the second of the 
equations (194) will be an equation between the two variables 
•*’ and y, and may become a complete differential by means of 
a factor which we will represent by A, when we shall have 

\{dy — M dd’)=0 . . . (195); 

and the integral of this equation will be a function of x and y, 
to which we must add an arbitrary constant s, so that we 
shall have 

F C' j */) = *> 

and consequently 

y =/(■''. 0 - 

This value of y is the one given us by the second of the 
equations (194) j and in order, therefore*, that the two may 
hold good simultaneously, this value of y must be substituted 
in the first of the equations (194) ; for though the variable y 
does not explicitly show itself in that equation, we see that it 
may be contained in N. 

This substitution, from the nature of the value which wc 
have just found for y, comes to the same thing with con¬ 
sidering y, in the first of the equations (194), as a function 
of a? and s; and the first equation being, therefore, integrated 
on such hypothesis, we shall find 

z = —J'Ndj’ +<p£. 

480. To give an example of this mode of integration, let us 
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take the equation 


dz dz _ 

• , '«G +y ^= a v'**+y; 


comparing it with the equation (190), we have 

. . (196), 


~y m — 

.r 


Ms^N =—« 

.7 


and these values being substituted in the equations (194), 
they will be changed into 

<lz—a ^ X ‘~ +!l * dx = 0 , dy—-dj‘ = 0 . . . (197). 

,r x 

Eet a be the factor which renders this last equation inte- 
grable ; we shall have, then. 


or 



0, 


( 


xdy—ydx^ _ () 


,r 


and this equation will be integrable, if we make A = -; since 

iu that case its first side becomes a complete differential (art. 
403). 

Equating, therefore, the integral of this equation to an 
arbitrary constant .v, we shall have 


.V 

.r 


= .¥ 


9 


and consequently 


y =MS’. 


By means of this value of 3 /, the first of the equations (197) is 
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changed into 


dz -a- - di r=0, 

.** 


or 


dzzszad.Vy /1 -f J 

whence, integrating and considering s as constant, we shall 
obtain 


z = apcLt \/1 ■+■ s 2 4- < p s ) 

and consequently 

z = a.Vs /1 + x s + fa- 

Replacing the value of s, there results lastly 



.V 


z=a+/x*+y*+<p-- 


481. In the most general case, in which the coefficients 
P, Q, K, of the equation (189) contain the three variables 
.*>, y, s, it may happen that the equations (194) contain each 
of them only the two variables which explicitly show them¬ 
selves in the respective equations; and that consequently we 
may put them under the form 

dz = j\x 3 z)dx, dy = F(«r, y)dx. 

We cannot integrate these equations independently of each 
other, by supposing, as in art. 474, 

2 ~fA x > *)dx+<pz, y=f¥(x,y)dx+$y ; 
for in this case we see that we must assume z to be constant 
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in the first equation, and y to be constant in the second; hy¬ 
potheses which arc contradictory to each other, since one of 
the three coordinates ,r , jj, z , cannot be supposed constant in 
the first equation without its being also constant in the second. 

482. The following is the method by which we must in¬ 
tegrate the equations (194), in the case in which they con¬ 
tain each of them only the two variables which expressly 
appear: let (u and A be the factors which render the equa¬ 
tions (194) complete differentials ; representing these differen¬ 
tials by f/U and d\ T , we shall have 

+ = «.(<///—Mih’) = dV, 

and by means of these values, the equation (193) will become 

r/V = . . . (198). 

Since the firt side of this equation is a complete differential, 

the second must be so likewise, which requires that q- be a 

function of V; representing this function by <?V, the equa¬ 
tion (198) will become 

f/l T = o\VV; 

i 

whence we shall deduce, by integrating, 

U = 4>V. 


483. JLet us take, for example, tlie equation 

<Iz <Iz 

-vy- r -\r : 

d.t- dy 

this being written thus, 

dz i ,r dz s ^ 
dx ‘ if dy ,v ’ 

and compared with the equation (190), we shall have 
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—* - > - — -| 

y * 

by means of which values the equations (194) will become 

z 

dz - d.r — 0, (hi—~dx = 0, 

<r f y 

and getting quit of the denominators, we shall have 
.rdz—zdx — 0, ydy—.vd.r=i). 

The factors proper to render these equations integrable are 

1 ~ 

-- and 2 ; substituting these, and integrating, we find ~ and 

tV 4 /* 

y‘ l — x 2 for the integrals; and putting these values in place of 
U and V, in the equation U = 4»V, we shall obtain, for the 
integral of the equation proposed, 

•it 

484. It is to be observed that if we had eliminated y in¬ 
stead of p, the equations (194) would have been replaced by 
the following ones: 

Mi/z + N dy - 0, dy — Md.i = () . . . (199); 

and since all that we have said of the equations (194) will 
apply equally to these, it follows that, in the case in which 
the first of the equations (194) is not integrable, we are at 
liberty to replace those equations by the system of the equa¬ 
tions (1§9) ; i. c. to employ the first of the equations (199) 
in place of the first of the equations (194), and then see if the 
integration be possible. 

485. For example, if we had 

dz dz 
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tliis equation, divided by az and compared with tlie equation 
(190), Avould give us 




> 


whence the equations (194) would become 

flz -f- -'-d.r = 0, fly -|- - dj' = 0; 
az ' a 

and getting quit of the denominators, wc should have 

azdz -j-.ryd.r — O, ady-\-.rd.r = 0 . . . ( 200 ). 

Now the first of these equations, containing three variables, 
cannot be immediately integrated; we shall therefore replace 
it by the first of the equations (199), when we shall have, in 
lieu of tlie equations (200), the following ones : 


ivy 

- t ] z _|_ —— 

a az 


dtf — 0, ady -f- xd.v — 0 ; 


suppressing - as a common factor in the first of these equa¬ 
tions, and multiplying tlie one by 2 z and the other by 2, we 
shall find 

— 2 zdz + 2 ydy = 0, 2 ady + 2,t d.r = 0, 
equations which have for their integrals 

//'— z?, and 2 ay+.r-; 

and substituting these values in place of U and V, we shall 
have 

_ & = y(2ay -M 2 ). 

486. It may be observed that the first of the equations 
(199) is no other than the result of the elimination of d.r be¬ 
tween the equations (194). 

z 2 
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Generally, we may eliminate every variable contained in 
the coefficients M and N ; and, in a word, combine tlio equa¬ 
tions (194) in any manner whatever; if, after having per¬ 
formed these operations, we obtain two integrals represented 
by U = a and X — b, a and b being two arbitrary constants, 
we may always conclude, tlicnce, that the integral is ... . 
U=<J>V. For, since a and b are two arbitrary constants, 
having taken b at pleasure, we may form a of b in any manner 
whatever; i. e. we may assume a as an arbitrary function of 
b ; a condition which will be expressed by the equation .... 
rt = <p6 (note twelfth} ; we shall eon-ccpiently have the equa¬ 
tions U = ip&, V = b, in which «?\ and z represent the .same 
coordinates ; and if we eliminate b between these equations, 
we shall obtain U = <p V. It may also be observed that this 
equation informs us that on making V = b, we ought to have 
U = <pb = constant; i. e. that U and V are constants at the 
same time, without a and b being dependent one on the other, 
since the function <p is arbitrary. Now this i* precisely the 
condition which is given us by the equations l' = r; and 
V = b. 

487. To give an application of this theorem, let 



Having divided by z.e, we shall compare this equation with 
the equation (190), which will give us 



N 


y 


o 


/ i i"* 

A* 


9 


and tlie equations (194) will become 


dz 


^dx = 0, <h/+?t/.r= 0, 
,rz x 


or 


z.rdz —= 0, .rdy -\-yd.r 


0. 
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The* first of these equations containing three variables, we 
shall not attempt to integrate it in this state ; but if we sub¬ 
stitute the value of yda\ derived from the second, it will ac¬ 
quire a common factor .r, which being suppressed, it is re¬ 
duced to 

zdz+ydy = 0, 

and we see that on multiplying it by 2, it becomes intcgrable ; 
and the other equation being so likewise, we shall find, by 
integrating them, 

_ o i o _ _ __ / 

-*+.r ="< •*■*/ = ?>; 

whence we conclude that 

-4-;/ 2 = v ay/*- 

400. We shall terminate what we have to say respecting 
partial differential equations of the first order, by the solution 
of this problem: An equation which contains an arbitrary 
function of one or mote ra) tables being given , to find the 
partial differential equation which has produced it. 

Suppose, therefore that we have 

- = ; 

we shall put 

.t"-\-y- — n , . . (201), 
wlien our equation will become 

z = Fu; 

and since the differential of n must, in general, be a function 
of u, multi {died by du, we may assume 

dz — tpudu. 

If now we take the differential of z, in respect of .r only, i. e. 
considering ;/ as constant, we must take the differential of u 
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also on the same hypothesis ; and, consequently, dividing the 
preceding equation by da.', we shall have 


dz du 
da f ~~ ^ U dx 


. • (202) s 


considering, then, a- as constant, and y as variable, we shall 
find, by a similar process. 


£ = ■ ■ • ( 203 ). 

dij ■ dj/ 

The values of tlic differential coefficients -, and —r~ which 

ua- ay 

enter into the* equations (202) and (203) will be obtained by 
differentiating the equation (201), in respect to a- and y suc¬ 
cessively, which will give us 




substituting these values in the equations (202) and (203), 
we shall have 

dz dz 

and eliminating <pu between these equations, wc shall find, 
lastly, 

dz dz 
v- r - — a;—. 

dx dy 

439. Let us take also, for example, the equation 

-f- 2 u,r — F (.t 1 — y ). 

Making 

a—y-n .... (204), 
this equation becomes 


z l -{- 2 a a 1 = Fa ; 
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and differentiating, we have 

+ 2a.r) = <pudn ; 

taking the differential indicated, in respect to . r , we must con¬ 
sider z as variable, by virtue of a- which is contained in it, 
and dividing by d.v, we shall have 



2 a — <pu 


du 

d.v 


. (205); 


proceeding in a similar manner fur y, considering z as a func¬ 
tion which varies only on account of y, and dividing by dy, 
we shall find 


2 . . . ( 200 ). 

dy dy 


To eliminate the differential coefficients of du, the equation 
(204) gives us 

du _ du _ 

lx- 1 ' dy— ; 


substituting these values in the equations (205) and (200), 
we shall have 




dz 


dz 


■ , +2 i — tu, 23--=—<p u; 

d.v dy 


and eliminating «J*« between these equations, wc sluili obtain, 
lastly, 

dz dz a 

7—h -1— — 0. 

d.v dy z 


Par lint differential equations of the second order. 

400- A partial differential equation of the second order, in 
which ~ is a function of two variables .r and y, must always 
contain one or more of the differential coefficients 
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d l z d‘ : z (i u z 
r/a 8 * dy 2, djrdy 

independently of the differential coefficients of the first order 
which it may contain. 

401. We shall confine ourselves to integrating the most 
simple of the partial differential equations of the second order, 
and shall commence with the one : 


multiplying this by d,r, and integrating in respect of .r, we 
must add to the integral an arbitrary function of y, when we 
shall have 


dz 


d.v 




multiplying anew by d.r, and designating by ty/ the function 
of y to be added to the integral, we shall find 

s = ,r<py -f \!/y. 

492. Let it be proposed now to integrate the equation 

d?z 

_i) 

in which P is a function of .?• and y ; proceeding as before, we 
shall find first 

£ = /TA. + Ws 

and a second integration will give us 

z =./■[,/ Prfj? + <pyj dw + vy. 

493. Wc might integrate in the same manner 
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Ttiid wc should find 


2 -JXf^dy + ] dy + 


494. The equation 


dydjr 


= P 


must be integrated, first in respect to one of the variables, and 
then in respect to the other, which will give 


~ =J\f Vd ' v +?//] d .y+v x - 

495. Generally, wo shall treat in a similar manner any one 
of the equations 


d n z 

W l 


d*S d n z 

— p ___— O___— R Sec 

3 d.vdi/"-' dx J 


in which P, Q, 11, &c., arc functions of ,r and y ; and this 
will lead to a series of integrations, each of which will intro¬ 
duce an arbitrary function into the integral. 

490. Among the equations now under consideration, one 
of the most easy of integration is the following : 


r/* 

+ Y— 

W <<» 



by P and Q designating always two functions of .i and //. 
Making 


dz 


— u 


• . (207), 


we shall change this equation into 


(hi 

<h 


+ Pw = Q .... (208). 


To integrate, we shall consider ,r as constant, and then this 
equation will contain only two variables // and w, and will be 
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of the same form with the equation 

dy -j- Yydx = Qcf.r .... (209), 

treated of, art. 385, and the integral of which is 

i y = e-/'*(/Qe/»7*r+C) . . . (210): 

comparing therefore the equations (208) and (209), we shall 
have 

y = u, x-y ; 

substituting these values in the formula (210), and changing 
C into <px y we shall obtain 

u — r~J ,v,/ ( f Qe f VA "dy + y x) ; 

and putting this value of u in the equation ( 207 ), multiplying 
by dy, and integrating, we shall find 

z — p(i "( i /Q^ ,lrf Vy+ Q‘ r ) ]dy + tyx. 

497. We might integrate by the same method the equations 

— + P— = 0 — + P- = Q 

iLvdy dx 3 dxdy dy 3 

in which P and Q represent functions of ,r # and by reason of 
the divisor dxdy, we see that the value of z cannot contain 
arbitrary functions of the same variable. 

On the determination of the arbitrary Junctions ivhich enter 
into the integrals of partial differential equations of the first 
order. 

498. The arbitrary functions which complete the integrals 
of partial differential equations must be determined by the 
conditions which belong to the nature of the problems which 
have produced those equations, problems which for the most 
part belong to questions in physical mathematics. Not to 
wander too fur from our subject, we shall confine ourselves to 
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considerations purely analytical, and investigate first wliat arc 
the conditions contained in the equation 


dz 

d.v 


a . . . . (211). 


499. Ho long as z is a function of ,r and y, this equation 

may be considered as that of a surface ; and this surface, from 

. . dz 

the nature of its equation, will possess this property, that —- 

must always be a constant quantity. It follows from this that 
every section EF (fig. 87) of this surface, made by a plane CD Fig. 
parallel to that of x, z, is a straight line. For, whatever be 
the nature of this section, if we divide it into an infinite 
number of parts mm, trimm"m'\ &e., these parts, seeing 
that they are exceedingly small in length, may be considered 
as straight lines, and will represent the elements of the sec¬ 
tion ; also any one of these elements mm makes with a parallel 
tun to the axis of the abscissae, an angle the trigonometrical 

dz 

tangent of which is represented by —- ; and since this angle 

C# (i* 

is constant (because y is so), it follows that all the angles 

mum, tri'mti, ni'tri'ri', &c., formed by the elements of the 
curve with the parallels mn, mri , mri', &c., to the axis of the 
abscissa?, will be equal; which proves that the section EF is 
a straight line. 

500. We might have arrived at the same result by con- 
sidcring the integral of the equation -- = a, which we have 
seen to be, art. 468, 


2 = a.v -f .... (212); 

for, for all the points of the surface which are in the plane 
CD, the ordinate is equal to a constant v, represented in the 
fig. 87, by AB; replacing therefore £// by <pc, and making 
= C\ the equation (212) will become 
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z—aar+C .... (213), 

and this equation being that of a straight line, the section EF, 
to which it belongs, must consequently be a straight line. 

501. The same being the case in respect to the other secant 
planes which might be drawn parallel to that of .r. z, we con¬ 
clude that the sections of all these planes with the surface 
will be straight lines, which will be parallel to each other, 
since they will form each of them with a parallel to the axis 
of .r, an angle whose trigonometrical tangent will be the con¬ 
stant a. 

502. If now we make ,r = 0, the equation (212) will be 
reduced to z = <py, and will be that of a curve GHK traced 
along the plane of//, z ; this curve comprising all the points of 
the surface, for which ,r = 0, it will meet the plane CD in a 
point m (fig. 87), which will have, for one of its coordinates, 
.r = 0 ; and since we have also y = AB = f, the third coordinate, 
by virtue of the equation (213), will be s = C, a value repre¬ 
sented in the figure by Bw. What we have said of the plane 
CD will apply to all the other planes, which are parallel to it, 
aud it follows therefore that through all the points of the curve 
whose equation is z=-<py, and which is traced along the plane 
of y, z, straight lines will pass parallel to the axis of r. 

Here then is all of which the equations (211) and (212) 
inform us, and since this condition is always fulfilled, whatever 
be the figure of the curve of which s=<py is the equation, we 
see that this curve is arbitrary. 

503. It follows from what has been said, that the curve 
GHK, of which z = p// is the equation, may be composed of 
arcs of different curves, which join at their extremities*, as in 


* In this case, the curve will be determined by means of several equations, 
in such a manner that the first will give the value of the variable r, for in¬ 
stance, from .i —a to i —b ; the second will give it from a =6 to i — r, and 
so on. 
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fig. 89, or of curves which leave breaks in certain places, as in Fig. R8. 
fig- 89. In the first case, the curve is discontinuous, in the Fig- 89. 
second it is discontiguous : in this last case it may be observed 
that two different ordinates PM and PN (fig. 89) correspond 
to the same abscissa AP. It is possible, lastly, that without 
being discontiguous, the curve may be composed of an infinite 
series of indefinitely small arcs, which belong each to different 
curves; in this case the curve is irregular, as, for example, the 
fibres of a feather would be which we should draw out at ran¬ 
dom ; but however the curve may be formed of which the equa¬ 
tion is := 97 , it will suffice for constructing the surface to 
make a straight line move always parallel to itself, with the 
condition that its point M shall run along the curve GHK, of 
which the equation is ; = <f >y, and which is traced at random 
along the plane of y, z. 

c]z 

504. If, instead of the equation — = «, we had the one .... 

a.r 


(h 

d7v 


X, in which X was a function of a ; then drawing a plane 


CD (fig. 87) parallel to that of the surface would be cut 
in a section EF, uiiich would no longer be a straight line, as 
in the preceding case. For, for any point «/, taken in this 
section, the trigonometrical tangent of the angle rinim" formed 
by the prolongation of the element mm" of the section, with a 
parallel to the axis of./', will be equal to a function X of the 
abscissa x at that point; and since the abscissa x is different 
for every point, it follows that the angle n'mm" will be dif¬ 
ferent for each point of the section, which shows us that EF 
will not, as before, be a straight line. The surface will be 
constructed in the same manner as in the preceding problem, 
by making the section EF move parallel to itself, so that its 
point m shall continually be in the curve GHK, of which the 
equation is z — <py. 

505. Suppose now that in the preceding equation, instead 
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of X ire liad a function P of x and y, the equation —= P, 

Uw 

containing three variables, will belong still to a curve surface. 
If we cut this surface by a plane parallel to that of x, z, we 
shall have a section in which y will be constant; and since in 

all its points, —- will be equal to a function of the variable 

a it* 


r, it will follow, as in the preceding case, that this section 
will be a curve. 


The equation t -*‘~ 

diV 

that of the surface 


I*, being integrated, we shall have, for 


z=/Pd.r + <py; 

if in this equation we give successively to y the increasing 
values y i y \ y" , y "', &c., and represent by P, P', P ', I* 1 ', 
&c. what the function P then becomes, we shall have the 
equations 


z-fV (Lr + (pi/, 
z=f?'"d.r + <py"\ 
&c. = &c. 


~ = f P ' dx +< py" 
z =/P h dx+<py" 
ike. = &e. 



. - (214); 


and wc sec that these equations will belong to curves of the 
same nature, but different in form, since the values of the 
constant y are not the same in all. These curves will be no 
other than the sections of the surface by planes parallel to that 
of x, z ; and, in meeting the plane of y , z, they will form a 
curve, the equation of which will be obtained by making x = 0 
in the equation of the surface. Representing by Y, what 
fYdx becomes in this case, we shall have 

z = Y+<py . . . (215); 

and we see that on account of py, the curve determined by 
this equation must be arbitrary; thus, having traced along 
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the plane of ;/, z, the curve QliS (fig. 90) at pleasure, if wo Fig. no. 
represent by RL the section of which z^f¥d.v+q>y is the 
equation, we must have this section to move, keeping its ex¬ 
tremity always in the curve QRS, and in such a manner that, 
in its course, this section RL shall assume the successive forms 
determined by the equations (214) ; when we shall construct 

the surface to which the equation — = P belongs. 

500. Let us consider, lastly, the general equation 

(fz __ 

- 7 - + M— + N=0, 

dj dj 

the integral of which i.> U = <p V, art. 480. Since we have 
the equations U = ft, and V = b, each of which i.> between 
three coordinates, we may consider them as the equations of 
two surfaces, and the coordinates being common, they must 
belong to the curve of intersection of the two surfaces. This 
being premised, since a and h are arbitrary constants, if in 
IJ — a we give to ,v and y the values .r and y , we shall obtain 
for z a function of • ;/, and a, which will determine a point 

of the surface of which l T = n is the equation. This point 
will change its position if we give successively different values 
to the arbitrary constant a; that is to say, by making a vary, 
the surface whose equation is U = a will be made to pass 
through a new system of points. What has been said of 
U = a will apply equally to V = b; we may conclude therefore 
that the curve of intersection of the two surfaces will con¬ 
tinually change its position, and consequently describe a curve 
surface, in which a and b may be considered as two coordi- 
nates; and since the relation a — <pb, which connects these 
two coordinates, is arbitrary, we see that the determination of 
the function 9 reduces itself to the problem of making a sur¬ 
face pass through a curve traced arbitrarily. 

507. To show’ how this sort of problems may conduct to 
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analytical conditions, we will examine what the surface is, the 
equation to which is 


dz 




. (216). 


We have seen, art. 477, that this equation has for its integral 


z = <p(x*+y*) 


( 217 ), 


and reciprocally we deduce from this integral 


x~ = *['Z ; 

if we cut the surface by a plane parallel to that of .e, y, the 
section will have for its equation 

•**+£* = 

and representing the constant $c by a®, we shall have 


*?+]/' = a 2 . 

This equation belongs to a circle; and, consequently, the sur¬ 
face will possess this property, that every section made by a 
plane parallel to that of x , y, will be a circle. 

508. This property is also indicated by the equation (216) ; 
for, by virtue of art. 26, we deduce from it 



which shows us that the subnormal is always equal to the ab¬ 
scissa, and this is a property of the circle. 

509. The equation (217) indicating to us no other con¬ 
dition than that the sections parallel to the plane of <r,y, must 
be circles, it follows that the law according to which the radii 
of these sections are to increase, is not comprised in the equa¬ 
tion (217); and that, consequently, every surface of revolu- 
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tion will satisfy tlie problem ; for we know that ir. surfaces of 
this sort the sections parallel to the plane of r, y, are always 
circles, and it is needless to say that the generating curve 
which, by its revolution, describes the surface, may be dis¬ 
continuous, discontiguous, regular or irregular. 

510. Let us investigate now the surface for which this gene¬ 
rating curve should be a parabola AN (fig. 91), and suppose Fig. i»l. 
that, on this hypothesis, the surface be cut by a plane AB, 
passing through the axis of z ; the track of this plane along 
that of j, y, will be a straight line AL, which being drawn 
through the origin, will have for its equation y = ux; and if 
we represent by t the hypothenuse AQ of the right-angled 
triangle APQ, constructed along the plane of y, we shall 
have 

t: < 

but t being the abscissa AQ of the parabola AN, of which 
QM — z is the ordinate, we have, from the nature of the curve, 

p — hz , 


putting for its value .r- + y~, there results 

j = or s = l («V+/)=7(« , + 1 ), 


and making ^ (o' +1) = w, we shall obtain 


zrzmT ; 

so that the condition prescribed on the hypothesis of the ge¬ 
nerating curve being a parabola is that we should have 

^ z = nut*, when y — aji\ 

fill. We shall seek now to determine, by means of these 
conditions, the arbitrary function which enters into tlic equa¬ 
tion (217). For this purpose, representing by U the quantity 

A A 
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which is affected by the sign <p, the equation ( 217 ) will 

become 

z = <pV .... (218), 
and we shall have the three equations 

y® = U, y = «j? f z = mi' 2 . 

Eliminating 3 / by means of the two first of these, we shall 
obtain the value of which, being substituted in the third, 
will give us 


U 


» = m- 


«* + l ’ 

an equation which reduces itself to 

z = itT 
b ' 


since we have already supposed - («--+-1) = m. This value of 

z being then substituted in the equation (218), it will be 
changed into 

=iu; 

putting the value of U in tliis equation, we shall find 

and we see that the form of the function is determined. Sub¬ 
stituting this value of (p{,v <2 +y' 1 ') in the equation ( 217 ), we 
shall have for the integral sought, 

an equation which possesses the projierty required, since the 
hypothesis of // = a# gives us 
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512. This process is general; for suppose that the conditions 
on which the arbitrary constant is to be determined are that 
the integral give F(.r, ?/, s) — 0, when we have/'(<*•, y, z ) = 0; 
we shall obtain a third equation by equating to U the quantity 
which is preceded by C, and then by eliminating successively 
every two of the variables y, z, we shall obtain each of those 
variables in the function of U; putting these values in the in¬ 
tegral, we shall arrive at an equation the first side of which 
will be eU, and the second side an expression also composed 
of U; replacing the value of U in terms of the variable, the 
arbitrary function will thus be determined. 


Of the arbitrary fit net ions tv hit: h cater into the integrals of 
partial differential* of the second order. 


513. The partial differential equations of the second order 
conduct to integrals which contain two arbitrary functions; 
the determination of these functions resolves itself into making 
a surface pass through two curves which may be discontinuous 
and discontiguous. To give an example, let us take the equa¬ 


tion 



= 0, the integral of which, art. 491, is 


z=.r<py + yy . . . (219). 

Let Aw, Ay, As, (fig. 92), be the coordinate axes; if we Fig. 
draw a plane KL parallel to that of .c, z, the section of the 
surface, by this plane, will be a straight line ; for, for all the 
points of this section, y being equal to A p, if we represent A p 
by a constant c, the quantities fy and 'by will become Oe and 
'pc, and consequently may be replaced by two constants a and 
h, .so thgt the equation (219) will become 

z — a.v+b .... (220, 

and will be that of the section made hy the plane K L. 

514. To determine the point in which this section meets 
the plane of »/, z, making ,v — 0, the equation (219) gives us 

\ a 2 
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on tliis hypothesis z — which indicates to us a curve amb, 
traced out along the plane of if, z. It would be easy to show, 
as in art. 502, that the section meets the curve amb in a point 
m; and since this section is a straight line, to determine its 
position, we have only to find a second point through which it 
must pass. For this purpose, we must observe, that when .?■ 
is equal to 0, the equation (219) is reduced to 

z = i>y; 

whilst, when j is equal to unity, the same equation is reduced 
to 

2=^iy + vl/y f 

and making, as before, y — Ap = c, these two values of z be¬ 
come 

z = b, + 

and determine two points m and r, taken in the same section 
mr, which we have seen to be a straight line. To construct 
these points, wc must proceed in the following manner: we 
must trace arbitrarily along the plane of y, z, the curve amb, 
and through the point p, in which the secant plane KL meets 
the axis of if, raise the perpendicular pm = b, which will be an 
ordinate to the curve ; we must then take, at the intersection 
HL of the secant plane with that of ,r, y, the part pp equal 
to unity: through the point p draw a plane parallel to that of 
y»zj and on this plane construct the curve dmh , similar, 
and similarly disposed with the curve amb ; then the ordinate 
nip will he equal to mp; and if wc produce nip to r, the 
arbitrary quantity »/> representing a , wc shall determine the 
point r of the section. 

If then we prolong, by the same process, all the ordinates 
of the curve a m'b', we shall construct a new curve a rb\ which 
will be such, that, drawing through this curve and through 
amb, a plane parallel to that of .r, z, the two points in which 
the curves are cut will belong to the same section of the sur¬ 
face. 
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515. It follows, from wlmt 1ms been said, that the surface 
may be constructed, by making the straight line mr move in 
such a manner that it shall always touch the two curves amb, 
a rli. 

516. This example will serve to show, in some slight de¬ 
gree, how the determination of the arbitrary functions, which 
complete the integrals of partial differential equations of the 
second order, resolves itself into making the surface pass 
through two curves, which, according to the arbitrary func¬ 
tions which serve to construct them, may be discontinuous, 
discontiguous, regular or irregular. 



t 
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NOTH FIRST 

Oj/ the uiitrtm t tn\iimi'nt*£ tin: <lct''jlo[>,nent •>/ fog ( x. -f li). 

Tiik foilovviiij' is one of tlie processt\- employed for finding 
the logarithm of .1 -J~ h. The development of log; (1 ./■) is 

lir^L investigated thus: we equate Log (l-p*r) to u series of 
terms arranged .ncordiug to tlie powers of./-, observing that 
in this series there can he no term independent of ,!■ ; for if 
we had 

Log ( l —f- .e) ~ iV f- 1 ».r —f~ C ,e —{- &C-, 

since this equation ouglit to hold good, whatever .v In*, it would 
fellow' that, on making ,/■ =_ O, we should have A ~ log 1 ==. O ; 
w? shall therefore assume 

log ^ 1 -+■ a ) — Aa-J- U.e -f- t .* 3 -J- £tc. - - . (1); 

changing .*■ into we shall have similarly 

log — As + li~ a + t?— ’ Hh &c. ; 

and z being arbitrary, we may suppose that there exists be- 
tweei a- and a the relation 

(l+4’) s or 1 4-2,i’ + ^ a = 3 + s ; 

dedueng from this equation tlie value of z, and substituting it 
in tin equation (1), we shall find 
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log (1 +•»)“ = A(2^-f a e ) 4 - B(2.r-Kr 2 ) 4 + C(2.r-f .i' 2 )'’ + &c.; 
whence, developing and arranging according to the powers of ,r, 

log(l+^)* = 2A t ? +AT + 4B ) 3 + B-i 

+ 463^ + 8 C J +12C >a 4 + &c. >(2). 

+ 10DJ J 

On the other hand, from the property of logarithms expressed 
in the equation log a n — n log a, we have 

log (1 +./*)* = 2 log (1 + .>’), 

or, putting for 1 + & its development ( 1 ), 

log (1 + r)* = 2(A.r + Re 2 + C j 3 -f ike.) ; 

substituting this value of log (1 -f ,r) a on the first side of the 
equation ( 2 ), we shall have an equation which must hold good, 
whatever ,v be; and consequently equating to each other the 
terms affected by the same powers of .r, we shall obtain 

2A = 2A, A-f 4B = 2B, 4B+8C = 2C, &c ; 

whence we shall deduce 


B= — 


A 

2 ' 




and substituting these values, we shall find 

log(H- a .) = A(.r-^. + ^-^ + &c.) + C. 

When «r=0, log 1 =0 = C, and therefore there is no constant 
to be added. 

Making now a: — -, and therefore 


log (l+.r) —log + =log-~- = log (.*- 4 -A)—lop.*’, 
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a« 


we shall have 

lo s (., + /,)-lo gJ . = A(^-il + £ 3 -£ 4 + &c.) . ( 3 ), 

and dividing by h, 

log (x + U)— log.e__ /I h /t“ 4 s \ 

h .- - a 1.7~2T= + ;T^-4.^ + &c } 


Passing to the limit, we shall find 


. . d. log x A 


. — —, and conse- 

a.v x 


At,’,i 

queutly the differential of log x is . It will be seen that 


,/■ 


the constant A is no other than the modulus, and since in the 
Napierian system the modulus is supposed equal to unity, this 
hypothesis reduces the equation (3) to 


log (a + h) = log x + --+ 


h _h 

x ~2? 


h>_ 

3 ,^ 


la 


4-&c 


NOTE SECOND. 

Considerations which prove the solidity of tin principles of 
differentiation, and the means by which ire may avoid em¬ 
ploying Madam ins theorem in the differentiation of ex¬ 
ponential quantities. A new process for arriving readily at 
the differentials of logarithmic and exponential quantities. 

With the exception of the differentials of circular functions, 
which, as we have seen, are readily found by the formulae of 
trigonometry, all the other monomial differentials, such,, for 
example, as those of x m , a’, log ,r, &c., have been deduced 
from the binomial theorem alone. We have, it is true, had 
recourse to the theorem of Maclaurin, in the determination of 
the constant A in the exponential formula', but we might have 
dispensed with it ,• for the value of A being determined from 
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the equation 20 (art. 30), it is easily shown that the second 
side of that equation is no other than the development of the 
Napierian logarithm of a. For this purpose, if in the formula 
demonstrated by algebra, and also in the preceding note, viz. 


is , , , h !r 

log (.r + h) = log .*■ + -- 2 - t 


:r 


/<’ A" 

+ a^"-" l? +<u '-’ 


we make .r — 1 and h — u — [, we shall find 


log (l -f a — i) or log a 
. , U - 1 [U - 1 )“ (U - 1 )" 

= lofs ‘+ y --S---4-3— 
and sjiict Jog 1=0. 

. a —1 (a —li- {a — 1 , 3 

log^-^- i - T X + 1 -3 J —*«= = 


which shows us that the second side of the equation (20) is 
equivalent to the Napierian logarithm of (t, and that, conse¬ 
quently, we may change A into log «, as was done art. 37. 

It follows from this that the principles of differentiation 
rest all of them on the binomial theorem alone; and since 
that theorem has been demonstrated, in the elements of alge¬ 
bra, with all the rigour possible, we maj conclude that our 
principles are founded on a firm basis. 

We shall terminate this note with a new process for arriving 
at the differential of a , found (articles 3(5 and 37). 

For tins purpose, taking the equation y—a : , in which the 
abscissa :v is the logarithm of the ordinate jy, if we assume any 
ordinates whatever y and z, we must have 

yzza 1 -**, z = a f "« K . . (1). 

If now the abscissae log y and log z of the ordinates y and z 
be increased by the same quantity //, and the corresponding 
ordinates be represented by y and s', -we shall obtain 
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// = a‘‘ H i,n '“, x = * : 

and consequently, dividing these equation* l>v the equation* 
(1), we shall have 


y 

</ 


= «'■ 



> 


which will give ns the proportion 

// : y : : £ 

and therefore 


Transposing the means, and dividing the two first terms b\ 
//, we shall obtain from this 


'/ 




passing to the limit, this proportion will become 


or 


whence we deduce 


dif 

d.t 


dz 

d.t 


1/ 


d.t d.r 
dz dy 


du d.r 



From art. lii), we recognize, in these expressions, those ot the 
subtangents at the points the ordinates of which are;// and s, 
which shows us. therefore, that in the curve whose equation 
is y = n .. the suhtaiigent is constant. Representing its value 
l>v ‘. we shall have 
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whence 


und consequently 


dx 



ti logy 



y 


which agrees with art. 38; and supposing that the logarithms 
belong to the Napierian system, we shall have c=l, and con¬ 
sequently, 


d. logy = ~ - 


To deduce from this equation the differential of the exponential 
quantity a x , making 


a‘ 


and taking the logarithms in the Napierian system, we shall 
have 

La* = Lr, or j'La — L z ; 
differentiating, we shall find 

r/.rLer = — Z , 

0? 


and consequently, 

dz = zdx La, or d.a' =u‘d.rLu , 
which is conformable to art. 37. 


NOTE THIRD. 

On the principle of the method of indeterminate coefficients. 

It may be demonstrated that when an equation, such as 

A^ + B^ + G\r a +D.r + E = 0 .... (1), 
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holds good, whatever be the value of each of the coefficients 
A, II, C, D, E, must necessarily be =0. 

For since ,j* may have any value whatever, making «? =0, 
the equation (1) will be reduced to E = 0, and since E is in¬ 
dependent of «r, it will still be 0, though «r have any other value 
than 0 ; the equation (1) is therefore reduced to 

A.?- 4 + B# 3 + Co. 2 -f D,t = 0, 

whence, suppressing the common factor .r, there results 

A,? 1 -f-11*#' C.r -|- D — 0 j 

applying to this equation the same reasoning which we have 
employed in regard to the equation (1), we may prove that I) 
is 0, and continuing the process, we shall find successively that 
the other coefficients are so also. 


NOTE FOURTH. 


On the integration of rational fractions , the denominators of 
which) being equated to 0, contain roots imaginary and 
equal. 


The integration of rational fractions of this sort reducing 

itself to that of the formula f ■—=--, since the manner 

J (/ 3 2 +£ b ) ?> 

in which we have integrated this expression, art. 311, is a 
little complicated, we shall here point out another process 
which, though less direct, is often employed for arriving at 
the end in view. 


We suppose 


r dz _ Hz dz 

•' (3 2 + z*) p 03 J (/3 2 +=®)''- 1 ' • • • V '• 


or, which comes to the same thing, 
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dz tIz 

■' {fp+^y~ i lz lP*+ z *V ‘‘+ K S((&^z*y-' ’ 

differentiating, we have 

( 4h’^ IhH P +z * Y ~ ,,+ll{l - p) (/ 3, +- 5 ) - " 2 - ,irfs: • • • • 


+ K 


(iz 




or. 


dz 


lldz(fi* -1- z'~) 2H(1— p)z \iz (,3* + *- )dz 

(z* + &y~~ (/3*+I a r ' + ~(jS* + =«)" ' + K ~('s* + z<iy>’ 

suppressing the common factors, we find 

1 = H (/3 2 + z a ) +2H (1 -p)z a + K (£* + ; 2 ), 

equating to each other the coefficients of z 2 , as also those whieli 
are independent of z, wc shall obtain 

1 = H/3® + K/3®, [-1 + 2(1—/?) H + K = 0; 

and these values give us 

1 


II =■ 


K - 2p—>3 


2 (/>— 1 ) 6 ®’ 2 (p~l)p-' 

H and K being thus known, if we substitute their values in 
the equation ( 1 ), we shall have 

r dz 1 z 

f (|3 a + z*)^ ~ 2(p—l)j3®' (6® -f 

2p—3 dz n 

+ 2( p -1 )£ ! ■> (/3» +**)"-“- (2); 

/iz 

and the integral of - 77 ^--- will thus be made to depend 

” O ft + s a ) p 

on another, in which the index of the part within the brackets 
will be reduced by unity. If then in the formula (2) we as- 



dz 


siimc /; = />—], we shall make the integral of y--.r 

c ~ / 


-- <le- 


dz 


pendent on that of :-—, and continuing thus to diminish 

1 (i a -hj3-)?“ a 

the index of the part within the brackets by unity successively, 

dz 

wc shall come at last to f - na ~ the integral of which is . . 


/3 2 + ;< 


3 *“-■ J' 


NOTE FIFTH. 

On the development of the poieti. s of sines and ros/ncs in terms 

of the multiple arcs. 

There is a formula of particular elegance, which gives the 
value of a power of the cosine in terms, of the quantities cos a, 
eos2r, cosl? ', vVc. ; and a similar formula exists also for the 
sines*, with these if is important to he acquainted ; but before 
we turn our attention to them, we must proceed to give the 
demonstration of a remarkable imaginary formula, of which 
we shall often bavi to make use. 

Suppose, then, that we have given the expression 

cosVi-sin^, which is the product of the two factors. 

cos^i-f-sint l J.^/"“'l» and cos<p—sine —1 ; if we make . . , 
cos <p + sin £ 1 = F<p, wc shall have, by differentiating, 


dF<p 

dq> 


— — sin <p -j- cos $ — i ; 


this equation being multiplied by — x / — 1, becomes 

— ”T—*/ — J = sin <? */ ~ 1 + cos<p. 

a<p 

and since by hypothesis the second side is equal to F <p, we 
have 
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whence wo deduce 



dVift dp _ d<p ^ —| _ 

V-I X 'JTj =^- 1; 

integrating this, we find 

log Ftp = 9 s/ — 1 = (tp*/— 1 ) logo = loge T * ’ 

passing to numbers, we have 

and putting for Ftp its value, we obtain 

costp+sintp^/ — .... ( 1 ). 


V 


This equation being true, whatever be the value of <p, we may 
change <p into »np, and we shall have then 

cos m<p + sin ?u<p V — 1 = c w ? \/ — 1 . 


There is another expression for this imaginary power of e, for 
the equation (1) being raised to the power w, gives us 

(cos p +sin <p>/ — 1 )m — C (?V — 1 = e m <P\/—1 . 

and the second sides of the two last equations being the same, 
we have, by equating the first sides, 

(cosp+sinp*/ — J ) m = cossin m<p J — 1 .... (2). 

If we make p — — p in the equations (1) and (2), they will 
become 

cos( —<p)4-’sin(— 4>)x/ — 1 1 .... ( 3 ), 

(cos (— <p ) + sin (— p) — F) m = cos (—w<p) 

-j-sin(— tnp)— 1 .... (4). 
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If now p be represented by tlie arc AD (fig. Gl), —<p will be 
represented by AD'; and since these arcs have the same co¬ 
sines, and the same sines with contrary signs, we shall have 

cos(—p) = cos£, sin(— f ) = —sine*. 

We might prove, in the same manner, that 

cos ( — m<p) = cos nip, sin (—/«<j>) = —sin mp ; 

and substituting these values in the equations (3) and (4), 
we shall obtain 

cos p — snip*/—1 — c 1 . . . (f»), 

(cos <p —sin^>^/—l) w = cos —sin mp — l ■ ■ • (G). 

We will now investigate the development of cos”\r in terms 
of the multiple arcs, without employing the powers of the sine 
and cosine. For this purpose, assume 

cos«i’-fsin .ry/—1 —u . . . (7), 
cos A' —sill a: —j=?’ . . . (8) ; 

these equations being added, give 

cos,e= 

and consequently 

cos 1,1 JC = i m (M + vy", cos *.!■ = ? m {v + «) “ ; 

developing these binomials by the usual formula, we obtain 

cos {u m + mu” 1 *'v+m . + &c. J 

cos (v m -f mv m — l u m . *m* -|- &c.) ; 

n b 
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and adding these equations, we find 


2 »»+i cos ™, v — ; u™ .4. v m + muv(ti m ~~' 2 4- v'"—' 2 ) 

4-ro . 4 + v w ~ 4 ) 4- &e. . • • (0). 

A 

But from the formula* (7) and (0) we deduce 

u m = (cos— 1 sin x) m , v m = (cos a-— sin x 1 ) WJ , 

and putting on the second sides of these equations their values 
given by the formula* ( 2 ) and ((5), we have 


u m = cos ;«a -f-sin mxy/ — 1 , 


v m = qgp mx — sin mx 


V — T '| • . ■ (10); 
V —h > 


whence 


v m + u m =2cos mx, and mV= 1, 


and consequently 

.«e = l, 

u m ~ 2 4- v in ~ 2 = 2 cos( w— 2 ),e, u ni ~ 2 v*"~~ — 1 , 
w »i— 4 _|_ v >n-4 — 2 cos( m —4) a, = 1 , 

&c. = &c. &c. 

Substituting these values in the equation (1)), we shall find 
cos 7,1 x = 2 ^+i C^ cos mx +cos ( »i— 2) a. 

4 -2 m . ^ cos( m —4).r4-&c.] • • • (11). 

1. J 


This development arising from that of ( u-{-v) m , will contain 
(w 4 - 1 ) terms; if we make successively *» = 2, m =3, m = 4, 
&c., and change the cosines of negative arcs into positive, by 
virtue of the equation cos—<p = cos <p, the following table will 
l)e formed: 
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cos 2 ,?* = 4 cos 2 .r 4 - *, 


cosV = —- —j- - 


cos3.r ,4 cos,? 


J 


pfkC4 

COS 4 .!’= — -)- JcOs2-/’4- £. 


These calculations may be considerably abridged, for the 
terms equally distant from the extremities of the series are 
equal. 

1 o prove this, it must be observed that the cosines which 
enter into the equation ( 11 ) are 


cos w,v, cos(y«— 2).r, cos(>w— 4).r, cos(w— G)x, Sec., 


or 


4 » 

cos mx, cos( m —2 x 1),/', cos(w/—2 x 2 )j% cok(tw —2 x3).r. Sec., 


in which series it will be seen that the number following the 
sign x in each term indicates the number of terms preceding 
it. lienee, the term, which li;is n terms before it, will be af¬ 
fected with cos( ?»—2«).x ; in respect to the term which has n 
after it, since the whole number of terms in the. scries is vt-\- I, 
that which has n after it must hold the rank wi-V-1—w, ami, 
consequently, will have m — n before it; it will therefore con¬ 
tain the expression 

• cosfbn — 2(?w— j/)].' = cos( — m + 2/j).i ; 

and since we have seen that we are at liberty to change the 
sign of the are of which we have the cosine, we shall have 

cos(— m 4-2«)ar = cos(wi— 2n)x; 

the terms equally distant from the two extremities of the series 
have therefore the same cosines, and since they have also the 
same coefficients *, the coefficients being those of the binomial 


• This may be seen by comparing the development of with that 

of written the opposite way. 

it n 2 
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theorem, it follows that those terms are equal. Thus, when 
m is odd, the number m-\-1 of the terms of the series will be 

even, and wc shall have only to double the first - terms. 


to obtain the value of the whole of the scries: if in be even, 
m+l will be odd, and then we must add to the middle term 
the double of the terms preceding it. This middle term will 


rank the +1 ^ tli 


in the series, and consequently will be 


affected by cos(w — in) = cosO = l; it will therefore contain no 
cosine. 

By a similar process, we may find the development of 
sin Wi x; for this purpose, subtracting the equation (8) from 
the equation we get 


_ v—V 

2 sin.»’v '—L =u — v, and therefore sinx=— -=r >' 

2 <v/*“ 1 


raising the two sides of this equation to the power in, we shall 
have 


* ?n 

sin ,r = 


1 


( 2 ^- 1 )’ 


(„ — *,)’ 


and if m be equal to an even number 2 p, we have 

( u—vy * 1 = £(«— w) 2 ]*’ = Q( e—w)= (v— uyp 


whence 


(w — v) m = (v — u) m . 


Developing now the equations 
sin n \r= -— — (u — v) m , and sin m js = - - — —(v — 

(V2-l) wl (2^-1)”* 

and proceeding as wc did above, we shall find 
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bill H '.i 


ill — 1 


( 2 V- 1 )”* 


[cos mi — wtcos>(»«— 2)i -\-vi . —- -cos(«j —4)i —&c.] ; 


the imaginary quantity 2^—1 being raised to an even power 
will disappear. 

If m be equal to an odd number 21, we shall have 


(u — v) ? f ,+ l = (u — v)' 2p x (« — «) = («—«) 2 ^ x —(t>—w) 
= — (r — m) 2 / ,+ i , 

whence 

(« — *,)“= — (® — 


and 


• M ( M —t’)'* • m (r—u)“ 

sin .t’r ———, sin'V=- — — — 

(2^/ - 1)"‘ (2y/-l) ,n 


■ ( 12 ) ; 


developing (w— v) 1,1 and (y — u) m by the fftnomial theorem, 
and substituting these developments in the equations (12), 
added together we sliall have 


2sin 1 = - - — [u»> — v ,u —m • «»■(«»"- J . . . (13). 

Subtracting, then, the equations (10) from each other, mul¬ 
tiplying the same equations together, and observing that the 
second operation gives us the sum of the squares of the sine 
and cosine of 1 n.r, which is equivalent to unity, we shall find 


u 


— v m =2 sin mu' >/ — 1, 


u m v m 


= 1 


and proceeding therefore in the same manner as before, we 
sliall change the equation (13) into 


1 in • (m — 1) . x , 

sin =- - -— 2)i -j---sin(m—4)i&c. J 

2(2 V — 1 


Since, on this hypothesis, m is odd, the power »/*—1, to which 
the quantity 2^ — 1 is raised, will be even, and the ima¬ 
ginary quantity will consequently disappear. 



NOTE SIXTH. 


On the method of' determining the volumes of bodies the surface 
of which can be expressed by a function of a single variable. 


When the solids are not those of revolution, we may some¬ 
times determine the volume by means of a single integration, 
without making use of the formula (83) (art. 374). This we 
shall proceed to do in respect to the pyramid ABCD (fig. G6). 
For this purpose, let GFE be a section parallel to the base 
DI1C ; from the vertex A let fall the perpendicular All on the 
base DBC, and express by ,r and h the parts AI and III of 
this perpendicu^T, comprised between the point A and the 
planes DCII, GFE, respectively; then the area of the tri¬ 
angle GFE being diminished or increased according to the 
value which we give to ,r, it may be considered as a function 
of .r, and we have therefore. 


GEF =/>, DB C=J\. v +h); 


and the volume of the pyramid AGFE being thus made a 
function of ,v, we may suppose 


volume AGEF=<fw, volume ADBC =>p(a: + /i). 

Now it is evident that the truncated pyramid GB, which is 
the difference of these volumes, will be less than the volume 
of the prism, winch has BCD for its base and h for its height, 
and will be greater than the volume of the prism, which has 
EFG for its base and h for its height; and the ratio of these 
prisms is 

jl,+h)hj(.v + h) 

J\v . k jx 

since therefore, in the case of the limit, this ratio becomes 
equal to unity, still more will the ratio which exists between 
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the truncated pyramid GB and one of the prisms be in that 
case equal to unity. Now the volume of the truncated pyramid 
is expressed by <p(.r+/*)— $.r, and the ratio of this volume to 
that of the prism, of which GFE is the base and h the height, 
will therefore be 


h t v 

jTJ, ~ ~Z>~ + ^~'2 + &c ' ’ 

whence, passing to the limit, we shall have 


tl$*‘ , , ... 

-—— = 1, or a 
Jlr.d.v 



We might have arrived at the same result by the method of 
infinitesimals ; for, considering the pyramid's composed of an 
infinite number of slices parallel to the base, each slice might 
be supposed to be a prism, the base of which is fx, and d.r 
the height, and fx.iLv would therefore be the element of the 
pyramid. 

To determine the volume of the pyramid, let B be the area 
of its base and A its height; we shall have then 


and therefore, 


B : /.’/■ : : A 3 
« r 




Si 

9 



9 


substituting this value in the equation (1), we shall find 


d<px — 



and, integrating. 


a* 


<pj’= 


3A- 


Sincc the volume AGEF, represented by vanishes when 
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;r=0, tliere^is no constant to be added ; and if wc make = A, 

BA 

wo shall have, for the definite integral, the expression —, 

which is that of the volume of the pyramid ACBD. 

Generally, if the section GFE, instead of being a triangle, 
be any surface whatever, provided otdy that this section be a 
function of a*, we may demonstrate, as wc have already done 
for the pyramid, that the element of the solid has for its ex¬ 
pression jlvdx. 


NOTE SEVENTH. 

On the projection <rf a plane sur face. 

To demonstrate that the projection of a plane surface oil 
another plane is equal to the product of that surface by the 
cosine of its inclination, let y be the angle of inclination which 
a surface A makes with a surface B ; since the surfaces are in¬ 
clined to each other they must necessarily meet ; let the axis 
of .r be fixed in their common section, and suppose that the 
ordinates y of the surface A arc drawn perpendicular to that 
axis ; it is evident then that every ordinate y of that surface 
will have y cosy for its projection on the other; and con¬ 
sequently the element of the surface A being represented by 
i/d.r, that of the surface B, or the projection of A on B, will 
be represented by y cos ytLv ; taking the integrals, we shall 
have 

A — fyd,r\ B = f y cos ydx — cos yf ydjc, 
and eliminatin .gj'yd# between these equations, we shall find 

B = A cosy. 
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NOTE EIGHTH. 

The expression Jar the cosine of the angle formed by two planes 
derived directly by a neiv process. 


Let it be proposed to resolve directly this problem: to de¬ 
termine the cosine of inclination of two planes. 

Let DB, DC, CD, be the sections of a plane DBC (fig. 93) 
with the coordinate planes, the rectangular axes of which are 
taken along the. lines AB, AC, AD; call AB, a; AC, b; 
AD, c; and represent by a, /3, y, the angles which the plane 
DBC makes with the planes of yz, . rz , and zy ; then the pro- 

~ . he ac ab 

jections of the surface BCD on these planeflnbemg —, y,, yp 
respectively, we shall have, according to the preceding note. 


DBC cosy = DBC cosa=^-, DBC cos/3=~ ... (1); 


each of these equations being squared, if we take their sum, 
replace the sum of the squares of the cosines by unity, and then 
extract the square root, we shall obtain 

DBC = }, + //-V 2 + ft ; 

and substituting this value in the first of the equations (1), 
we shall deduce from it 

cosy=- •.— = . • . (2). 

/ c~ a'’ 

Let now A.r f B//+Cz-t-D = 0 be the equation of the plane 
DBC; if we make y = 0, we shall have 

Ar4" Cz -4- D — 0 

for the equation of the section DB, which gives us 
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and since we know that in the equation of a straight line, put 
under this form, the coefficient of x represents the tangent of 
the angle which the straight line makes with the axis of j, 
we shall have 

Q 

tan DBA=-—. 

A 


But the right-angled triangle DBA gives us also 


tan DBA = -; 

a 

whence, comparing these two values, we have 

& A 2 

Making then .v=0, in the equation of the plane, to obtain that 
of the section with the plane of .r, y, we shall find in like 
manner, 

i! _ Bg 

~XF’ 


and substituting these values in the equation (2), there results 


cos y = 


y . A 2 B® 
+ C * + C2 


If now we divide the equation of the plane by C, and differen¬ 
tiate it successively in respect to the variables x and y, we 
shall find, 

dz A dz B 

7G~~~C’ dy = ~~U' 


and substituting these values in that of cosy, we shall have, 
lastly. 
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NOTE NINTH. 

On the curve of double curvature , which may be constructed by 
means oftwo equations between three variables. 

It is easy to prove that the equations (131), art. 427, be¬ 
long to a curve of double curvature ; for, changing y into z, 
and z into y, in order that the coordinate axis may be better 
adapted to our demonstration, we shall have the equations 

+ 2xy + y s = 0 .... (1), 

2.r+3y* + 2=0 .... (2). 

If the first existed alone, we might, by means of it, construct 
a curve surface ; for if, at all the points of the plane of x, y, 
which, as usual, we shall suppose to be horizontal, we erect 
perpendiculars, the values of the ordinates z will be deter¬ 
mined by means of the equation (1), and we see that their 
extremities will constitute a curve surface. When any of 
those ordinates are imaginary, it is a mark that the surface 
does not extend through the points for which those imaginary 
ordinates exist. 

If now wc take into account the equation (2), we shall by 
it also establish a relation between ,r and y, which will require 
the feet of the ordinates z to be in the curve that belongs to 
the equation (2) ; in which case we see that the extremities 
of those ordinates will no longer form a surface, but a curve, 
and the system of the ordinates themselves will constitute a 
cylindrical surface, the intersection of which, with the plane 
of .r, y, is given by the equation (2). It is the intersection 
of this surface with the one determined by the equation (1), 
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which forms the curve of which we have been just speaking, 
and it is evidently one of double curvature, since we know 
that the intersection of two curve surfaces forms a curve of 
that nature. 


NOTE TENTH. 

On the value —, which, on the hypothesis of a particular solu¬ 
tion, the eliminated constant sometimes assumes, tv hen the 
equation if condition involves only variables. 

The investigation of the particular solutions of a differential 
equation of the first order has conducted us (art. 439) to the 
case in which the equation of condition q = 0 contains variables 
alone, and in which the combination of that equation with the 

complete integral produces the result This takes place 

when c enters only in the first degree into the complete in¬ 
tegral w=0. 

For that integral is then of the form 

P+<?Q=0 . . . (1), 

where by P and Q we designate functions of x and //. This 
equation being differentiated in respect of .v, y, and c 3 we 
shall have 


</P-fcrfQ + Qrfc = 0 . . . (2); 

and since the variables contained in P and Q are x and y, we 
may represent 

dP by Mdr+Nf/y, 
dQ by md.v + ndy, 

when, substituting these values in the equation (2), it will 
giv§ us 
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(M + rwi) 

N+c» 


dx — 


Q 


N + CM 


dv — 0 


and since, on the hypothesis of a particular solution, the term 
affected by dc vanishes, this gives us 

_ 9 _ = „ 

N+ch 


This equation, which cannot be reduced, since Q docs not in¬ 
volve c , can only lie satisfied by making N + cn = so , which 
gives c = co, or by making Q = 0. The first supposition 
brings us to the case of a particular integral, since all integrals 
of that nature are comprised in the values which we give to r 
from zero up to infinity: to determine our particular solution 
therefore, if it exist, we have only the equation Q = 0. 

But when Q=0, the equation (2) is reduced to 

dP + cdQ, = 0, 

from which if we deduce the value of c, and substitute it in 
the equation (1), we shall obtain 


P— 


dP 

dQ 


Q = 0; 


or, getting quit of the denominators, 

PdQ—QdP = Q ... (3) ; 


thus, in the present case, the complete integral u = 0 and the 
proposed equation U = 0 are no other than the equations (1) 
and (3). From the first we deduce 


c 


P 



a value which is reduced to when P and Q have a common 
factor which is made to vanish by a value given to the variables. 
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This factor we will make appear by assuming P = AP and 
Q = aQ' ; when the equations (1) and (3) will become 

A(P’+cQ’) = 0, a(PWQ— QdP)=0 . . . (4). 

The second of these, which represents the equation proposed, 
contains by hypothesis terms in dx and dy, which cannot be 
found but within the brackets, since A, being a factor of the 
first of the equations (4), can contain only x and y ; and since 
the operation of differentiating tends to diminish the indices 
of the variables, it follows, that the variables must be of a 
higher degree in the first equation than in the second, which 
is derived from it, and that, consequently, P cQ , which is 
not common to them, must be a function of x and y ; and 
since also P' + cQ' contains an arbitrary constant c, which is 
not found in A, we see that P + C Q has all the characteristics 
of the complete integral, and that A, on the contrary, must be 
a factor unknown to the differential equation. 

NOTE ELEVENTH. 

Supplement to the theory of Lagrange on particular solutions , 
presented with certain modifications.—Method of obtaining 
the particular solution of a differential equation of the first 
order , without having recourse to the complete integral .— 
Demonstration of the property of particular solutions which 
causes the factor that renders a differential equation of the 
first order intcgrable to become infnite. 

We have seen that a differential equation of the first order 
Mrfar-h Ndy = 0 being given, we might consider it as the re¬ 
sult of the elimination of a constant c between the complete 
integral and its differential dy = pdx, and that the result 
would he the same as if, supposing that constant variable, the 
elimination had been effected between the complete integral 
F (x,y, c) =0 and dy =pdx-\-qdc ; on the condition however 
that we had </=0. 
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In like manner, if wc assume that the differential equation 
of the second order. 


Mg + N* + P,„, 


is the result of the elimination of a constant which has been 
made to vary, since we have in this case the two equations 


dij —pdx -f- qdc, d. 


djf 

dx 


=pdx+q'dc 


0 )> 


we sec that, in order that they may be reduced to 


(hf = pd.r , and d. l -~ 


pdxy 


wc must have the two equations of condition 

q = 0, (j ' = 0 ; 

and that to establish these, it will not be sufficient to dispose 
of c alone, for that could fulfil only one condition ; but since 
the integration of the equation of the second order has in¬ 
troduced two arbitrary constants into the complete integral, 
wc must dispose of those two constants so that the equations 
q= 0, q =0 may be fulfilled; and it is needless to say that 
c will be one of those constants. 

Similarly the determination of the particular solutions of a 
differential equation of the third order will depend on the 
equations y=0, q = 0, q" = 0; and generally, to obtain a par¬ 
ticular solution of the differential equation of the order n, we 
must have the number n of equations of condition: 

q=0, q= 0, q"=0, q'"= 0, &c. . . . (2). 

These may be put under another form; for the equations (1) 
show us that q and q arc no other than the multipliers of dc 
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in the differentials of y and - - taken in respect of .v. We have 
therefore 

dy , d*y 
V~dc’ H ~ dccdc’ 

and we sec, generally, that the equations (2) reduce them¬ 
selves to 

ii-n -5?--o -n JlL-n n) 

fin firfln~ Ui dcdx*~~' ) ’ ~ U ' * * 


dedx 3 


It is essential to remark that these equations cannot be con¬ 
tinued up to infinity: for being successively differentiated 

. . ■ f/y d*y d 3 y 

in respect to x in the expressions ; . &c., we 

dc dedx dcd,t 2 

dy 

may consider —^ as a certain function of .?*, which we will re¬ 
present by Y; and supposing that x becomes x + /j, Taylor’s 
theorem will give us the development : 

xr dY d 2 Y A 2 d 3 Y h 3 
+ dx h+ dx* 1.2 + dx 3 1.2.3■ f&C “ ’ * ( 

or, restoring the value of Y, 

dy d~y d 3 y // 2 . 

dc + rfctfz dedx® 1.2 ^ ’ 

and the coeiiicients of the powers of h being each of them 0 
by virtue of the equations (3), which according to our hypo¬ 
thesis must hold good up to infinity, it would follow that 
when x became x+h, the equation (4) would be reduced to 

its first term Y, which shows that in this case Y, i. e. ~, 

dc 

would be constant. But when ~ is constant, c being com- 
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bined only with constants, the equation =0 must conduct 

us to c — constant; and we see that the particular solution 
would then be changed into a particular integral, which we 
do not at all suppose. 

It follows from the above that the equations (3) cannot 
hold good up to infinity ; and on this consideration rests the 
solution of the following important problem, resolved by La¬ 
grange, and which we shall give with certain modifications: 
sf differential equation of the first order being given, to Jind, 
Without having recourse to the complete integral, the particular 
solution of which it may admit. 

Let u be the complete integral, which we suppose to be a 
function of sr, y, and an arbitrary constant c ; the differential 
of u will be represented by 

mdx + ndt/zszO . . . (5), 
and may be put under tlie form. 

dii — — f, -d.r . . . ((>). 

' n 


In the case with which we arc at present occupied, this equa¬ 
tion is supposed to have retained the arbitrary constant A ; 
and consequently wc may eliminate this constant between 


du — — — dx, and «=0. The value of c therefore being dc- 
^ n 


rived from the equation (5) in terms of ,r, y. 


ancl , we shall 
d.v 


* If the complete integral should contain the arbitrary constant only in 
the first degree, and under the form ar, it would vanish by the differentiation, 
R r ifl elimination of c would be impossible; but in this case q being con¬ 
stant tht: equation proposed would not admit of a particular solution. 

C C 



obtain 



an equation which, for brevity’s sake, wc shall write thus 


c 



and this value being substituted in the equation «=0, we 
shall have an equation of the first order, which we will de¬ 
signate by U = 0, or rather by 


IVl^+NdyrrO. 


If, now, wc differentiate U=0 in respect of the three va¬ 
riables x, y, and <p, we shall obtain 


dll 

dsc 


d.r -}- 


dll dll n 
—dy-\--y- d<f> = () ; 


and since y cannot vary except by reason of the arbitrary 
value which we give to x, this equation may lie written thus: 



But if we bear in mind that, in a function of two variables, 
the first term of the differential is obtained by considering one 
of those variables as constant, and the other as variable, we 
shall perceive that in the equation (8), which, under a cer¬ 
tain point of view, contains only two variables, .v and <p*, <p is 
constant in the term 


\dx + dy dx> ’ 

which term is no other than the differential of u taken in re- 


* This results from y being treated as a function of i. 
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spect of tin* variables <?*, //, and in which tlie syniljol <35 ought to 
be substituted for c. 

But this differential is given us by the equation (5), and 
since the second side of that equation indicates that the terms 
must all destroy each other on tlie first, independently of c, it 
must of course be the same when <p holds the place of the ar¬ 
bitrary constant c. It follows, therefore, that the part con¬ 
tained within the brackets in the equation (8) must be iden¬ 
tically 0, and this equation consequently is reduced to 


dY! 

d<t> 


de> = 0 


( 2 ); 


which may be satisfied by making 


r/G=0»r~=0 . . . (10), 
0 3 


and since it was only for brevity’s sake that <p ^ •#’, //, —was 
replaced by <p , the first of the equations (10) is reduced to 



!h 


d]L 

d.r 


)=<> . .( 11 ), 


a differential equation of the second order; which being in¬ 
tegrated gives us 



= constant . . . (12). 

d.r/ 


On the other hand, the proposed equation U=0 is between 

the same variables «r, y, and We have, therefore, two equa- 

d.r 

tions of the first order corresponding to one and the same 
equation (11) of the second; and consequently by eliminating 

~ between them, we shall obtain a function of or and y and 
dx 

the arbitrary constant c contained in the equation (12); and 

c c 2 
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the result of this operation will therefore be the complete in¬ 
tegral, (art. 429 ). To effect the elimination required, we 
have only to clear the equation U = 0 of 4> by means of the 

equation <p = constant; for then all the terms in -'^contained 

in <p, and which do not otherwise exist, will disappear. This 
evidently comes to the same thing with changing <p into c in 
the equation U = 0 , which brings us back to u — 0. 

If the elimination of between the integral of the second 

factor of the equation ( 9 ) and the proposed one U = 0 bring 
us buck to the complete integral, it will be seen also that the 
{fai 

elimination of between U = 0 and the other factor of the 

d.r 

equation ( 9 ) will conduct, us to the particular solution. For 
(III cI\J 

if we eliminate between U — 0, and -7—= 0, we see at once 


d.r 




that w r e shall not introduce any arbitrary constant into the 
result, as in the preceding operation, since here the elimina¬ 
tion is effected without first integrating ; and it follow's. 


d U 


therefore, that the elimination of —- between these two dif- 

dx 

ferential equations of the first order cannot conduct us to the 
complete integral, which must necessarily contain an arbitrary 
constant. To proceed to this elimination, we must observe 

dtj 

that it is reduced to the eliminating of $; since - - being 

r d.r & 

found nowhere but in <p, will disappear from the result along 
with that expression ; and since this result retains no trace of 
c, we see that this comes to the same thing with eliminating 

du 

c between w = 0 and - - = 0 , which are what U =0 and . . . 

ac 

dU f du 

= 0 become when <p is changed into c. But —- being the 


dtp 
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differential coefficient of do, we see that this elimination of c 

between u and -- =0 is precisely the operation which was 

gone through for the arriving at a particular solution. 

We shall inquire now how we are to satisfy the condition 
expressed by the second of the equations (10 ); and for this 
purpose, if we replace <p by its value given by the equation 
(7 )j we shall obtain 


</U 

dr 


= 0 . . . . (13). 


We do not see at first how we can effect this differentiation in 
respect of e, which having been eliminated from U, ought not 
to he found in dll; but it must be observed that this elimina¬ 
tion of v intimates only that U is a function of y, and ~- t 
and that consequently d\J can be of no other form than 

I’dr+Q./y+Kd. "f''=0 .... (14); 

and though c do not explicitly appear in this value of dU , it 
must at least be found in it implicitly ; for we know that y is 

a function of x and c, and consequently dy and d . must be 

of the following forms : 


. . . (15). 


On the hypothesis of c being constant, these values are re¬ 
duced to 

i *0lj 

' y ~ d/ 1 ’ 




390 


NOTJfiS. 


equations, the second sides of which express the condition that 
the differentiation be made in respect of x alone, a condition 
which we tacitly admit in the equation (14), when we suppose 
c constant in it j but when c is variable, we must put in the 

equation (14) the values of dy and d given by the equa- 

Utc 

tions (15), and we shall have 



d.rdc 


dc) =0 . (16). 


Phis then is what dU becomes when c is considered as va¬ 
riable, and we see that wc have 


- U - - W 

dc '~ W dc- n dxdc * 
If now we pass to the hypothesis of 
have, by virtue of the equation (13), 
the preceding equation to 


(17). 


a particular solution, we 
dXJ 

—- = 0, which reduces 
dc 




and if we suppose that this equation does not contain any 
transcendental quantities, and we have taken care, in the sub¬ 
sequent operations, to get rid of surds by raising to different 
powers, and also of fractions, the terms P and Q which the 
equation (14) contains cannot become infinite. This being 

premised, since is 0, hy virtue of the equation (143) (art. 

437), which expresses the condition of a particular solution 
being possible, we see that the equation (18) is reduced to 




l here may 
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8econd hypothesis it will he the factor K which, becoming 0, 
satisfies the equation (19) ; but if, on the contrary, be 0, 

(ItMr 


the equation (18) is satisfied independently of Q and R; and 
consequently Q and It may be of finite values. It must not 
however be concluded from this that R is not 0 ; for if, treat¬ 
ing y as a function of x, we differentiate the equation (18) in 
respect of that independent variable .r, we find 


d'y 


II u l 

dx a dc d. 




dH. 

d.i ') d.v dc 


^ ,l J! ={)>.... ( 20 ) ; 


and since the quantities —and are each 0, and their 

axur d<r 

coefficients cannot become infinite according to the remark 
made in respect to the equation (18), it follows that the equa¬ 
tion (20) is reduced to R-^^ = 0, and consequently gives 


R = 0, when -r~- is not so. If, however, ■—f— should hap- 
9 d.r*dc delude 

pen to be 0, it might be proved in the same manner that . . . 

R — 0, and that —— must beO in order that R may not 

d.t^dc d.i *dc 

be so. Continuing the same reasoning, wc come at last to a 

differential coefficient —- y which will not be 0, since it has 

dx h —'dc 

been demonstrated that the equatious (3) cannot be continued 
lip to infinity; and it follows, therefore, from this demonstra¬ 
tion, that R, which always retains the same value, being 0 in 
one case, must be so in all. Rut since K is 0, the equation 


* It must be observed that what we represent in a brief manner by- 

^~dx and is in fact 
dx di 



rfR dy \ 
dy d\ ' 


d i and 


\ rfi dy dy / 
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(14), put under tlie form 


p +Q^+ R S=° • • • • ( 21 )> 


is reduced to 


P+ Q^=0 .... (22). 
ax 


On the other hand, the same equation (21) gives us 


dx* 


P+ «E 

R J 


and we see that, on our hypothesis of a particular solution, the 
equation (22) and the value of R, which is 0, reduce this value 
_ d*y 0 

of d^o- 

It follows from this theory thut, in the case in which a 
particular solution may exist, we have the equation C ~~ =0*, 

uC 

and that this equation requires, as a necessary consequence, 

that the value of ~ reduce itself to The two terms of this 

dx* 0 

fraction, i. e. the numerator and denominator of the fraction 

which expresses the value of -- *^, being each equated to zero, 

will furnish us with two equations which, if they agree with 
U=0, will give the particular solution. 

Let us take, for example, the equation 


dy du - 

• r+ ^= f tv- c4 +* , -‘ a 


. (23). 


* We have seen that the equation IJ —0 was no other than the proposed 

one, considered as the result of the elimination of c; as to the one z=0, it 

dc 

intimates merely that the terms which, in the proposed equation, arise from 
the variation of the arbitrary constant are 0. 
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Squaring this; to get quit of the surd, and reducing, we shall 
have 


**+2*# x + d £^-*"-)=0; 


differentiating, then, considering dx as constant, we obtain 

d~y .rdx H Yydy 

dx’ 1 (x' : — c~)dy—xydx * 

and equating the two terms of this fraction to zero, and di 
viding by dx, wc shall have 




• (24); 


T ^ 

eliminating between these equations, and then suppressing 

• (l u. 

the common factor, we shall find 


_ 7 / + .? 2 — 6 2 =0 ; 

and since this equation satisfies the one proposed, wc see that 
it is a particular solution. 

Let us see now whether the equation 


//— 




admits of a particular solution. For this purpose, getting 
quit of the surd by squaring the two sides, and reducing, we 
shall find 


^-= 0 ; 


and differentiating, there will result 



an equation which is reduced to ~ when a ==0; hut this hy 
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pothesis not satisfying tlie one proposed, it cannot conduct us 
to a particular solution. 

Conformably to the observation which was furnished us by 
the equations (149) and (150) (art. 442), it will not be ne¬ 
cessary to limit ourselves to the hypothesis of y being a func¬ 
tion of x; but supposing, then, x to be a function of y, we 
may investigate the particular solutions which may be given 

. cPx 0 

by equating the value of to 

fly 9 0 

A particular solution producing the mutual destruction of 
the terms of tlie differential equation to which it belongs, it is 
no other than a factor which may be made to appear by incans 
of a transformation. We have seen, for instance, that .... 
**'* + 3' 8 —« 2 = 0 was the particular solution of the equation 


(xdx+ydy)*=dy a (x* +y 2 —a a ) . 
if we make <r 2 -j-y 2 —a 2 = z Q , we shall have 


(25) ; 


xdx+ydy—zdz; 

and substituting these values in the equation (25), it will 
become 

z 9 (dz 9 — dy 9 ') — 0 : 

which shows that in reality the particular solution repre¬ 
sented by z 8 is a common factor of the equation proposed. 
Another property of particular solutions is that of causing 
the factor, which renders the proposed differential complete, 
to become infinite. To demonstrate this, we shall put the 
complete integral under the form m= constant. Any value 
which satisfies this equation must therefore give du = 0 , since 
the differential of a constant is 0 ; and reciprocally any value 
which does not satisfy the equation u=constant cannot give 
= 0 . But this last case is precisely that of a particular 
solution which, since it does not satisfy the complete integral, 
cannot produce the mutual destruction of the terms which 
compose its immediate differential ; and this immediate dif¬ 
ferential is no other than X(]\l<ta’ + N*/y). It is necessary. 
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therefore, that the particular solution should not render equal 
to zero the second side of the equation 

A(Mt£r-+-N</y) = clu, 

or, which comes to the same thing, of the one 


A 


d U\ _<*(«) 




d.r 



from which we deduce 




rf(w) 

dx 


M + N* 


dy_ 

dx 


• (26). 


But, from its nature, the particular solution, though it do 
not satisfy the equation X^M-f =0, does, however, sa¬ 


tisfy the one M + N~^=0, i. c. it renders the first side 0 ; and 
this, therefore, reduces the equation (26)' to 


<K“) 


dx 



For example, the equation 

,rd.r-\-ydy ~dy .... (27) 

becomes a complete differential when we multiply it by 

I 


* We designate thus the total differential of u taken on the supposition of 
x being the independent variable, in order that may not be confounded 

with the differential coefficient which supposes that all the other va- 

dx 

rubles except x arc considered as constant in that term. 
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and gives 


xdx+ydy 


and we see that the particular solution —«" = 0 renders 

the factor 


1 

- r— rtr . r. — ■ = OC • 

\A*’ 5 +.y*— -a* 


NOTE TWELFTH. 

A new demonstration in respect to the integration <tf partial 

differential equations. 

We have seen, art. 486, that if in integrating the equation 

^ + M ^ + N = ° . . . (1), 

ax ay 

where M and N are functions of x, y, and z, we obtain two 
integrals U = a and V = 6, we must have necessarily a — <pb. 
The demonstration of this theorem being highly important, 
we have endeavoured to give to it the last degree of rigour in 
the following manner : U and V being functions of .r, y, and 
s, the constants a and b may also be considered as functions 
of the same variables, by virtue of the equations U = « and 
V = b; if therefore we differentiate these equations successively, 
we shall have 


da = HLd.v + Yr/y •+ Zdz f (Q's • 

db =X'rf,p+Y'rfy+Z'rfz 5 ' ‘ ‘ 1 ;i 

and since these differentials ought to be each 0, by reason of 
a and b being constants, the equations da — 0 , db — 0 , give us 
the following ones: 

HLdx +Y dy + Zdz =0 ) 

Xdx+Ydy+Z'dz=OS ‘ ’ * K h 

If in these equations, divided by (lx, we substitute the 
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values of dz and dy, deduced from tlie equations 
ffe-f-N</«r=0, dy —M<£r=0 . . . (24), 
given art. 478, we shall have 

X + YM— ZN = o, X' + Y'M—Z'N=0. 

From^ these equations we deduce 

ZX-XZ XY-YX 

Z Y~ZY J Z'Y — ZY ' 

and substituting these values of M and N in the equation (1), 
we shall obtain 


dz t ZX'—XZ dz _ XY-YX_ n /KX 
~d.r + Z' Y—ZY' r/// + ZY-ZY “ ‘ ' ‘ 

flf<£ dz, 

the coefficients - 7 — and ~ are deduced from the equations 
d.r dy 

(4) , which give 

dz .. du dz dz dx N 

—N, 7ly~dx ~dy M~ * * ' C J 

and substituting these values of and - - in the equation 

( 5 ) , and getting quit of the denominator, we shall find 


-(Z'Y-ZY')N-(ZX-XZ)_^+X Y-XY'=0 . . (7). 


The quantities X, Y, Z, which enter into this equation, 
are not always known, since they are not given except by dif¬ 
ferentiating the equations U =«, and V = 6 ; we must there¬ 
fore proceed to eliminate X, Y, Z, from our result. For this 
purpose, considering z as a function of ,r and y, we shall de¬ 
duce from the equations (2), 


da Y „dz db dz 

dx dx dx d,v 3 
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dz dz 

substituting in these expressions the values of and , 

t/ 

given by the equations (6), and deducing the values of X, Y, 
X' and Y', we shall find * 


X=J + ZN, X'-" + ZW. 

Y _rf« ZN db Z'N 

“rfy + M ’ * “dy + M ' 

and putting these values’of X, Y, X', and Y', in the equation 
(7), and reducing, we shall obtain 

ofiz db da db 
didy~dydx * * ' (8) * 

This equation show3 us that a is a function of b ; and, in fact, 
if we have a = P b, by differentiating this equation, we shall 
find da = <j>6 db, whence we shall deduce 

da L1 db da db 
dx ^ ~dx dy ^ dy 1 

and eliminating <pb, we shall obtain the equation (8). 


THE END. 


LONDON: 

PRINTED BV THOMAS DAVISON, WHITEFRIAR6. 









